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Notes.

(A) The MATH5835M module is assessed by an exam and a practical. This is the practical for
the module. The practical is worth 20% of the final module marks (the other 80% coming
from the exam).

(B) You must hand in your solutions by Friday, 20th November 2020, 2pm at the latest.
Late work will be penalised at the rate of five marks per working day.

(C) Your answer should be in the the form of a short report. Reports must be typeset (not
hand-written) and must be clearly marked with your name and your student ID. You should
include your R code and any explanations necessary to understand your results. I would
expect the report to be about 4–6 pages long.

(D) There are 40 marks per question for correctness and completeness of your answers. In
addition there are 20 marks for clarity and tidiness of presentation. The total number of
marks for this practical is 2× 40 + 20 = 100.

(E) You can get help with the use of R during the online drop-in sessions on Monday, 9th
November.

(F) You can discuss the questions and can share ideas with other students, but the work you
hand in must be your own.

In this practical we will study two different problems using Monte Carlo methods. The first task
involves basic Monte Carlo estimation, the second task uses importance sampling.

Question 1. In this question we consider the following situation: A coin of diameter d is dropped
at random onto a tiled floor. The tiles are assumed to be squares with side length a > d (see
figure overleaf).

a) The randomly placed coin may intersect with one, two, three or four of the floor tiles. Show
that the probability of the coin intersecting with four tiles is πd2/4a2. Also compute the
probabilities for the other three cases. Hint: start by work out the geometric conditions on
the centre of the coin for each of these four cases, and then work out the probabilities that
these conditions hold.

b) If the coin is dropped N times, say, and the proportion of times the coin intersects with
four tiles is recorded, how can you construct a Monte Carlo estimate for the numeric value
of π ≈ 3.14 from this? What is the root-mean squared error of your estimate, as a function
of N?

c) Write an R program to compute the estimate from part (b) of the question, by simulating
random coin drops. Show how your program can be used to obtain an estimate of π which
is accurate to two digits after the decimal point. Can you obtain an estimate of π which is
accurate to four digits after the decimal point?
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Question 2. Let X1, X2 ∼ N (0, 1) be independent. In this question we aim to estimate the
probability

p(c) = P
(
X1 ·X2 ≥ c,X1 ≥ 0

)
,

using importance sampling.

a) Write an R function which, for given c > 0 and given sample size N ∈ N, uses Monte Carlo
estimation to estimate p(c).

b) Write an R function which, for given c > 0 and given sample size N ∈ N, uses importance
sampling with samples Y1 ∼ N (µ1, 1), Y2 ∼ N (µ2, 1) to estimate p(c). Discuss how µ1

and µ2 should be chosen in order for the importance sampling method to be efficient.

c) How many samples are required to compute the value p(3) with a root-mean squared error
of 1%, using Monte Carlo? How many samples are required when importance sampling is
used? Hint: Importance sampling should be much better than Monte Carlo; if it isn’t, you
may need to reconsider your choice of µ1 and µ2.

d) Generate a plot of p(c) as a function of c, for the range c ∈ [0, 10]. Take care to ensure that
the plot displays the information as clearly as possible. Discuss the accuracy of your plot.
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