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Introduction I

I This is joint work with Kobi Peterzil and Francoise Point.

I The MAIN THEOREM is that a finite-dimensional group Γ
definable in a closed ordered differential field (K, ∂) is
definably embeddable in a semialgebraic group G.

I A paper is in preparation and should be available soon. (Sorry
for delays...)

I There are some natural extensions of this result:
I The first is to give G the structure of a Nash D-group (G, s),

i.e. a Nash group over the real-closed differential field (K, ∂)
equipped with a “connection” s respecting the group
structure, in such a way that Γ is precisely the ∂-points of
(G, s).

I This will appear in a second paper.
I Another natural extension of the MAIN THEOREM is to

arbitrary, not necessarily finite-dimensional, groups definable
in CODF , where I believe we should obtain the same
conclusion.
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Introduction II

I The methods for proving our main theorem adapt to other
more general contexts, of which there are at least three:

I (i) The model companion T∂ of T ∪ {∂ is a derivation} where
T is a theory of large geometric fields (characteristic 0) with
“almost QE”. T is in the ring language Lr and T∂ in
L∂ = Lr ∪ {∂}.

I Examples are where T is the theory of pseudofinite fields and
the theory of Qp. The existence of T∂ is part of Tressl’s
“uniform model companion” theory.

I (ii) The model companion of T ∪ {∂ is a “compatible”
derivation} where T is a model-complete, complete,
o-minimal expansion of RCF in some language L. (As
developed recently by Fornasiero-Kaplan.)

I (iii) The model companion of T ∪ {∂ is a derivation} where T
is an “open theory of topological fields” with QE in some
language L, in the sense of Point.
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Introduction III

I Michael Singer introduced closed ordered differential fields
(with theory CODF ) in the 1970’s, and CODF coincides
with RCF∂ (RCF being a theory of large, geometric fields
with almost QE), so an example of kind (i).

I RCF∂ is also an example of kind (ii) and (iii).

I One can reasonably ask why these theories T∂ are of interest,
as it would be considered more natural to impose some more
connections between the derivation and any ordering, or
valuation, or ...

I However, in so far as there is an interest in differential algebra
over formally real fields, p-adic fields,...., T∂ provides a
universal domain for such differential algebra, and already
provides an environment for doing differential Galois theory
over formally real fields etc...
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Overview I

I The methods we use have some kind of origin in stability
theory and the result that a connected finite-dimensional
group Γ definable in a differentially closed field definably
embeds in a (connected) algebraic group G (i.e. in a group
definable in the underlying algebraically closed field).

I (This is also true for possibly infinite-dimensional groups
definable in DCF0 but with a somewhat more complicated
proof, which will not adapt to the unstable enviroments.)

I By the way, finite-dimensionality of a group Γ definable over a
differential subfield k of a saturated model (K, ∂) of RCF∂

just means that there is a finite bound on
tr.deg(k(a, ∂(a), ..., ∂(n)(a), ....)) as a varies over elements of
Γ.

I Anyway the proof of the main theorem has three basic steps:
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Overview II

I Step I: Construct from Γ a “semialgebraic pre-group”
(Y, ∗, inv)

I This is the semialgebraic analogue of Weil’s pre-group, where
the latter is a generically defined (rational) group operation on
an irreducible algebraic variety V .

I In the DCF0/ACF0 environment V has a unique generic type
(type of maximal dimension), but in the semialgebraic
environment there will be unboundedly many generic types, so
more care must be taken in the definition of a semialgebraic
pre-group.

I There are at least two possible approaches to doing Step I.
One involves algebraic varieties over K and their
prolongations (algebraic D-varieties) and extends to context
(i) (and (iii)) above.

I A second makes use of cell decomposition. This extends to
context (ii) and the only algebraic varieties and prolongations
to worry about are the affine spaces Kn and K2n.
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Overview III

I Step II. From the semialgebraic pre-group construct an
enveloping semialgebraic group G.

I This goes via constructing an analogue of Weil’s group chunk,
a certain small codimension semi-algebraic subset Y0 of Y ,
and G is constructed as being generated in two steps from a
collection of germs of definable bijections from Y0 to Y0.

I The proof of this part goes through in very general contexts
where the notions make sense, such as arbitrary “geometric
structures” (where acl is a pregeometry and we have
elimination of ∃∞).

I Step 3 is to definably embed Γ in G
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Ingredients I

I I will go through a few details about RCF∂ and what we have
to know about it.

I As many of you may know, Singer worked in the language of
ordered rings and gave axioms for CODF which were a
variant of Blum’s one variable axioms, taking into account the
ordering.

I From another point of view, considering RCF as either in the
ring language or ordered ring language L, RCF together with
“∂ is a derivation” has a model companion RCF∂ in L∂

(which just means that RCF∂ axiomatizes the class of
existentially closed models of RCF + “∂ is a derivation”).

I Moreover one can give so-called geometric axioms. I will
discuss a strong form of these axioms which directly supports
the proofs, at least the ones using varieties.
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Ingredients II

I First largeness of RCF means that an irreducible variety V
over K |= RCF with a smooth K-point has a Zariski-dense
set of K-points.

I Recall that an algebraic D-variety over a differential field
(k, ∂) is an irreducible algebraic variety V over k together
with a polynomial section s over k of the shifted tangent
bundle T∂(V )→ V ,

I Where T∂(V )→ V is defined by equations∑
i=1,..,n(∂P/∂xi)(x̄)ui + P ∂(x̄) = 0, where P ranges over

polynomials in Ik(V ), and P ∂ is obtained from P by applying
∂ to the coefficients.

I Then the (strong) geometric axioms say of (K, ∂) where K is
a real closed field, that if (V, s) is an algebraic D-variety over
K, where V has a smooth K-point, and X ⊆ V (K) is an
open semialgebraic subset of V (K), then there is a ∈ X such
that ∇(a) = s(a)) (where ∇(a) is defined as (a, ∂(a))).
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i=1,..,n(∂P/∂xi)(x̄)ui + P ∂(x̄) = 0, where P ranges over

polynomials in Ik(V ), and P ∂ is obtained from P by applying
∂ to the coefficients.

I Then the (strong) geometric axioms say of (K, ∂) where K is
a real closed field, that if (V, s) is an algebraic D-variety over
K, where V has a smooth K-point, and X ⊆ V (K) is an
open semialgebraic subset of V (K), then there is a ∈ X such
that ∇(a) = s(a)) (where ∇(a) is defined as (a, ∂(a))).



Ingredients III

I Aside: Fornasiero-Kaplan note that it suffices to take V to be
an affine space.

I Another basic relevant fact is that in models (K, ∂) of RCF∂ ,
definable closure of A coincides with the L-definable closure
(i.e, real closure) of the differential field generated by A.

I We have dimension, generics, and independence in RCF .
This induces independence in RCF∂ by defining A
∂-independent from B over C if their ∂-definable closures
satisfy the same independence condition in RCF .

I If Γ is a finite-dimensional group/set defined over k in
(K, ∂) |= RCF∂ , then a ∂-generic point a of Γ over k is just
one such that dim∂(a) =def tr.deg(k(a, ∂(a), ....)/k) is
maximal, where this maximal value is defined to be dim∂(Γ).

I We also have a QE result that any L∂-formula is equivalent to
one of the form θ(x̄, ∂(x̄), ..., ∂(r)(x̄)) where θ is an L-formula.
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Step I, 1

I Work in a saturated (K, ∂) |= RCF∂ , and let Γ be a
finite-dimensional group definable over k, where k is a small
real closed differential subfield.

I Using finite-dimensionality of Γ, after replacing Γ by some
∇(N)(Γ) (where ∇(N)(a) = (a, ∂(a), .., ∂(N)(a)), we write Γ
in the following form:

I there are a semialgebraic set Y over k and algebraic
D-varieties (Vi, si) over k, i = 1, ..,m, each with a smooth
k-point such that ∪iVi ⊇ Y , and Γ is
∪i{a ∈ Y ∩ Vi : ∇(a) = si(a)}.

I And there are partial L-definable over k functions
∗ : Y × Y → Y , inv : Y → Y , whose restrictions to Γ× Γ
and Γ are multiplication, inversion, respectively.

I dimL(Y ) = dim∂(Γ) = n, say, so every ∂-generic point a of
Γ satisfies dimL(a/k) = n.
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Step I, 2

I Moreover the strong geometric axioms + saturation of (K, ∂)
imply that conversely whenever a ∈ Y and dim(a/k) = n,
then there is a ∂-generic over k point b ∈ Γ such that
tpL(b/k) = tpL(a/k). This basically yields our semialgebraic
pre-group:

Lemma 0.1
(i) for generic, independent (over k), x, y ∈ Y , x ∗ y is defined and
also generic in Y over k,
(ii) For x, y, z ∈ Y generic independent over k, x ∗ y is
independent of z over k, and x is independent of y ∗ z over k, and
(x ∗ y) ∗ z = x ∗ (y ∗ z)).
(iii) for x generic in Y over k, inv(x) is defined and generic over k
and inv(inv(x)) = x.
(iv) for x, y ∈ Y , generic and independent over k,
y = inv(x) ∗ (x ∗ y) and x = (x ∗ y) ∗ inv(y).
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Steps 2 and 3

I Define a suitable large (codimension < m) semialgebraic over
k subset Y0 of Y , such that for a ∈ Y0, the map Fa taking
x ∈ Y0 to a ∗ x is generically defined and invertible.

I The group G of “germs” of generically defined and invertible
functions Y0 → Y0 generated by the Fa’s is generated in two
steps, so is a definable (over k) group in U .

I Finally to definably (in (U , ∂) embed Γ in G, let γ ∈ Γ, let
a ∈ Γ be ∂-generic over k, a and let b = a−1γ ∈ Γ.

I Then both a and b are generic over k in Y so in particular
a, b ∈ Y0, whereby Fa, Fb are defined.

I Define h(γ) ∈ G to be the germ of Fa ◦ Fb. Show h is the
required definable embedding.

I END. THANKS.
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