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Two kinds of algebra?

In his 1994 paper Combinatorics, representation theory and invariant
theory: the story of a ménage à trois, Gian-Carlo Rota contrasts what
he calls (“for a lack of better language”), algebra one and algebra two:

Algebra one is the algebra whose bottom lines are algebraic geometry
or algebraic number theory. Algebra one has by far a better pedigree
than algebra two, and has reached a high degree of sophistication and
breadth. [. . . ]

Algebra two has had a more accidented history. It can be traced back
to George Boole, who was the initiator of three well-known branches
of algebra two, namely: in the first place, Boolean algebra, in the
second place, the operational calculus that views the derivative as an
operator D, on which Boole wrote two books of great beauty, and
finally, invariant theory [. . . ]

G. H. Hardy subtly condemned algebra two in England in the latter
half of the nineteenth century, with the exclamation ’Too much f(D)!’
G. H. Hardy must be turning in his grave now.
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Two kinds of algebra?

I want to explain how algebra one—valuation theory—and algebra
two—differential algebra, model theory (as an outgrowth of boolean
algebra?)—work together harmoniously, in combination with
analysis, to help understand the objects in the title of this talk that
bear G. H. Hardy’s name.

Somewhat amusingly, the method of solving linear differential
equations by factorization of linear differential operators, so “subtly
condemned” by G. H. Hardy, takes center stage in this endeavor.

Although our main concern are arbitrary algebraic differential
equations over Hardy fields, as a byproduct, we also obtain a
comprehensive theory of “tame” linear differential equations, which
throws a new light on some classical results, which I want to highlight.

All this is joint work with Lou van den Dries and Joris van der Hoeven.
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Two kinds of algebra?

The gold standard for the kind of theorem that I have in mind is the
fundamental theorem about homogeneous linear differential
equations

y(r) + a1y
(r−1) + · · ·+ ary = 0 (L)

with constant coefficients a1, . . . , ar ∈ C.

The solutions y : R→ C of (L) form a C-linear space of dimension r.

If the distinct zeros of the polynomial Y r + a1Y
r−1 + · · ·+ ar

are λ1, . . . , λn ∈ C, with respective multiplicities d1, . . . , dn ∈ N>1,
then a basis of this space is given by

eλjx, x eλjx, x2 eλjx, . . . xdj−1 eλjx (j = 1, . . . , n).

When a1, . . . , ar ∈ C(x), a similar explicit description of a
fundamental system for (L) exists, also involving exponentials and
logarithms. (Frobenius, Fuchs . . . )
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Hardy fields

For r = 0, 1, 2, . . . let

Cr :=
{ ring of germs at +∞ of r-times continuously differen-
tiable functions (a,+∞)→ R (a ∈ R),

and C<∞ :=
⋂
r

Cr, a differential ring
(with differential subrings C∞ and Cω).

Definition (Bourbaki)
A Hardy field is a differential subfield of C<∞.

Analogously one defines C∞-Hardy fields or Cω-Hardy fields.

Easy examples (of Cω-Hardy fields)
Q ⊆ R ⊆ R(x) ⊆ R(x, ex) ⊆ R(x, ex, log x)
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Hardy fields

Hardy fields perfectly capture the somewhat vague 19th century
notion (du Bois-Reymond, Borel) of functions of “regular growth”:

LetH be a Hardy field and f ∈ H . Then

f 6= 0 =⇒ 1

f
∈ H =⇒

{
f(t) > 0 eventually, or

f(t) < 0 eventually.

Consequently:
• H carries an ordering makingH an ordered field:

f > 0 :⇐⇒ f(t) > 0 eventually;

• f is eventually monotonic, and

lim
t→+∞

f(t) ∈ R ∪ {±∞} exists.
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The dominance relation

Every Hardy field also comes with a so-called dominance relation4.

Since we need this later, we define it in a more general setting:

LetH be any ordered differential field and

C = {f ∈ H : f ′ = 0}

its constant field. (IfH is a Hardy field, then C ⊆ R.)

Then for f, g ∈ H we define

f 4 g :⇐⇒ |f | 6 c|g| for some positive c ∈ C,
f ≺ g :⇐⇒ |f | 6 c|g| for all positive c ∈ C

⇐⇒ f 4 g & g 64 f.
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The dominance relation

We introduce

O := {f ∈ H : f 4 1} (convex hull of C inH).

This is a valuation ring ofH , with maximal ideal

O := {f ∈ H : f ≺ 1} of “infinitesimals”.
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Examples of functions in Hardy fields

erf(x) =
2√
π

∫ x

0
e−t

2
dt

Ai, Bi are R-linearly indepen-
dent solutions to y′′ − xy = 0

Γ(x) =

∫ ∞
0

tx−1 e−t dt



Examples of functions in Hardy fields

More examples (of Hardy fields)

• Hardy’s field of logarithmic-exponential functions: constructed
from R(x) by algebraic operations, exponentiation, logarithm,
and composition;
• an important source of Hardy fields are o-minimal expansions of
the ordered field of reals.

By Zorn every Hardy field is contained in a maximal one (with respect
to inclusion).

What can one say about maximal Hardy fields?

To answer this question, one needs to consider the extension theory
of Hardy fields.
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Basic extension theorems

LetH be a Hardy field. Then
1 H has a unique algebraic Hardy field extension that is real

closed;
2 if y ∈ C1 satisfies

y′ + fy = g where f, g ∈ H ,

then y generates a Hardy field extensionH(y) ofH .
(Hausdorff, A. Robinson; Hardy, Bourbaki.)

Hence each maximal Hardy field contains R, is real closed, and closed
under integration, exponentiation, and logarithm.
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Basic extension theorems

Obviously this breaks down for order 2: the nonzero solutions of

y′′ + y = 0

in C2 do not belong to any Hardy field.

The solutions in C2 of

y′′ + y = ex
2

form an affine space y0 + R sinx+ R cosx. Any of these generate a
Hardy field (Boshernitzan). A consequence: there are at least c = 2ℵ0

many different maximal Hardy fields. (In fact, there are 2c many.)

Some order 2 linear diff. equations do have Hardy field solutions:

x2y′′ + axy′ + by = 0 (Cauchy-Euler equation)

for a, b ∈ R, (a− 1)2 > 4b
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Some order 2 linear diff. equations do have Hardy field solutions:

x2y′′ + axy′ + by = 0 (Cauchy-Euler equation)

for a, b ∈ R, (a− 1)2 > 4b
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The elementary theory of maximal Hardy fields

We view ordered valued differential fields model-theoretically as
structures in the language L with the primitives

0, 1, +, ×, ∂ (derivation), 6 (ordering), 4 (dominance).

Theorem
Any two maximal Hardy fields are elementarily equivalent.

H-closed fields: models of the common theory of maximal Hardy
fields.

We have more precise results: for example, the theory ofH-closed
fields is model complete. (Here the inclusion of4 is necessary.)
We even have QE in a natural expansion of L. As a consequence:

Any two maximal Hardy fields are elementarily equivalent over each
common Hardy subfield.
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The elementary theory of maximal Hardy fields

Our theorem can be viewed as the “ultimate” extension theorem for
Hardy fields:

Corollary
LetH be a Hardy field and P ∈ H{Y } = H[Y, Y ′, Y ′′, . . . ], P /∈ H .

1 There are some y, z in a Hardy field extension ofH such that
P (y + zi) = 0.

2 If there are f < g inH such that P (f) < 0 < P (g), then there
is some y in a Hardy field extension ofH with P (y) = 0
and f < y < g.

3 As a consequence: if P has odd degree, then there is some y in a
Hardy field extension ofH with P (y) = 0.
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The elementary theory of maximal Hardy fields

We have an explicit axiomatization of the theory ofH-closed fields.

Definition
We call an ordered differential fieldH anH-field provided that

(H1) f � 1 & f > 0 ⇒ f ′ > 0;
(H2) O = C + O.

Every Hardy field containing R is anH-field: (H2) expresses the
existence of limits at +∞.
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The elementary theory of maximal Hardy fields

In particular, every maximal Hardy fieldH is anH-field, butH has
further basic elementary properties that do not follow from this:

it
1 is LiouvilleLiouvilleLiouville closed, that is, it is real closed and for all f , g there is

some y 6= 0 with y′ + fy = g; and
2 has small derivation, that is, satisfies f ≺ 1⇒ f ′ ≺ 1.

Two deeper properties of maximal Hardy fields:
3 ω-freeness: controls the solvability of second-order

homogeneous linear differential equations, and
4 newtonianity: a differential version of henselianity.

H-closed fields are theH-fields satisfying properties 1 — 4 above.
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ω-freeness

γ λ = −γ
′/γ
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for 4y′′ + fy = 0
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ω-freeness persists under differentially algebraicH-field extensions.
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Newtonianity

Newtonian says that certain kinds of differential polynomials
P ∈ H{Y } have a zero y 4 1 inH .

It can be expressed as a first-order axiom scheme.

The following equivalence is the key to the proof of our theorem:

IfH is Liouville closedH-field, then

H is ω-free and newtonian ⇐⇒

{
H has no immediate
differentially algebraic
H-field extension
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H-closed fields

How did we arrive at the axioms forH-closed fields?

A few years ago, we showed that they axiomatize the elementary
theory of the ordered valued differential field T of transseries.

Transseries are formal objects which can be used to model the
asymptotic behavior of germs in Hardy fields.

Combined with an earlier theorem of van der Hoeven, this implied
that there existH-closed Hardy fields that embed into T.

It was natural to suspect that maximal Hardy fields are alsoH-closed.
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H-closed fields

Before we discuss its proof, here is a consequence of our main
theorem for (L-) embeddings of Hardy fields into T:

Corollary
LetH∗ ⊇ H be a differentially algebraic Hardy field extension. Then
each embeddingH → T extends to an embeddingH∗ → T.

An application: the Hardy field of the Pfaffian closure of the ordered
field of real numbers embeds into T.

Question
LetH be the Hardy field of an o-minimal expansionR of the ordered
field of reals andH∗ be the Hardy field of the Pfaffian closure ofR.
Does each embeddingH → T extend to an embeddingH∗ → T?
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Filling holes in Hardy fields

LetH be a Liouville closed ω-free Hardy field which is not newtonian.

ThenH has a hole: a triple (P,m, â) where

P ∈ H{Y } \H, m ∈ H×,
â /∈ H is in an immediateH-field extension ofH

such that P (â) = 0 and â ≺ m.

Can choose (P,m, â) so that P has minimal complexity.
We consider various operations on holes inH , such as

replace (P,m, â) by
(
P (a+Y ),m, â−a

)
where a ∈ H such

that â− a ≺ m,

to transform (P,m, â) into a hole (Q, 1, b̂) inH whereQ has a
special nice shape.
An interesting aspect: the role played by completions rather than
maximal immediate extensions.
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Can choose (P,m, â) so that P has minimal complexity.
We consider various operations on holes inH , such as

replace (P,m, â) by
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)
where a ∈ H such
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P ∈ H{Y } \H, m ∈ H×,
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Filling holes in Hardy fields

Among other features, the normalized differential polynomialQ has
the formQ = L−R where

1 L is a composition of differential polynomials

Y ′ − φjY with φj ∈ H[i] and Reφj < 1,

2 R is “very small” compared to L.

Property 1 allows us to construct a right-inverse L−1 to the linear
operator y 7→ L(y).

By 2 we can then use the contractive mapping principle to find a
zero y ∈ C<∞ ofQ with y(t)→ 0 as t→ +∞ as a fixed point of the
(nonlinear) operator y 7→ L−1(R(y)).
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Filling holes in Hardy fields

This is a very simplified picture:

• to make all this precise requires introducing the right function
spaces with rather delicate norms;
• to further show that the solution y generates a Hardy field
overH also takes some effort;
• also need to consider minimal holes inH[i] instead of inH .

This is because inductively we require a detailed description of the
solutions of linear differential equations (like L(y) = 0) overH[i].

Our main tool for this, in addition to various analytic results (uniform
distribution mod 1):

factorization of differential operators à la Boole
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Applications to linear differential equations

Let A ∈ H[∂] be monic. (We write ∂ instead ofD.)
Let E be a maximal Hardy field extendingH .

1 A factors into a product of order 1 and order 2 operators in E[∂]

2 A factors into a product of order 1 operators in E[∂] ⇐⇒
no zero of A in C<∞ oscillates.

In 2 , A actually factors into a product of order 1 operators over

E(H) := intersection of all maximal Hardy fields extendingH .

IfH is ω-free, then so is E(H) (but not conversely).

Question
Can the condition E(H) = H be characterized algebraically?
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Applications to linear differential equations

Finally, a generalization of the fundamental theorem of holonomic
differential equations from the beginning of the talk:

Theorem
SupposeH is maximal, and letM be an n× nmatrix over
K := H[i]. Then the C-linear space of solutions (in C<∞[i]) to the
linear differential equation y′ = My has a basis

f1 eφ1i, . . . , fn eφni where fj ∈ Kn, φj ∈ H (j = 1, . . . , n).

Can arrange here φj = 0 or φj � 1, and φi = φj or φi − φj � 1.

IfM has suitable symmetries, then we can also guarantee the
existence of a nonzero solution which lies inKn (and hence is
non-oscillatory): e.g., ifM is skew-symmetric and n is odd.
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Applications to linear differential equations
Corollary (conjectured by Boshernitzan, 1982)

LetH be a Hardy field and a, b ∈ H , and suppose the equation

y′′ + ay′ + by = 0 (L)

has an oscillating solution (in C2).

Then there are germs g > 0
and φ > R in a Hardy field extension ofH such that

y is a solution of (L) ⇐⇒ y = cg cos(φ+ d) for some c, d ∈ R.

Corollary
Let α ∈ R. There is a unique germ φ in a Hardy field with φ−x 4 1/x
such that the solutions (in C2) of the Bessel equation

x2Y ′′ + xY ′ + (x2 − α2)Y = 0

are exactly the germs of the form y =
c√
xφ′

cos(φ+ d) (c, d ∈ R).
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And before I forget . . .

Happy (60+n)th Birthday
to our two distinguished contributors to both

algebra one and two!

Karp Prize “Ceremony”
Vienna, July 14, 2014


