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Dielectric nonlinearity and stochastic effects in strontium titanate
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We report on experiments using compact coplanar waveguide devices, incorporating thin-film
superconducting YBa2Cu3O7 electrodes. The substrate is strontium titanate, whose nonlinear
dielectric properties are dependent on temperature and applied electric field. Close to zero dc bias,
the frequency-doubled microwave power output increases by several orders of magnitude with
modest broadband noise input. Experimental results are supported by analytical and numerical
calculations based on a nonlinear wave equation. ©2002 American Institute of Physics.
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Nonlinear dielectrics such as strontium titanate~STO!
exhibit exceptionally strong and tunable nonlinearities.1–3

The experimental part of the work reported here was car
out using 1 cm31 cm devices consisting of 0.4-mm-thick su-
perconducting YBa2Cu3O7 ~YBCO! electrodes on 0.5-mm
thick single-crystal STO substrates.4 Two parallel meander-
ing gaps~width 15 mm!, patterned into the superconductin
thin film, produce a coplanar waveguide with one centerl
~length l .8 cm and width 20mm! and two groundplanes
~see Fig. 1!. The superconducting material YBCO~transition
temperatureTc.85 K! is used so that the losses along t
line are acceptably low at microwave frequencies and liq
nitrogen temperatures. Bias voltages are applied between
centerline and the ground planes. The dielectric constan
the STO substrate, and consequently, the propagation ve
ity of microwaves along the waveguide, depend nonlinea
on the bias voltage~of order 0–10 V! and the operating
temperature~20–60 K!.

A manifestation of the nonlinearity of devices incorp
rating the nonlinear dielectric STO is the ‘‘two-wave’’ pro
cess, where two input microwave signals are combined
produce outputs at the sum and difference of
frequencies.4–6 In this letter, we also examine the productio
of a frequency-doubled output from the input of a sing
sinusoidal frequency. We have found, by operating close
zero-bias voltage, that the output of both of these proce
is significantly enhanced by the addition of noise to the
put.

The theoretical part of this work uses the nonlinear wa
equation for the currenti (x,t) and voltagev(x,t)

L
] i ~x,t !

]t
52

]v~x,t !

]x
,
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c!Also at: GISC, Departamento de Matema´ticas, Universidad Carlos III de
Madrid, 28911 Legane´s, Spain.
3390003-6951/2002/80(18)/3391/3/$19.00
Downloaded 13 May 2002 to 129.11.159.106. Redistribution subject to A
d

e

d
the
of
c-

y

to
e

-
to
es
-

e

C@v~x,t !#
]v~x,t !

]t
52

] i ~x,t !

]x
. ~1!

The inductanceL is constant. The capacitance, however, i
function of the voltage;C(v) in Eq. ~1! is the differential
capacitance per unit length.5 The partial differential equa-
tions are solved in three regions: Region I~input circuitry,
x,0!, Region II ~device, 0<x< l !, and Region III~output
circuitry, x.,! ~see Fig. 1!. Current and voltage are continu
ous at the boundaries. In Regions I and III,L5L I and
C(v)5CI , whereCI and L I are constants. In Region II,L
5L II is constant butC(v) is a nonlinear functionCm(v). In
our modeling, we have used the formCm(v)5CII@1
1(v/v* )2#21, whereCII and v* depend on the operatin
temperature andCII@CI .

7

Analysis of Eq.~1!, expanding the solution in powers o
A5vb /v* , wherevb is the bias voltage, enables us to obta
the following prediction forP(2 f ), the output power at 2f
produced from an input at frequencyf:7

FIG. 1. Device top view and schematic diagram. The time-dependent v
age in the input circuitry~Region I! is a sum of the incident and reflecte
sinusoidal signals,Vin and Vre . Noise may also be input. In the centra
region, Region II, the differential capacitance is nonlinear. The transmi
signal in Region III,Vtr , is measured and analyzed.
1 © 2002 American Institute of Physics
IP license or copyright, see http://ojps.aip.org/aplo/aplcr.jsp
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P~2 f !5
1

64
P~ f !2S v*

Cm8 ~vb!

Cm~vb!
D 2

3Vm
2 U~113b!cos 2Vm1i ~3b1/21b3/2!sin 2Vm

2b1/2cos 2Vm1 i ~11b!sin 2Vm
U2

,

~2!

where b5L IICI /L ICm(vb) and Vm52p f lAL IICm(vb).
Thus the frequency-doubled output is proportional to
square ofP( f ), the transmitted power at frequencyf, and to
the square of the frequency itself. For our purposes, the m
interesting feature of Eq.~2! is the factor C8(vb)2; the
frequency-doubled output is proportional to the square of
slope of the differential capacitance curve at the opera
bias voltage.

Our devices have low characteristic impedance~between
2 and 10V!. When coupled to 50V input/output circuitry,
they function as strongly coupled resonators exhibiting
nonlinear response due to the dielectric STO.~Nonlinear ef-
fects can also be found in the YBCO, but only at high
current densities than those used in our experiments.! Figure
2 illustrates the production of a frequency-doubled output
the nonlinearity of the device. It shows the output pow
spectrum for an input consisting of noise plus a sinuso
signal atf 5182 MHz. The input noise, with a flat spectru
below 250 MHz, produces an output showing peaks every
MHz, corresponding to half-wavelength resonances in
device. From the spacing between the resonant frequen
and calculation of inductance, we deduceCm(v). Measure-
ment with a low-frequency capacitance meter further c
firms this high-frequency result. This differential capacitan
depends strongly on temperature and bias voltage, but
pears to be independent of frequency up to at least 1 G
The decreasing heights of the resonant peaks in Fig. 2 i
cate dielectric losses in the device that are an increa
function of frequency. Equation~2!, by not taking these
losses into account, overestimates the frequency-dou
power. We are therefore able to use the formula for rela
effects but not for absolute values.

In our theoretical modeling,Cm(v) is an even function
of v. Thus Cm8 (0)50 and the mixed signal output is zer
when the bias voltage is zero@see Eq.~2!#. In each device,
the experimental mixed signal output as a function of app

FIG. 2. Experimental output power spectrum, taken at operating temp
ture 40 K with bias voltagevb50.82 V. The inputs are a sinusoid at 18
MHz plus noise with a flat spectrum between 0 and 250 MHz.
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bias attains its minimum value at a small offset volta
vb

o ~corresponding to an asymmetric voltage drop at
YBCO–STO interface!8 and is symmetric aboutvb

o .
The offset voltage is stable for any given device b
varies from device to device; in the device used for t
results of Fig. 3, the offset wasvb

o542 mV. Hereafter, when
talking about experimental results, we will refer to ‘‘effectiv
bias’’ vb

eff5vb2vb
o . For small vb

eff , Cm8 (vb
eff)}vb

eff and
P(2 f )}(vb

eff)2. In Fig. 3, we compare experimental resu
for the frequency-doubled powerP(2 f ) with the prediction
of Eq. ~2!. The quadratic behavior is clear.

In the low bias region, we found a striking effect: th
addition of broadband noise greatly increasesP(2 f ). The
effect is most pronounced at zero-effective bias, where
P(2 f ) without noise is minimized. The spectra in Fig.
illustrate the effect. Band-limited noise with average225
dBm/MHz noise power between 1 and 250 MHz at the inp
produces a three-order-of-magnitude increase of freque
doubled mixed power.

The output spectra shown in Fig. 4 are from an expe
ment where, in addition to the primary signal atf 1

5182 MHz, a sinusoidal signal atf 35300 Hz is input. The
resulting peaks in the output spectrum at 2f 1– f 3 , produced
by ‘‘three-wave mixing,’’ are much less sensitive to noi

a-
FIG. 3. Frequency-doubled power,P(2 f ), versus effective bias voltage
for a sinusoidal input at 182 MHz.

FIG. 4. Output power spectra at zero-effective bias voltage, for two no
levels. We show the region close to the frequency 2f 1 . The input contains
sinusoidal signals atf 15182 MHz andf 35300 Hz plus noise. Signals du
to frequency-doubled and frequency-tripled power can be seen at 2f 1 and at
2 f 16 f 3 . The former is very sensitive to input noise power.
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and to bias voltage near zero-effective bias. The fact that
amplitudes are similar in each case is consistent with
theory; this further confirms that the observed effects are
due to any significant change in the resonance condition
ing the experiment.

A further check on the noise-induced increase
frequency-doubled power was provided by numerical so
tions of the nonlinear wave equation, Eq.~1!. In the numeri-
cal work, the values of the capacitances and inductan
length of the waveguide, input frequencies, and amplitu
are determined from experimental data. There was g
agreement between the numerical results for the amplit
and bias dependence of mixed power products and the
lytical prediction provided by Eq.~2!. When input noise
~white or band limited! is included in the numerical schem
we obtain good agreement between the experimental and
merical results for the noise-induced increase in
frequency-doubled mixed power. Figure 5 presents a s
mary of the comparison between numerics and experim
and illustrates their agreement. Figure 5 shows the ou
power at f 22 f 1536 MHz, produced when the input con
tains signals atf 15182 MHz andf 25218 MHz, as a func-

FIG. 5. ~a! Experimental and numerical results for mixed power and no
as a function of input noise at zero-effective bias.~b! Experimental and
numerical results for the mixed power and noise as a function of input n
under 25 mV effective bias. Lines are a guide for the eye.
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tion of noise power. The noise input was band limited a
flat between 150 and 250 MHz. This two-wave process
convenient for quantitative studies because the output m
signal is at a low frequency, where losses are small. In F
5~a!, results at zero-effective bias suggest the mixed sig
power increased linearly with total input noise power. On t
same graph, we show numerical results which yield the sa
linear scaling of mixed signal power with input noise pow
In Fig. 5~b!, we show results of a similar set of runs carrie
out with effective bias voltagevb

eff525 mV, where the mixed
power is insensitive to noise power.

Our experiments and numerical simulations show t
frequency-doubled output increases with input noise. In
wider context, there exist examples of physical and biolo
cal systems where noise has been shown to improve si
detectability.9–12 Our system differs from these examples
that the output which is sensitive to noise and nonlinearity
at twice the input frequency, or at the sum and difference
two input frequencies, rather than at the input frequency
self. Nor does our system exhibit threshold behavior, whe
spike output is produced when the output exceeds a ce
level.11–13 However, in the numerical experiments shown
Fig. 5, we are able to measure the signal-to-noise ratio at
output. The output noise level in the region~near 36 MHz! of
the mixed signal is shown as the lower curve in Fig. 5~a! and
Fig. 5~b!. The case of nonzero bias@Fig. 5~b!# is the classical
case where the output signal is unaffected by noise and
output noise is proportional to the input noise, resulting in
degradation of the signal-to-noise ratio with increasing no
power. In the case shown in Fig. 5~a!, the output mixed
power increases linearlywith increasing noise power. How
ever the output noise in the region of the mixed signalin-
creases quadraticallywith the input noise power. Thus, de
spite the striking increase of the mixed power with inp
noise, the classical degradation of signal-to-noise ratio is p
served.
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