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Slowly Passing through Resonance Strongly Depends on Noise
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The response of a periodically driven nonlinear oscillator slowly passing through resonance has
been suspected but never been shown to be dramatically affected by noise. The slow pass
the presence of noise is studied analytically and experimentally using a periodically modulated
Hysteresis in the magnitude of the oscillations of the laser output intensity is produced by swe
back and forth the modulation frequency near resonance with the laser relaxation oscillations. Th
of the hysteresis loop at first increases with the amplitude of the modulation but then exhibits a pl
determined by the noise level. [S0031-9007(98)06778-7]

PACS numbers: 05.45.+b, 05.40.+ j, 42.65.Pc, 64.60.Fr
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Passage through resonance as the forcing freque
slowly approaches the natural frequency of a nonline
oscillator is a classic problem with practical impacts i
mechanical and electrical systems [1]. A slowly varyin
parameter passing accidentally through resonance p
duces undesired large amplitude oscillations, possib
causing serious damage. For mechanical systems,
problem has been investigated since the beginning of
century [2,3]. Mitropolsky [4] called these rapid oscilla
tions that are slowly varying in amplitude and frequenc
“nonstationary oscillations.” Although a slow passag
through resonance is generally an undesired phenom
non for mechanical systems, resonance may be des
in other systems. This is typically the case for lase
or optically bistable devices because the output intens
is maximum at or near resonance. Of particular intere
is the effect of small amplitude noise which is alway
present in experiments. Noise has long been suspecte
play a determinant role in slow passage experiments [
11] but its effects have never been investigated expe
mentally. Lasers are ideal systems for combined theore
cal and experimental studies of slow passage proble
and they have been used to study simple steady state
furcation problems [12,13]. In this Letter, we investigat
the slow transition through resonance using a perio
cally modulated yttrium-aluminum-garnet (YAG) laser
The periodically modulated YAG laser, like many othe
practical lasers (CO2 and semiconductor lasers), exhibit
a bistable response curve for the laser output intensity a
function of the modulation frequency. By increasing an
decreasing the forcing frequency, sudden jump transitio
between low and high intensity branches occur at prec
frequencies that we may determine either experimenta
or numerically from model equations. By comparing ou
observations for these points, we discover a significa
deviation between experiments and deterministic theo
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for one of the two transitions. We also observed numer
cally that noise has drastically different effects on the up
per and lower branches of the nonlinear resonance curv
More precisely, we note that sweeping the modulation fre
quency in the presence of noise leads to an anticipatio
rather than a delay of the switching transition from the
upper to the lower branch. Modeling such experiment
usually takes advantage of a simple normal form equatio
as in [13], but is then restricted to qualitative comparisons
In the present paper, we consider the laser equations a
obtain quantitative agreements between experimental a
analytical results.

Specifically, we consider a single mode YAG:Nd31

laser subject to a periodically modulated pump. Th
response of the laser is well described by rate equatio
for the electrical fieldE and the inversion of population
F, given by

E0  sF 2 1dE , (1)

F0  gfPstd 2 F 2 FjEj2g . (2)

In these equations, timet ; kt0 has been scaled by the
cavity constant andg ; gkyk is estimated asg , 2 3

1026 for all of our experiments. The pump paramete
Pstd  A 1 DA cossvtd is periodic with respect to time
t but has a slowly varying frequency of the formv 
v0 1 cyt, wherey ø 1 is the sweeping rate andc 
61 (forward or backward passage). The initial frequenc
v0 is close to the laser relaxation oscillation frequenc
defined by vR ;

p
2gsA 2 1d. It is mathematically

convenient to introduce the scaled timeT and the new
dependent variablesx andy, defined as

T  vRt, F  1 1
vR

2
x ,

E2  sA 2 1d s1 1 yd .
(3)
© 1998 The American Physical Society 975
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Time is now measured in units of the relaxation oscillatio
period TR  2pyvR , and the new variablesx and y are
deviations ofF andE2 from the nonzero intensity steady
statesF, Id  s1, A 2 1d. Inserting (3) into Eqs. (1) and
(2) gives

x0  2y 1 d coss fT d 2 exf1 1 sA 2 1d s1 1 ydg ,
(4)

y0  xs1 1 yd . (5)
Note that the number of parameters has been reduced fr
4 to 3. They are defined by

d ;
DA

A 2 1
, e ;

r
g

2sa 2 1d
, f ;

vsT d
vR

.

(6)
d , 1023 1021 is the normalized amplitude of the
modulation. Its small value limits the bifurcation diagram
to the primary resonances.e is proportional to

p
g ,

1023 and measures the natural damping of the las
relaxation oscillations. The normalized slowly varying
frequency is described byf  f0 1 chT , where f0 ;
v0

v
2
R

, 1 andh ; y

v
2
R

, 1025 1022.
In the experiments, the laser is monomode and

pumped by a diode laser emitting up to 500 mW with
wavelengthl  808 nm. An intracavity Brewster win-
dow selects a linear polarization state for the oscillation
The cavity optical length is 3.8 cm, giving a photon
lifetime k21 of 28 ns. Pump modulation is achieved b
directly modulating the diode laser near the relaxatio
frequencyvR which is measured as 250 kHz forA  2.
The amplitude of the laser output is monitored by a
intensity detector followed by envelope detection as th
frequency of the modulation is swept across resonance
rates in the104 to 107 Hzys range.

Before we investigate the effects of a slowly varyin
frequency, we determine the size of the hysteresis cy
for fixed values of the frequencys f  f0d. In Fig. 1,
we show the experimentally obtained amplitude of th
periodic solutions as a function of the frequencyf. We
begin with the case whered, e, and f 2 1 are small
and the oscillations of the laser intensity are then nea
harmonic in time. We determine a periodic solutio
of Eqs. (4) and (5) using a multiple-scale perturbatio
method [1,5,6]. We find that a bistable hysteresis cur
appears as soon as the modulation surpasses a crit
amplitude given by

dc . 4.3 3 seAd3y2. (7)
If d . dc the hysteresis curve is bounded by two limi
points near which jump transitions between branches a
observed. The up-switching pointfup corresponds to
the jump transition between the low and high intensit
branches. Our analysis shows that its deviation from t
linear resonance frequencyf  1 is given by

fup 2 1 . 20.4 3 d2y3. (8)
Similarly, we find the down-switching pointfdown corre-
sponding to the transition from the high to the low inten
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FIG. 1. Experimental hysteresis cycles obtained by slow
changing the forcing frequency forward (solid line) and the
backward (dotted line). The figure represents the en
lope of the maxima of the rapid oscillations as a fun
tion of the normalized frequencyf  vyvR . (a) d  0.015;
(b) d  0.18.

sity branches as

fdown 2 1 . 20.04 3

µ
d

eA

∂2

. (9)

The expression (9) is valid provided that the amplitu
of the oscillations at the high intensity branch remai
small. We now consider large amplitude oscillationsd

is no longer assumed to be small). We use a differ
method appropriate for large amplitude oscillations [1
and obtain the approximation

fdown 2 1 .
Ap2

3
ed21 2 1 (10)

for large dye, which means thatj fdown 2 1j ! 1 as
d ! `. Figure 2 represents1 2 fup and 1 2 fdown as
a function of d. The solid lines represent the expre
sions (8) and (9) while dots correspond to experimen
We observe that the experimental data quantitatively f
low the d2y3 law for 1 2 fup but deviate from thed2

law for 1 2 fdown as soon asd increases. This results
from the fact that the amplitude of the oscillations remai
small for the low intensity branch but increases drama
cally for the high intensity branch. Furthermore, we no
that the experimental data for the jump-down transiti
saturate at a plateau. However, this plateau is not loca
at 1 2 fdown  1, as suggested by (10), but is locate
at a much lower value. This implies that noise—alwa
present in the experiment—may contribute significan
to an earlier jump transition (anticipation). The effect
noise on the high amplitude intensity branch can be s
pected by noting that the laser oscillations consist of sh
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FIG. 2. Hysteresis as a function of the modulation amplitud
The figure represents the deviations1 2 fup and 1 2 fdown

as a function ofd. The solid lines correspond to thed2y3

law (jump-up) and thed2 law (jump-down) given by (8) and
(9), respectively. The experimental data are represented in
figure bysjd andsmd.

intensity pulses separated by large periods where the
tensity is almost zero. During these long intervals, th
laser is highly sensitive to noise.

Two main sources of noise appear in our laser expe
ments. Spontaneous emission primarily affects the elec
cal field and forces the laser to jump down to low amplitud
oscillations (destabilizing effect). On the other hand, nois
in the pump acts parametrically and will shift the onset o
the hysteresis domain to larged (stabilizing effect). We
model these two sources of noise by modifying the equ
tion for the field and the expression of the pump

E0  sF 2 1dE 1 sEW
±

, (11)

Pstd  A 1 DA cossvtd 1 sPw± , (12)

where W
±

and w± denote white noise source terms. Th
effect of noise on the field can be investigated analytica
by taking advantage of the fact that the laser oscillatio
consist of short intensity pulses separated by long perio
of almost zero intensity. During these long intervals o
period close toTR  2pyvR  Osg21y2d, E , 0, and
we may solve Eq. (2) forF and then Eq. (11) forE. From
its solution, we determine the pointfdown as

kj1 2 fdownjl ,
p

2
p

2 lnssEd
. (13)

In the 1 2 f vs d diagram, the expression (13) corre
sponds to a constant controlled by the level of noisesE .
Figure 3 shows the two limits of the hysteresis cycle ob
tained numerically by simulating the stochastic differen
tial Eqs. (11) and (12). A logarithmic dependence a
illustrated by (13) explains how small amplitude noise ma
have a large effect.
e.
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FIG. 3. Effect of noise on the field. The effect of nois
on the field (spontaneous emission) is analyzed numerica
The solid lines denote the limit points of the hysteresis cyc
now obtained numerically without noise. Although the jump
up line is well approximated by (8), the jump-down line i
approximated by (9) only neardc and then saturates near the
line 1 2 fdown  1 for large d as predicted by (10). The
figure also shows the numerically obtained transition poin
when noise is included in the laser equations. We note th
the jump-up pointssjd are little affected by noise. The jump-
down pointssmd, on the contrary, strongly depend on noise an
lead to a saturation line near1 2 fdown . 0.6 which agrees
with expression (13).

By simulating separately the effect of noise on the fie
and noise on the pump, we may differentiate their speci
effects. Noise on the field leads to an anticipation
the jump-down transition, sensitively dependent on t
noise level [see (13)]. By contrast, noise on the pum
shifts the hysteresis cycle to higherd. The change of
dc is expected sincedc, given by (7), is a function of
the pump parameterA. We may explore this particular
effect experimentally by progressively adding noise to th
pump (Fig. 4). As the level of noise is increased, th
jump-up limit does not change but the jump-down limit i
progressively shifted to higherd. Compared to the effect
of spontaneous emission, we note that the system is m
less sensitive to the level of noise in the pump paramet
relatively large amounts of noise are needed to produc
significant effect.

Many experimental studies of bifurcation problems a
done by slowly changing a key control parameter. Th
naive expectation that the system will adiabatically fo
low its stable states is often confounded by the observ
tion of earlier or delayed bifurcation or jump transition
which depend on small amplitude noise. In this Lette
we have investigated the effect of noise on two coexisti
branches of time-periodic states in a periodically mod
lated YAG laser. We showed that the effect of noise
small for the low amplitude branch but is dramatic on th
high amplitude branch. This results from the fact that th
977
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FIG. 4. Experimental measurements of the limit poin
j fup 2 1j (e) and j fdown 2 1j snd versus DA for various
amplitudes of the pump noise. Added rms noise modulation
10 MHz bandwidthdrms (a) 0, (b) 0.12, (c) 0.17, (d) 0.24.

large amplitude oscillations that characterize the high a
plitude branch of the hysteresis cycle become sensitive
noise during long intervals separating successive intens
pulses. This property will be shared by most lasers us
in laboratories (solid state, CO2, and fiber lasers) because
they all exhibit a smallg. However, the effect of noise
can be reduced for systems showing nearly harmonic
laxation oscillations, e.g., close to Hopf bifurcation point
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