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This exercise sheet will be discussed in the tutorials of the week beginning 30th January.

For discussion during the tutorial. (1) “Over 60% of the people in this country earn less
than the average wage” said the Opposition spokesman. Is this nonsense? [question taken from
Clarke and Cooke]

(2) Consider the population of surnames of the inhabitants of England. What is the mode of this
population? [question taken from Clarke and Cooke]

(3) Let X be a random variable with mean µ and variance σ2. Let Z = (X − µ)/σ. Determine
the expectation E(Z) and the variance Var(Z).

(4) Give a mathematical proof that the sample variance, as defined in exercise 4, satisfies

σ̂2 =
n

n− 1

( 1

n

n∑
i=1

x2i − x̄2
)

for all x1, . . . , xn ∈ R and all n ∈ N.

Homework questions. Your solutions to these questions contribute towards your final mark for
the module. Please hand in your solutions to your tutor via the silver pigeon holes (down the
stairs from the maths reception) by Wednesday, 8 February, 5pm.

a) Clearly mark your solution with your name, your student ID, and your tutor’s name.

b) Staple the sheets of your solution together. Do not use plastic sleeves etc.

c) Write clearly and legibly, and leave margins for the marker to write comments in.

d) Write complete sentences, including correct punctuation.

e) Explain how you obtained your solution. Just giving the final answer is not enough, all
intermediate steps are also required.

Exercise 1. Find a small data set x1, . . . , xn, such that the data has a unique mode and median,
and such that the mean, mode, and median are all different from each other.

Exercise 2. For n ∈ N, consider the sample 1, 2, 3, . . . , n. Find mean, mode, median, first
quartile, third quartile, and semi-interquartile range of this sample.

Exercise 3. Let X be a random variable with mean µ and variance σ2. For a ∈ R, consider the
expectation E

(
(X − a)2

)
.

a) Write E
(
(X − a)2

)
in terms of a, µ and σ2.

b) For which value a is E
(
(X − a)2

)
minimal?

c) For the value a from part (b), what is E
(
(X − a)2

)
?

Exercise 4. The sample variance of x1, . . . , xn ∈ R is given by

σ̂2 :=
1

n− 1

n∑
i=1

(xi − x̄)2,

where x̄ is the sample mean. Show that the sample variance equals 0, if and only if all observations
in the sample coincide.
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