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Abstract. We consider a continuous-time branching random walk on the integer latticeZd (d > 1)
with a finite number of branching sources, or catalysts. The random walk is assumed to be spatially
homogeneous and irreducible. The branching mechanism at each catalyst, being independent of the
random walk, is governed by a Markov branching process. The quantities of interest are the local
numbers of particles (at each site) and the total population size. In the present paper, we derive
and analyze the Kolmogorov type backward equations for the corresponding Laplace generating
functions and also for the successive integer moments and the process extinction probability. In
particular, existence and uniqueness theorems are proved and the problem of explosion is studied
in some detail. We then rewrite these equations in the form of integral equations of renewal type,
which may serve as a convenient tool for the study of the process long-time behavior. The paper also
provides a technical foundation to some results published before without detailed proofs.
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1. Introduction

1.1. THE AIMS AND OUTLINE OF THE PAPER

In the present paper, we consider a continuous-time branching random walk (BRW)
on the integer latticeZd (d > 1) with finitely many sources, orcatalysts, i.e., the
sites where the branching may occur. Informally, such a process can be described
as follows. Suppose that initially there is a single particle at sitex ∈ Zd , which
performs a random walk (RW) onZd until reaching one of the catalysts located
at sitesx1, . . . , xN . Here, independently of the RW law, the particle undergoes a
branching process (BP), giving birth to a random offspring. In case no branching
has occurred, the particle continues its walk until the next return to a catalyst, and
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so on. As usual, each of the new-born particles evolves according to the same rule,
independently of the others.

This model was first introduced in [22] (with a simple random walk and binary
branching at a single catalyst) and recently reconsidered in a more general setting
(but still in the case of a single catalyst) in [1, 2]. Though very simple in its formula-
tion and being in a sense exactly solvable, this model is of principal importance due
to the inhomogeneity of the branching environment and the unboundedness of the
phase spaceZd . Pertinent motivations and further related references can be found
in [1, 2] (for a general survey on branching processes, including those with spatial
migration, see, e.g., [20, 21]). Here we would also like to mention an interesting
recent development in the study of branching processes in catalytic media in the
framework of so-called superprocesses? (see [9, 6, 23] and references therein).

Turning back to our model, the quantities of primary interest in the problem
are thelocal number of particlesµt(y) at timet > 0 at a given site of the lattice,
y ∈ Zd , and thetotal population sizeµt = ∑

y µt (y). In particular, we will be
concerned with the moments

mn(t, x, y) := Exµ
n
t (y), mn(t, x) := Exµ

n
t (n ∈ N),

where the indexx in the expectation signEx refers to the starting point of the RW.
In the papers [22, 1, 2], the long-time asymptotical analysis of the process was
based on deriving and studying the chain of linear differential-difference equations
for the momentsmn (of the type of Kolmogorov’s backward equations). For in-
stance, in the case of a single catalyst (located, say, at the origin), the first-order
equation for both local momentm1(t, x, y) and total momentm1(t, x) reads as
follows:

∂t m1 = Am1+ βδ0(x)m1,

with the initial conditionsm1(0, x, y) = δy(x), m1(0, x) = 1, respectively, where
∂t denotes the derivative with respect to time,A is the RW generator (the matrix of
the transition rates),β is a certain real parameter characterizing the catalyst, and
δy(x) is the Kronecker delta-symbol. Equations for the higher-order moments have
the same linear part, but involve a delta-supported inhomogeneity on the right-hand
side:

∂t mn = Amn + βδ0(x)mn + δ0(x)gn(m1, . . . , mn−1), n > 2,

wheregn(m1, . . . , mn−1) is a polynomial (of degreen) depending on the preceding
moments,m1, . . . ,mn−1 (see Section 3.4 below). As for the case of a finite number
of catalysts, the corresponding equations are of a similar form, with the sum of the
respective delta-terms on the right-hand side reflecting the presence ofN catalysts
(in particular, with the coefficientsβ1, . . . , βN in the linear part, see Section 4).
? Superprocesses are certain measure-valued branching processes which can be thought of as a

high-density limit for branching populations with motion of particles (see, e.g., [4] for systematic
exposition and bibliography).
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Clearly, the long-time asymptotics of the solutions of the above moment equa-
tions is closely related with the spectral properties of the involved difference oper-
atorA+βδ0(x) (acting, e.g., iǹ 2(Zd)), which can be viewed as a delta-perturbation
of the RW generatorA. In fact, in [1, 2] it has been shown that there exists a
critical pointβc, such that this operator has a (unique) eigenvalueλ0 > 0 whenever
β > βc. Moreover, the parameterλ0 plays the role of the Malthusian parameter (cf.
[12, 3]), as it determines the rate of the process exponential growth, and hence the
caseβ > βc corresponds to the supercritical regime.

The critical and subcritical cases are more hard to deal with from the spectral
point of view, because this would require a delicate analysis of the structure of the
(continuous part of the) spectrum in a left neighborhood of the pointλ = 0 (i.e.,
the rightmost point of the spectrum of the unperturbed operatorA). To overcome
this, in [1, 2] we used the idea to rewrite the above differential equations in a more
convenient integral form (in the present paper, the resulting equations will be called
the second integral equations, to distinguish them from the integral equations of
another kind, which will be mentioned in a few lines below). For instance, the
corresponding equation for the first-order total momentm1(t, x) is of the form

m1(t, x) = 1+ β
∫ t

0
m1(s,0)p(t − s, x,0)ds,

wherep(t, x, y) is the RW transition probability (see Section 3.5 below). Setting
herex = 0, we obtain for the functionm1(t,0) the renewal equation

m1(t,0) = 1+ β
∫ t

0
m1(s,0)p(t − s,0,0)ds,

for which the asymptotics of the solution can be studied in detail, as soon as the
behavior of the transition probabilityp(t, x, y) is known (the latter information is
provided by an appropriate local limit theorem). The long-time asymptotics for the
casex 6= 0 can then be retrieved from the corresponding integral equation with
the ‘known’ right-hand part. For the local momentm1(t, x, y), and also for the
higher-order momentsmn, the analysis goes along similar lines.

However, in our previous short publications the derivation of the initial differ-
ential backward equations (being in fact quite standard) and of the corresponding
integral equations (which are derived in a less familiar way) was only briefly out-
lined. It is one of the purposes of the present paper to provide necessary details of
such derivations. On the other hand, the questions of existence and uniqueness of
the solutions to the equations, as well as the related problem of possible explosion
of the process, have not been touched in [1, 2]. To fill in this gap is another goal
of the present paper. In doing so, it is more convenient, as usual, to deal with
the integral analogues of the differential equations (which will be called thefirst
integral equations), rather than with those equations themselves. For instance, the
above differential equation form1(t, x) can be reduced to the equivalent form (see



44 S. ALBEVERIO AND L.V. BOGACHEV

Section 3.2 below)

m1(t, x) = e−c(x)t +
∫ t

0
e−c(x)s(Ǎ+ β̌δ0(x))m1(t − s, x)ds.

Herec(x) is a non-negative function,̌β is a positive number (a close relative of the
aboveβ), andǍ is a non-negative matrix obtained from the matrixA by putting all
its diagonal entries equal to zero. It should be mentioned that it is the non-negativity
of all the ingredients that makes such equations suitable for applying conventional
iterative schemes in order to prove existence and uniqueness (in particular, ensuring
the monotone convergence of successive approximations). Moreover, it is perhaps
more natural to start by directly deriving just these equations, rather than the dif-
ferential equations, which makes it possible to overcome the technical problem of
controlling the error terms (though the latter present only minor difficulties).

To summarize, the goal of the present work is to provide a solid technical
ground for a long-time asymptotical analysis of the model. A detailed presentation
of such analysis will be the subject of a forthcoming paper (some results have been
announced in [1, 2]).

Let us make a few remarks on the organization of the paper. First of all, to
make the notations easier, we treat mainly the case of a single catalyst (Sections
2 and 3), since the extension of the proofs to the case of finitely many catalysts
is straightforward and requires only obvious changes. Therefore, in the general
case we only fix the results by writing out the corresponding equations, which are
gathered in Section 4.

As for the basic case with a single catalyst, in Section 2 we study the Laplace
generating functions (both local and total), deriving the basic equations and proving
the existence and uniqueness of their solutions. We point out that there is a small
deviation from the paper [1] where the ordinary (power) generating functions were
taken as the starting point. However, the Laplace generating functions are more
handy in view of a simpler relationship with the moments (via usual differenti-
ation), whereas the conventional generating functions are better fashioned to obtain
the factorial moments. We would also like to mention that our derivation of the
second integral equations is based on the representation of the solution of a per-
turbed evolution equation (Cauchy problem) in a Banach space, which is actually
an extended version of the method of variation of constants. In order to make use of
this trick, we show that the set of differential equations for the Laplace generating
function (indexed byx ∈ Zd) can be treated as a single functional equation in an
appropriate Banach space (for our purposes here, the simplest choice is the space
`∞(Zd) of bounded functions onZd).

In the next Section 3, we proceed to the equations for the extinction probability
and for the moments. As mentioned above, the differential equations arebackward
equations, i.e., the corresponding operators act with respect to the initial pointx.
However, for the future use (cf. [1]) we also need to obtain aforward equation for
the first-order local momentm1(t, x, y). Such an equation is derived from the cor-
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responding backward equation by studying the successive approximations in terms
of the Laplace transforms (the method first proposed by Feller, see [8], Ch. XIV,
§ 7).

In Appendix (Section 5) we present an alternative derivation of the differential
equations, which proceeds along the conventional lines of “backward” heuristics
and thus is less analytic and, perhaps, more transparent from the probabilistic point
of view. In particular, such a derivation explains the structure of the inhomogeneous
termgn(m1, . . . , mn−1) in the higher-order moment equations, which in the main
text arises somewhat formally as a result of the successive differentiation of the
Laplace generating function. In Appendix we also show that the first and the second
integral equations can be derived from each other, thus skipping the intermediate
stage of differential equations which previously was a sort of a link between these
two. The proof again involves passing to the Laplace transforms.

In the remainder of the Introduction, we give a more detailed description of the
model under study, in particular recalling some notions and facts from the standard
theories of random walks and branching processes.

1.2. DESCRIPTION OF THE MODEL

Let us describe the probabilistic ingredients of our model in more detail. The first of
these, the random walk (RW), is a continuous-time Markov chain onZd (see, e.g.,
[7], Ch. XVII, or [10], Ch. III, § 2). (Qualitatively speaking, the Markov property
implies that, given the past history of the process up to timet , the probability law
of the future evolution is in fact determined only by its current state at timet .)
The transitions of the RW are governed by the matrixA = (a(x, y))x,y∈Zd with
a(x, y) > 0 for x 6= y, a(x, x) < 0, and

∑
y a(x, y) = 0 (chains satisfying

the latter condition for each statex are calledlocally regular [10]). Namely, let
p(t, x, y) denote the transition probability of the RW, that is the probability that at
time t > 0 the particle is found at sitey, conditioned to start (at time 0) from site
x. Then, asymptotically ash ↓ 0, one has

p(h, x, y) = a(x, y)h + o(h) for y 6= x, (1.1)

p(h, x, x) = 1+ a(x, x)h + o(h). (1.2)

We shall assume that the RW is time homogeneous, that is, the corresponding
transition probability for a time interval[s, t] coincides withp(t − s, x, y). By
the Markov property, it then follows (see, e.g., [10], Ch. III, § 2) thatp(t, x, y)

satisfies the system of differential-difference equations (Kolmogorov’sbackward
equations){

∂t p(t, x, y) = Ap(t, x, y),

p(0, x, y) = δy(x).
(1.3)
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Here and below∂t := ∂/∂t denotes the operator of (partial) differentiating with
respect to timet , andδy(x) is the discrete (Kronecker) delta-function

δy(x) :=
{

1 if x = y,
0 if x 6= y.

The linear operatorA determined by the matrix(a(x, x′))x,x ′∈Zd acts with respect
to the variablex:

Ap(t, x, y) :=
∑
x ′
a(x, x′)p(t, x′, y),

the variabley being treated as a parameter. It is well defined at least on functions
of compact support, and moreover, due to the regularity condition,A is a bounded
operator on the spacè∞(Zd) of bounded functions onZd (see also Lemma 2.4 in
Section 2.5).

Furthermore, under the above hypotheses the transition probabilityp(t, x, y),
as a function oft andy, also satisfies Kolmogorov’sforward equations(see [8],
Ch. XIII, § 7; [10], Ch. III, § 2):{

∂t p(t, x, y) = A∗p(t, x, y),
p(0, x, y) = δx(y),

(1.4)

whereA∗ is the adjoint operator (i.e., with the matrix elementsa∗(x, y) := a(y, x))
acting with respect to the variabley:

A∗p(t, x, y) =
∑
y ′
p(t, x, y′)a(y′, y).

Equivalently, the transition law of the RW can be expressed more explicitly
by describing the particle’s sample behavior (see [8], Ch. X, § 3; [10], Ch. III,
§ 2). Namely, started at sitex, the particle spends there a random amount of time
which is exponentially distributed with the parametera(x) := −a(x, x). (The latter
means that the probability to stay atx longer thant > 0 is given bye−a(x)t , and
in particular the mean sojourn time equals 1/a(x).) Once this time has expired, the
particle jumps to a random sitey 6= x chosen with probabilitya(x, y)/a(x), and
so on. As an example, one can bear in mind the simple symmetric RW, for which
a(x, y) = a/(2d) if |y − x| = 1, a(x, x) = −a anda(x, y) = 0 otherwise, so that
the particle jumps to one of the 2d adjacent sites chosen at random. In this case,
the operatorA amounts toa1, where1 is the discreted-dimensional Laplacian

1ψ(x) := 1

2d

∑
|x ′−x|=1

ψ(x′)− ψ(x).

In the present work, we assume that the matrixA is translation invariant,
a(x, y) = a(0, y − x) (which implies spatial homogeneity of the RW), and sym-
metric, a(x, y) = a(y, x). Note that due to the translation invariance, the local
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regularity of the RW assumed above automatically impliesregularity, that is, the
RW accomplishes on each finite time interval only a finite number of jumps (see
[10], Ch. III, § 2). Let us also suppose thatA is irreducible, that is, the setZd cannot
be split into two non-intersecting partsZ1 andZ2 in such a way thata(x, y) ≡ 0
for all x ∈ Z1, y ∈ Z2. In other words, the matrixA cannot be reduced by per-
mutations of its ‘rows’ and respective ‘columns’ (which amounts to reordering the
sitesx ∈ Zd) to the form

A =
(
A11 0
A21 A22

)
,

whereA11 andA22 are ‘square’ matrices (of possibly infinite ‘orders’ #(Z1) and
#(Z2), respectively). In probabilistic terms, irreducibility means that, starting from
any sitex ∈ Zd , the RW can reach every other sitey ∈ Zd with positive probability
(see, e.g., [7], Ch. XV, § 4; [19], Ch. I, § 5). Note that in fact this assumption does
not essentially restrict generality, because due to the translation invariance the RW
can always be considered on an appropriate (minimal) sublattice where it would be
already irreducible.

The second ingredient of our setting, the branching mechanism at a catalyst,
is specified as a Markov branching process (BP) governed by the infinitesimal
generating function

f (u) :=
∞∑
n=0

b(n)un, 06 u 6 1, (1.5)

whereb(n) > 0 for n 6= 1, b(1) < 0, and
∑

n b(n) = 0 (see [17], Ch. I, § 4; [3],
Ch. III). Note thatf (1) = 0 andf is a convex function. Similarly as above, the
coefficientsb(n) determine the main linear part in the probabilityp∗(h, n) to have
at timeh ↓ 0 the population of sizen, given a single ancestor at time 0:

p∗(h, n) = b(n)h+ o(h) for n 6= 1, (1.6)

p∗(h,1) = 1+ b(1)h + o(h). (1.7)

In other words, the initial particle lives for an exponential time (with the parameter
b := −b(1), and thus the average life-length equals 1/b), whereupon it is replaced
by a random offspring (of sizen 6= 1 with probabilityb(n)/b) and each of the new
particles proceeds in a similar manner, independently of the others.

The key characteristic of such a process is the parameterβ := f ′(1) (which is
supposed to be finite). Let us point out that

β = f ′(1) =
∑
n6=1

nb(n)

= b

(∑
n6=1

n
b(n)

b
− 1

)
,
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where the sum gives the average number of the particle’s offspring. Accordingly,
the parameterβ is strictly positive whenever the mean offspring size is greater than
1. We will also assume that all the higher derivativesβ(r) := f (r)(1) exist (in this
notation,β = β(1)), so that the particle’s offspring has finite (factorial) moments
of all orders.

Now we combine both mechanisms to obtain the BRW under consideration. Let
us recall that in the general case, there areN catalysts located at pointsx1, . . . , xN ,
each being characterized by its branching generating function

fi(u) :=
∞∑
n=0

bi(n)u
n, 06 u 6 1 (i = 1, . . . , N).

As mentioned above, the RW and BP laws are assumed to act independently of
each other. In particular, particle’s sojourn time and life-time at a catalyst are
independent random variables. Thus, the particle’s evolution at the microscopic
level proceeds as follows. Found at present time at sitex, the particle during a
subsequent timeh ↓ 0 can jump to a sitey 6= x (with probabilitya(x, y)h+ o(h))
or, if x happened to be one of the catalytic points,x = xi for somei = 1, . . . , N ,
the particle may die leavingn 6= 1 descendants (with probabilitybi(n)h + o(h)).
Otherwise, if no transition has occurred (i.e., with probability 1+ a(x, x)h +∑N

i=1 δxi (x)bi(1)h+ o(h)), it stays atx throughout the time interval[0, h].
If there is only one catalytic point (as mentioned in the previous subsection, this

will be the basic case to be considered in the next Sections 2, 3), we may assume
without restricting generality that it is located at the origin,x1 = 0. In this case, we
shall also drop the subindex 1 in the notation of the corresponding quantities (in
particular,f (u) will stand for the corresponding branching generating function).

2. Equations for the Laplace Generating Functions (LGF’s)

An important tool in the analysis of the process are the Laplace generating func-
tions (LGF’s) for the random variablesµt(y) (y ∈ Zd) andµt , defined forz > 0
by

F(z; t, x, y) := Ex e
−zµt (y), (2.1)

F(z; t, x) := Ex e
−zµt , (2.2)

where Ex stands for the expectation under the conditionµ0(·) = δx(·) (recall
that we assume there is initially a single particle located atx). According to our
terminology used to distinguish between the quantitiesµt(y) andµt (see Section
1.1), we will call the functionsF(z; t, x, y) andF(z; t, x) the local andtotal LGF,
respectively.

Note that, generally speaking,

lim
z→0+

F(z; t, x) = Px{µt <∞} 6 1,
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and we do not exclude the case where this inequality is strict, so that the distribution
of the random variableµt is deficient. In the theory of branching processes, such
a case is referred to asexplosion, a situation where it is possible for the process to
produce infinitely many particles in a finite time (cf. [12], p. 98; [3], p. 104). We
will later impose a simple sufficient condition (that the average size of particle’s
offspring be finite) which ensures non-explosion (see Corollary 2.1).

2.1. INTEGRAL EQUATION FOR THE LGF’ S

We will require some more notation. First, we recall that

a := −a(0,0) = −a(x, x) =
∑
y 6=x

a(x, y) > 0, (2.3)

b := −b(1) =
∑
n6=1

b(n) > 0. (2.4)

Let us now introduce the notations:

Ǎ := A+ aI, (2.5)

f̌ (u) := f (u)+ bu, 06 u 6 1, (2.6)

whereI := (δy(x))x,y∈Zd is the identity matrix. In other words, the matricesǍ and

A coincide everywhere except for the main diagonal whereǍ has all zeroes. In
particular, all the entries of thěA arenon-negative, and the sum of the entries in
each “row” equalsa. According to the definition (1.5), the functioňf is represented
by the sumf̌ (u) =∑n6=1 b(n)u

n, where all the coefficients are alsonon-negative.

In particular,f̌ is convex and non-decreasing on[0,1], andf̌ (1) = b.
Next, we introduce the (non-linear) operatorȞ by the formula

Ȟψ(x) := Ǎψ(x)+ δ0(x)f̌ (ψ(x)), (2.7)

defined on functionsψ(x), x ∈ Zd , such that 06 ψ 6 1. Note thatȞ > 0, that is,
Ȟψ(x) > 0 (for anyψ > 0). Moreover,Ȟ is monotone, which means that

(ψ1 6 ψ2) ⇒ (Ȟψ1 6 Ȟψ2). (2.8)

Indeed, using that the matrix̌A has non-negative entries and the functionf̌ is
non-decreasing, we have

Ȟψ1(x) = Ǎψ1(x)+ δ0(x)f̌ (ψ1(x))

6 Ǎψ2(x)+ δ0(x)f̌ (ψ2(x))

= Ȟψ2(x).
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In particular,

Ȟψ(x) 6 Ȟ1(x) = c(x), (2.9)

where1(x) ≡ 1 and

c(x) := a + δ0(x)b. (2.10)

Now we can write the basic integral equations for the LGF’s.

THEOREM 2.1. The Laplace generating functionsF(z; t, x) and F(z; t, x, y)
satisfy the following integral equations:

F(z; t, x) = e−z−c(x)t +
∫ t

0
e−c(x)s ȞF(z; t − s, x)ds, (2.11)

F(z; t, x, y) = e−zδy(x)−c(x)t +
∫ t

0
e−c(x)s ȞF(z; t − s, x, y)ds. (2.12)

Proof.We start by deriving equation (2.11) for the total LGFF(z; t, x). Recall
that initially there is a single particle located at pointx. Suppose thatx 6= 0. Let
τ denote the sojourn time atx, that is the time the particle spends at its initial
position until jumping to some other point on the latticeZd . As mentioned above,
the random variableτ has exponential distribution with parameter−a(x, x) = a,
that is, its probability law is determined byPx{τ > t} = e−at for eacht > 0, and
hence the corresponding probability density function is of the formae−at , t > 0.

Let us now apply the total probability formula to the expectation (2.2) via con-
ditioning the process at timeτ and then averaging with respect to the distribution
of τ . In what follows, 1l(C) denotes the indicator of an eventC. Taking into account
all possible jumps which the particle may perform and using the (strong) Markov
property (see Section 1.2), we obtain

F(z; t, x) = Ex e
−zµt1l{τ > t} + Ex e

−zµt1l{τ 6 t}
= e−zPx{τ > t} +

∫ t

0
ae−as

∑
x ′ 6=x

a(x,x ′)
a

Ex ′e
−zµ̃t−s ds

= e−ze−at +
∫ t

0
e−as

∑
x ′ 6=x

a(x, x′)F (z; t − s, x′)ds

= e−z−at +
∫ t

0
e−asǍF (z; t − s, x)ds, (2.13)

which gives (2.11) forx 6= 0. Hereµ̃ stands for the number of particles of the
“shifted” branching random walk starting at pointx′ where the initial particle has
jumped fromx. Thus, given thatτ = s 6 t , we haveµt = µ̃t−s . Moreover, due
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to the Markov property, the distribution of̃µt−s coincides with that ofµt−s , and
hence taking the expectation of the exponent yieldsF(z; t − s, x′).

In the casex = 0, we need also to take into account the possibility of branching.
In addition to the sojourn timeτ , let us denote byτ∗ the life-time of the particle, as
prescribed by the branching process at the catalytic point. The distribution of the
random variableτ∗ is exponential with parameterb. Sinceτ andτ∗ are independent
of each other, we can write similarly as above

F(z; t,0) = E0e
−zµt1l{τ > t, τ∗ > t} + E0e

−zµt1l{τ 6 t, τ < τ∗}
+ E0e

−zµt1l{τ∗ 6 t, τ∗ < τ }
= e−zP0{τ > t}P0{τ∗ > t}
+
∫ t

0
ae−as P0{τ∗ > s}

∑
x ′ 6=0

a(0,x ′)
a

Ex ′e
−zµ̃t−s ds

+
∫ t

0
be−bs P0{τ > s}

∑
n6=1

b(n)

b
Ex ′e

−z(µ̃(1)t−s+···+µ̃(n)t−s ) ds

= e−ze−ate−bt +
∫ t

0
e−(a+b)s

∑
x ′ 6=0

a(0, x′)F (z; t − s, x′)ds

+
∫ t

0
e−(a+b)s

∑
n6=1

b(n)F n(z; t − s, x′)ds

= e−z−(a+b)t +
∫ t

0
e−(a+b)s

[
ǍF (z; t − s,0)

+f̌ (F (z; t − s,0))
]
ds, (2.14)

which is the right-hand side of (2.11) forx = 0. Hereµ̃(1)t−s, . . . , µ̃(n)t−s denote the
total numbers of descendants at timet − s of each of then particles born to the
initial ancestor at the end of its life-lengthτ∗ = s. Since these random variables
are independent and identically distributed (asµt−s), the expectation is factorized
to yield the power termFn.

Equation (2.12) for the local LGFF(z; t, x, y) is obtained quite similarly, with
the only change in the out-of-integral term, due to the different initial condition
Px{µ0(y) = δy(x)} = 1. For instance,

E0e
−zµt (y)1l{τ > t, τ∗ > t} = e−zδy (x) e−(a+b)t .

Thus, our theorem is proved. 2
Remark. Similar integral equations for general population processes with continu-
ous time were first derived in [16] (see also [12], Ch. III, § 17).
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2.2. EXISTENCE AND UNIQUENESS

Since the functionf̌ is defined only on[0,1], it makes sense to seek for solutions
of the equations (2.11), (2.12) only among non-negative functions bounded from
above by 1. This convention will be assumed throughout, for all the equations
containingf̌ (or f ).

THEOREM 2.2. For eachz > 0 andx ∈ Zd the equation(2.11) has a solution
F(z; t, x), which forz > 0 represents an LGF of some(possibly deficient) probab-
ility distribution, andF(z; t, x)|z=0 ≡ 1. Similar assertions are valid for equation
(2.12).

Proof. We use the method of successive approximations (cf. [12], Ch. VI, § 9,
p. 132). Consider equation (2.11) for the total LGF. SetF0(z; t, x) ≡ 1 and for
eachn > 0

Fn+1(z; t, x) := e−z−c(x)t +
∫ t

0
e−c(x)s ȞFn(z; t − s, x)ds. (2.15)

SinceF0(z; t, x) > 0 andȞ > 0, from (2.15) it follows by induction thatFn(z; t ,
x) > 0 for all n andt > 0. Similarly, we can show that

Fn(z; t, x) 6 1, n > 0, t > 0. (2.16)

Indeed, using thatF0 ≡ 1, from (2.15) we have

F1(z; t, x) = e−z−c(x)t +
∫ t

0
e−c(x)s

[
Ǎ1(x) + δ0(x)f̌ (1)

]
ds

= e−z−c(x)t +
∫ t

0
e−c(x)sc(x)ds

= e−z−c(x)t + 1− e−c(x)t (2.17)

= 1− e−c(x)t (1− e−z) (2.18)

6 1.

In exactly the same way it can also be checked that the inequalityFn(z; t, x) 6 1
implies Fn+1(z; t, x) 6 1, and hence (2.16) holds by induction. Moreover, for
z = 0 we have

F
(n)

0 (t, x) ≡ 1.

A similar induction shows thatFn(z; t, x) is non-increasing with respect ton.
Indeed, we have just seen that

F1(z; t, x) 6 1≡ F0(z; t, x),
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and ifFn(z; t, x) 6 Fn−1(z; t, x) for all t > 0, then

Fn+1(z; t, x) = e−z−c(x)t +
∫ t

0
e−c(x)s ȞFn(z; t − s, x)ds

6 e−z−c(x)t +
∫ t

0
e−c(x)s ȞFn−1(z; t − s, x)ds

= Fn(z; t, x).
As a result, for eacht > 0 andx ∈ Zd the sequence{Fn(z; t, x)} converges to

the limit

F(z; t, x) :=
{

1, if z = 0,

lim
n→∞Fn(z; t, x), if z > 0, (2.19)

and by lettingn→∞ in the recurrence relation (2.15) it is seen thatF(z; t, x) just
defined satisfies (2.11). (Taking the limit through the integral in (2.15) is permitted
due to the monotone convergence theorem.)

Now we have to verify that forz > 0 the functionF(z; t, x) coincides with
an LGF of some probability distribution. To this end, we will identify the above
functionsFn(z; t, x), n > 1, as the LGF’s for some naturally arising random
variables. By the continuity theorem for the Laplace transform (see [8], Ch. XIII,
§ 1, Th. 2, p. 408), this will complete the proof.

Let us introduce, in the spirit of Harris (see [12], Ch. VI, § 2) the notion of
‘generations’, adjusted so as to allow for the particles motion as well. Namely, we
will call the n-th generationthe collection of all those particles for which the full
record of their history (traced back to the common single ancestor at timet = 0)
contains exactlyn events of the type of jumps or acts of branching. For example,
the first generation consists of the initial particle until it undergoes its first jump or
branching (the latter is only possible if the particle started fromx = 0). The second
generation comprises the same particle until the second jump and first branching,
or otherwise its offspring, each of which is counted until its first jump or branching,
and so on.

Let µ(n)t be the total number of particles in the 1st, 2nd,. . . , n-th generations
which are alive at timet . From the above description, it is clear that the LGF of the
µ
(1)
t equals

e−z · e−c(x)t + 1 · (1− e−c(x)t ),
which coincides with the approximation functionF1(z; t, x) as defined in (2.17).
Moreover, by repeating the arguments used in the derivation of equation (2.11), it
is easy to understand that the LGF’s of the random variablesµ

(n)
t , n ∈ N, satisfy

the same recurrence equation (2.15) as do the functionsFn(z; t, x). Therefore,
Fn(z; t, x) is the LGF ofµ(n)t for all n ∈ N.

Thus, the proof of existence of a solution to equation (2.11) is completed.
The case of equation (2.12) is considered similarly, with only minor changes. In
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particular, at the last step one definesµ(n)t (y) as the number of particles from the
generations 1,2, . . . , n, which are present at sitey at timet . 2
Remark. From the definition of theµ(n)t , it follows thatµ(n+1)

t > µ(n)t for all n > 1.
This observation gives a probabilistic interpretation to the monotonicity property
of the respective LGF’sFn(z; t, x). Furthermore, the limiting functionF(z; t, x)
defined in (2.19) appears to be the LGF for the limit limn→∞ µ

(n)
t , which is nothing

else but the total population size at timet . To be more precise, the latter limit
yields the number of particles alive at timet , each of which belongs to a generation
having afinite history (i.e., indexed with a finite number). In other words, only
non-explodingrealizations of the process are thus taken into account, that is, those
having a finite number of transitions in a finite time. A sufficient condition for
non-explosion is given in Corollary 2.1 below.

The next lemma shows that the solutions constructed in the above proof are
distinguished by themaximalityproperty.

LEMMA 2.1. The functionsF(z; t, x) andF(z; t, x, y)) constructed in the proof
of Theorem2.2 are the maximal solutions of equations(2.11) and(2.12), respect-
ively, in the class of non-negative functions bounded from above by1.

Proof. Consider equation (2.11) and suppose that along with the solutionF(z;
t, x) defined in (2.19) there exists another solutionF̃ (z; t, x). Then

F̃ (z; t, x) 6 F0(z; t, x) ≡ 1,

and if F̃ (z; t, x) 6 Fn(z; t, x) then, using the monotonicity of the operatorȞ (see
(2.8)), we obtain

F̃ (z; t, x) = e−z−c(x)t +
∫ t

0
e−c(x)s ȞF̃ (z; t − s, x)ds

6 e−z−c(x)t +
∫ t

0
e−c(x)s ȞFn(z; t − s, x)ds

= Fn+1(z; t, x).
Thus, by induction it follows that for alln

F̃ (z; t, x) 6 Fn(z; t, x),
and passing here to the limit asn→∞ yields F̃ (z; t, x) 6 F(z; t, x), as claimed.
In the case of equation (2.12), the proof is similar. 2

Now we give a simple sufficient condition for the uniqueness.

THEOREM 2.3. Assume that

β̌ := f̌ ′(1) =
∑
n>2

nb(n) <∞, (2.20)
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that is, the particle’s offspring has finite mean size. Then the LGF’sF(z; t, x) and
F(z; t, x, y) constructed in Theorem2.2 are the unique solutions of the equations
(2.11) and(2.12), respectively, in the class of non-negative functions bounded from
above by1.

Proof. Suppose that besides the solutionF(z; t, x) of (2.11) constructed in
(2.19) there is another solutioñF(z; t, x), such that 06 F̃ (z; t, x) 6 1. Let
us substitute both functions into (2.11) and subtract one equation from the other.
Recalling the definition (2.7) of the operatorȞ, we obtain

F(z; t, x) − F̃ (z; t, x) =
∫ t

0
e−c(x)s

[
ȞF(z; t − s, x, y) −

− ȞF̃ (z; t − s, x, y)]ds
=
∫ t

0
e−c(x)s

[
Ǎ(F (z; t − s, x)− F̃ (z; t − s, x))+

+ δ0(x)(f̌ (F (z; t − s, x))−
− f̌ (F̃ (z; t − s, x)))]ds,

whence, replacing the exponent by the constant 1 and changing the variable of
integrations 7→ t − s, we get the estimate

|F(z; t, x) − F̃ (z; t, x)|
6
∫ t

0

[
Ǎ|F(z; s, x)−F̃ (z; s, x)|+δ0(x)|f̌ (F (z; s, x))−f̌ (F̃ (z; s, x))|

]
ds.

(2.21)

Note that for allu ∈ [0,1]
f̌ ′(u) 6 f̌ ′(1) = β̌, (2.22)

and hence for any 06 u1, u2 6 1

|f̌ (u1)− f̌ (u2)| 6 β̌|u1− u2|. (2.23)

Applying this inequality withu1 = F(z; s, x), u2 = F̃ (z; s, x) to the right side of
(2.21), we obtain

|F(z; t, x) − F̃ (z; t, x)| 6
∫ t

0
(Ǎ+ β̌δ0(x))|F(z; s, x) − F̃ (z; s, x)|ds.

(2.24)

Since 06 F, F̃ 6 1, we can set

V (t) := sup
x∈Zd
|F(z; t, x) − F̃ (z; t, x)| <∞, t > 0.



56 S. ALBEVERIO AND L.V. BOGACHEV

Recalling thatǍ1= a1, from (2.24) we have

06 V (t) 6 (a + β̌)
∫ t

0
V (s)ds. (2.25)

It is now easy to prove thatV (t) ≡ 0, whence it will follow thatF̃ (z; t, x) ≡
F(z; t, x). Namely, iterating inequality (2.25) and using thatV (t) 6 2, we obtain
for arbitraryn > 1:

06 V (t) 6 (a + β̌)n
∫ t

0

∫ s1

0
· · ·
∫ sn−1

0
V (sn)ds1 . . . dsn−1dsn

6 2(a + β̌)ntn
n! .

Since the right-hand side vanishes asn→∞, our claim follows.
The same arguments apply to the case of the local LGFF(z; t, x, y) with

obvious changes. Thus, the proof is complete. 2
Remark. That the inequality (2.25) impliesV (t) ≡ 0, is in fact a particular case
of the known Gronwall’s lemma (see, e.g., [13], Ch. 1, § 1.5). We formulate this
lemma here in a form suitable for our future use.

LEMMA 2.2. (Gronwall’s lemma).LetC > 0,M > 0, and letϕ(t) be a measur-
able locally bounded function on[0,∞) satisfying

06 ϕ(t) 6 C +M
∫ t

0
ϕ(s) ds, t > 0. (2.26)

Then

ϕ(t) 6 CeMt, t > 0. (2.27)

Thus, in the above proof we have used Lemma 2.2 withC = 0.

As mentioned in the remark after the proof of Theorem 2.2, the LGFF(z; t, x),
constructed as a solution of equation (2.11), corresponds to a random variableµt
with a possibly deficient distribution, that is

lim
z→0+

F(z; t, x) =
∞∑
n=0

Px{µt = n} = Px{µt <∞} 6 1. (2.28)

However, under the conditions of Theorem 2.1, the possibility of explosion is ruled
out (cf. [17], Ch. I, p. 30–31; [12], Ch. VI, § 13, p. 138–139), and in fact the
equality sign holds in (2.28), as stated by the following assertion.
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COROLLARY 2.1. Under the assumption(2.20) of Theorem2.3, the solutions
F(z; t, x) andF(z; t, x, y) are right-continuous with respect toz at zero:

lim
z→0+

F(z; t, x) = 1, lim
z→0+

F(z; t, x, y) = 1.

Hence there is no explosion, that is,Px{µt <∞} = 1.
Proof.Passing to the limit asz → 0+ in (2.11) (which is legitimate due to the

monotone convergence), we conclude that the function

F(0+; t, x) := lim
z→0+

F(z; t, x)

satisfies equation (2.11) withz = 0. On the other hand, from Theorem 2.2 we
know that forz = 0 there is another solution,F0(t, x) ≡ 1. Accordingly, due to
the uniqueness ensured by Theorem 2.3, we haveF(0+; t, x) = 1 for all t andx.

SinceF(z; t, x) 6 F(z; t, x, y) 6 1, the statement of the corollary also follows
for the local LGFF(z; t, x, y). 2

2.3. MORE ON THE UNIQUENESS

A more careful analysis of the proof of Theorem 2.3 shows that the uniqueness can
be proved in the casez > 0 without imposing the condition(2.20). The following
lemma makes the estimateF 6 1 more precise.

LEMMA 2.3. Assume thatz > z0 > 0, and letF(z; t, x), F(z; t, x, y) be arbit-
rary solutions of the equations(2.11), (2.11), respectively. Suppose thatT > 0 is
fixed.

(a) There exists a numberδ1, 0 < δ1 < 1, depending only onz0 andT , such
that for all z > z0, t ∈ [0, T ] andx ∈ Zd

F (z; t, x) 6 1− δ1 < 1, (2.29)

F(z; t, x, x) 6 1− δ1 < 1. (2.30)

(b) Let 0 < t0 < T and x 6= y. Then there exists a numberδ2, 0 < δ2 < 1,
depending onz0, t0, T , x andy, such that for allz > z0 and t0 6 t 6 T

F(z; t, x, y) 6 1− δ2 < 1. (2.31)

Proof. It suffices to prove the lemma in the case whereF(z; t, x), F(z; t, x, y)
are the maximal solutions found in Theorem 2.2. By construction,

F(z; t, x) 6 F1(z; t, x)
= 1− e−c(x)t (1− e−z)
6 1− e−c(x)t (1− e−z0)
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(cf. (2.18)). Hence, recalling (2.10) we see that (2.29) follows with

δ1 := e−(a+b)T
(
1− e−z0) .

The case ofF(z, t, x, y) is more involved. Let us again start with the estimate

F(z; t, x, y) 6 F1(z; t, x, y)
= 1− e−c(x)t (1− e−zδy(x)) . (2.32)

If x = y, this amounts to the previous case and hence (2.30) is proved. However,
for x 6= y the right-hand side of (2.32) is equal to 1, so we have to proceed more
carefully via employing the next iteration. Namely, using thatx 6= y and inserting
the estimate (2.32), we obtain

F(z; t, x, y) 6 F2(z; t, x, y)
= e−c(x)t +

∫ t

0
e−c(x)s ȞF1(z; t − s, x, y)ds

6 e−c(x)t +
∫ t

0
e−c(x)s

[
Ǎ1(x)+ δ0(x)f̌ (1)

]
ds −

−
∫ t

0
e−c(x)s Ǎ

(
e−c(·)(t−s)(1− e−zδy (·)))(x)ds

= e−c(x)t +
∫ t

0
e−c(x)s (a + δ0(x)b)ds −

−
∫ t

0
e−c(x)s (1− e−z) Ǎ(e−c(·)(t−s)δy(·))(x)ds

= 1− (1− e−z)
∫ t

0
e−c(x)s a(x, y) e−c(y)(t−s) ds. (2.33)

Suppose thatc(x) 6 c(y) (otherwise we could make the change of variables
s 7→ t − s and proceed as below). Then, using thatt0 6 t 6 T , the integral in
(2.33) is easily estimated as∫ t

0
e−c(x)s e−c(y)(t−s) ds = e−c(y)t

∫ t

0
e[c(y)−c(x)]s ds

> e−c(y)t · t
> e−(a+b)T · t0 > 0.

Hence, from (2.33) we get

F2(z; t, x, y) 6 1− (1− e−z)a(x, y)e−(a+b)T t0 (2.34)

6 1− δ2,

where

δ2 := (1− e−z0)a(x, y)e−(a+b)T t0 > 0. (2.35)
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However, we needδ2 to be strictly positive, which would be true provideda(x, y) >
0. But in general this is not the case, because the sitey may not be reachable from
x just atone jump. None the less, this is already very close to the proof, in view
of irreducibility of the random walk, which implies thaty is reachable fromx by
a finite number of jumps. This suggests that we have to move further and take an
appropriate number of iterations. Namely, we will prove that for alln

Fn+1(z; t, x, y) 6 1− cn(1− e−z) a(n)(x, y), t0 6 t 6 T , (2.36)

wherecn is a positive constant not depending ont , anda(n)(x, y) is an element of
the matrix(Ǎ)n. Once this is verified, the required inequality (2.31) will follow by
picking n0 such thata(n0)(x, y) > 0, which is possible due to irreducibility of the
Ǎ (see Section 1.2), and setting

δ2 := cn0 (1− e−z0)a(n0)(x, y) > 0.

Inequality (2.36) can be proved by induction. The basis of induction is laid by
(2.34) with c1 = e−(a+b)T t0. Further, given (2.36) for a particularn, we obtain,
proceeding similarly as in (2.33):

Fn+2(z; t, x, y) 6 1− cn(1− e−z)
∫ t

0
e−c(x)s Ǎ(a(n)(·, y))(x)ds. (2.37)

Note that

Ǎ(a(n)(·, y))(x) =
∑
x ′
a(x, x′)a(n)(x′, y) = a(n+1)(x, y),

and by minimizing the integral in (2.37) overt ∈ [t0, T ] andx ∈ Zd , we arrive at
the desired inequality

Fn+2(z; t, x, y) 6 1− cn+1(1− e−z) a(n+1)(x, y),

with

cn+1 := cn 1− e−(a+b)t0
a + b .

Thus, the induction step is completed and the proof is finished. 2
THEOREM 2.4. For eachz > 0, the equations(2.11), (2.12) have unique solu-
tions, namely, those constructed in Theorem2.2.

Proof. Note that if t = 0, then from equations (2.11), (2.12) it immediately
follows thatF(z;0, x) = e−z, F(z;0, x, y) = e−zδy(x). Therefore, without loss
of generality we may assume thatt > 0. Suppose thatF(z; t, x) and F̃ (z; t, x)
are two solutions of (2.11). Proceeding as in the proof of Theorem 2.3, we arrive
at equation (2.21). Formerly, to estimate the right-hand side of (2.21) we used the
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Lipschitz property for the functioňf (ensured by the condition (2.20)). However,
actually we do not need the Lipschitz condition on thewholeinterval[0,1]. Indeed,
according to Lemma 2.3, both functionsF and F̃ on [0, t] assume values not
exceeding the number 1− δ1 < 1. Since the functionf̌ is the sum of a power
series (with positive coefficients) convergent on[0,1], its derivative does exist at
the point 1− δ1 and for allu ∈ [0,1− δ1] one has

f̌ ′(u) 6 f̌ ′(1− δ1) =: β̌ ′ (2.38)

(cf. (2.22)). Accordingly, we obtain the basic inequality (2.24) withβ̌ replaced by
β̌ ′, and the rest of the proof can be repeated without changes.

For equation (2.12) withx = y, the amendment of the former proof of unique-
ness runs completely the same way. However, modifying the proof in the casex 6=
y is more lengthy. Let there again be two solutions,F(z; t, x, y) andF̃ (z; t, x, y).
On the right-hand side of the equation analogous to (2.21), let us separate the
integral containing the terms witȟf and, in order to be able to apply Lemma 2.3,
split it into the sum of the two summands:

δ0(x)

(∫ ε

0
+
∫ t

ε

)
|f̌ (F (z; s,0, y))− f̌ (F̃ (z; s,0, y))|ds =: J1+ J2,

whereε is an arbitrary positive number. The first integral is estimated as

J1 6 2ε f̌ (1) = 2bε.

For the second integral, using part (b) of Lemma 2.3 and defining

β̌ ′′ := f̌ ′(1− δ2)

(cf. (2.38)), we get

J2 = δ0(x)

∫ t

ε

|f̌ (F (z; s,0, y)) − f̌ (F̃ (z; s,0, y))|ds

6 δ0(x)β̌
′′
∫ t

ε

|F(z; s,0, y)) − F̃ (z; s,0, y)|ds

6 δ0(x)β̌
′′
∫ t

0
|F(z; s,0, y)) − F̃ (z; s,0, y)|ds.

As a result, instead of (2.24) we now have

|F(z; t, x, y) − F̃ (z; t, x, y)| 62bε +
∫ t

0
(Ǎ+ β̌ ′′δ0(x))|F(z; s, x, y)

− F̃ (z; s, x, y)|ds,
and hence for

V (t, y) := sup
x∈Zd
|F(z; t, x, y) − F̃ (z; t, x, y)| <∞, t > 0,
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it follows

06 V (t, y) 6 2bε + (a + β̌ ′′)
∫ t

0
V (s, y)ds.

An application of Gronwall’s lemma (Lemma 2.2) then yields

06 V (t, y) 6 2bε e(a+β̌
′′)t ,

and since the numberε > 0 can be chosen arbitrarily small, this impliesV (t, y) ≡
0. 2
Remark. The comparison of Theorem 2.4 with the proof of Corollary 2.1 shows
that the process explosion is equivalent to the violation of uniqueness in the case
z = 0.

2.4. DIFFERENTIAL EQUATION FOR THE LGF’ S

One can rewrite integral equations forF(z; t, x) andF(z; t, x, y) in the differential
form. Consider the operator

Hψ(x) := Aψ(x)+ δ0(x)f (ψ(x)), 06 ψ 6 1. (2.39)

Note thatH can also be represented in the form

H = Ȟ− c(x), (2.40)

whereȞ andc(x) are defined in (2.7) and (2.10), respectively.

THEOREM 2.5. The functionsF(z; t, x) andF(z; t, x, y) satisfy the following
evolution equations with initial data(Cauchy problems):{

∂tF (z; t, x) = HF(z; t, x),
F (z;0, x) ≡ e−z,

(2.41)

and {
∂tF (z; t, x, y) = HF(z; t, x, y),
F (z;0, x, y) = e−zδy(x).

(2.42)

Proof.Let us rewrite equation (2.11) via the change of variabless 7→ t − s as

F(z; t, x) = e−z−c(x)t +
∫ t

0
e−c(x)(t−s) ȞF(z; s, x)ds.
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From this it is obvious thatF(z; t, x) is differentiable with respect tot . Taking the
derivative and returning to the initial variable of integration, we obtain

∂tF (z; t, x) = − c(x)e−z−c(x)t + ȞF(z; t, x) −
− c(x)

∫ t

0
e−c(x)(t−s)ȞF(z; s, x)ds

= ȞF(z; t, x) −
− c(x)

(
e−z−c(x)t +

∫ t

0
e−c(x)s ȞF(z; t − s, x)ds

)
= ȞF(z; t, x) − c(x)F (z; t, x)
=HF(z; t, x),

where we have used (2.11) (to replace the expression in the brackets byF(z; t, x))
and (2.40). The differential equation in (2.41) is obtained in exactly the same way
from (2.12). The initial conditions follow from (2.11), (2.12) witht = 0. 2

In the remainder of this subsection, we will formally check that, conversely, the
above integral equations follow from the differential equations just derived.

THEOREM 2.6. Each of the Cauchy problems(2.41), (2.42) implies its integral
counterpart, that is,(2.11) or (2.12), respectively.

Proof. We will show that(2.41) ⇒ (2.11) (the second implication is proved
similarly). Let us consider the differential equation (2.41) at times. We multiply it
by e−c(x)(t−s) and integrate overs ∈ [0, t]. On the left-hand side, after integrating
by parts and using the initial condition in (2.41), we obtain∫ t

0
∂sF (z; s, x) e−c(x)(t−s) ds

= F(z; t, x) − e−z−c(x)t − c(x)
∫ t

0
F(z; s, x) e−c(x)(t−s) ds.

On the right-hand side, recalling (2.40), we have∫ t

0
HF(z; s, x)e−c(x)(t−s) ds =

∫ t

0
ȞF(z; s, x)e−c(x)(t−s) ds

− c(x)
∫ t

0
F(z; s, x) e−c(x)(t−s) ds.

Equating these expressions and making in the integral the change of variabless 7→
t − s, we arrive at (2.11). 2
Remark. Since the Cauchy problems (2.41) and (2.42) are equivalent to the in-
tegral equations (2.11) and (2.12), respectively, the theorems on existence and
uniqueness of solutions proved in Section 2.2 are valid as well for (2.41) and (2.42).
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2.5. EQUATIONS IN A BANACH SPACE

In this subsection, we would like to interpret each of the systems of integral equa-
tions (2.11) and (2.12) (whenx runs throughZd) as afunctional equation in an
appropriate Banach space. For our purposes here, it suffices to consider these equa-
tions in`∞(Zd), that is the Banach space of bounded functionsψ(x), x ∈ Zd , with
the norm

‖ψ‖∞ := sup
x∈Zd
|ψ(x)|.

For definiteness, we will consider the case of equation (2.11), the other one
being treated in a completely similar way. Let us assume that condition (2.20) is
satisfied. First of all, let us check that the operatorsǍ, A, Ȟ andH introduced in
the preceding sections are well-defined on`∞(Zd). Clearly, it suffices to do this
only for Ǎ, in view of the relations (2.5), (2.7), (2.39).

LEMMA 2.4. The operatorǍ defined by(2.5) is a bounded operator iǹ∞(Zd)
with the norm‖Ǎ‖∞ = a.

Proof.For any bounded functionψ onZd we have

∥∥∥Ǎψ∥∥∥∞ = sup
x

∣∣∣∣∣∣
∑
x ′ 6=x

a(x, x′)ψ(x′)

∣∣∣∣∣∣
6 sup

x

∑
x ′ 6=x

a(x, x′) |ψ(x′)|

6 sup
x

∑
x ′ 6=x

a(x, x′) · ∥∥ψ∥∥∞
= a

∥∥ψ∥∥∞,
and henceǍ is bounded with‖Ǎ‖∞ 6 a. On the other hand, forψ = 1 the above
inequalities turn into equalities, which implies‖Ǎ‖∞ = a. 2
Remark. For the asymptotical analysis of our equations, one also needs other
spaces, in particular̀2(Zd), in order to be able to apply the spectral theory in Hil-
bert space and also make use of the Fourier transform (see [22], [1], [2]). Actually,
the operatorǍ can be shown to be well defined on each space`p(Zd), 16 p 6∞.
In the paper [2] this has been done forp = 2, but the proof easily extends to the
general case. This fact also follows by the known Schur test (see [11] for the case
p = 2.)

Now, let us have a look at equation (2.11) from the point of view of the space
`∞(Zd). The functionF(z; t, x) on the left, being non-negative and bounded above
(by the constant 1), belongs to`∞(Zd). The same is of course valid for the exponent
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on the right. It remains to convince ourselves that the integral in (2.11) can also be
understood in the sense of`∞(Zd). Let 06 t 6 t + h 6 T , then from (2.11) we
obtain

|F(z; t + h, x)− F(z; t, x)|
6 e−z−c(x)t

∣∣e−c(x)h − 1
∣∣ + ∫ t+h

t

e−c(x)s ȞF(z; t − s, x)ds +

+
∫ t

0
e−c(x)s |ȞF(z; t + h− s, x)− ȞF(z; t − s, x)|ds. (2.43)

The first term on the right-hand side is estimated from above by

c(x)h 6 (a + b)h, (2.44)

and the second summand is bounded by∫ h

0
ȞF(z; s, x)ds 6

∫ h

0
Ȟ1(x)ds 6 (a + b)h. (2.45)

For the third term we have the upper estimate∫ t

0
|ȞF(z; s + h, x)− ȞF(z; s, x)|ds 6

6
∫ t

0

(
Ǎ|F(z; s + h, x)− F(z; s, x)| + δ0(x)|f̌ (F (z; s + h, x))−

− f̌ (F (z; s, x))|)ds 6
6
∫ t

0
(Ǎ+ β̌δ0(x))

(|F(z; s + h, x)− F(z; s, x)|)ds, (2.46)

where we used the Lipschitz property (2.23). Let us set

V (t, h) :=‖F(z; t+h, ·)−F(z; t, ·)‖∞=sup
x∈Zd
|F(z; t+h, x)−F(z; t, x)|.

Then from (2.43)–(2.46) we get

|F(z; t + h, x)− F(z; t, x)| 6 2(a + b)h+
∫ t

0
(Ǎ+ β̌I )1(x)V (s, h)ds

= 2(a + b)h+ (a + b)
∫ t

0
V (s, h)ds,

whereI is the identity operator, and hence

06 V (t, h) 6 2(a + b)h+ (a + b)
∫ t

0
V (s, h)ds.
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Then by Gronwall’s lemma (Lemma 2.2), for allt andh we have

06 V (t, h) 6 2(a + b)he(a+b)t . (2.47)

Moreover, from (2.46) and (2.47) we see that

|ȞF(z; t + h, x)− ȞF(z; t, x)| 6 (Ǎ+ β̌I )(|F(z; t + h, x)− F(z; t, x)|)
6 (a + β̌)V (t, h)
6 const· h,

where the constant does not depend onh.
Thus, we have shown that ifF(z; t, x) is a solution to the system of equations

(2.11), then the family of functions{ȞF(z; t, x), x ∈ Zd} is equicontinuous int
on bounded intervals, that is, the increment of each of these functions on[t, t + h]
tends to zero ash → 0+, uniformly in x ∈ Zd . Since the exponent under the
integral in (2.11) is uniformly bounded by 1, equicontinuity is also valid for the
whole integrand. Therefore, the integral exists in the sense of`∞(Zd), and we are
done.

As a result, equation (2.11) is well defined in the sense of`∞(Zd), andF(z; t, x)
can be treated as its solution. Of course, a similar assertion holds true for equation
(2.12). Let us point out that the theorems on existence (see Theorem 2.2) and
uniqueness (see Theorems 2.3, 2.4) are thus transferred to the functional case.
Moreover, it is clear that the differential equivalents of (2.11), (2.12), that is, the
Cauchy problems (2.41), (2.41), are also incorporated into the Banach framework,
existence and uniqueness being valid in that case as well. The latter observation
will play an important role in the next subsection.

2.6. SECOND INTEGRAL EQUATION FOR THE LGF’ S

We start this subsection by proving a general lemma which will be used for rewrit-
ing the differential equations in a convenient integral form. LetB = B(Zd) be a
Banach space of real-valued functions onZd , andT0 be a bounded linear operator
onB. Consider inB the Cauchy problem of the form{

∂tu = T0u,

u|t=0 = u0,
(2.48)

whereu0 ∈ B. In the coordinate form, the system (2.48) reads{
∂tu(t, x) = T0u(t, x),

u(0, x) = u0(x).
(2.49)

It is well known (see, e.g., [5], Ch. 2, § 1) that there always exists a unique solution
to this problem, and this solution can be represented as the exponentu(t, x) =
eT0tu0(x).
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LEMMA 2.5. Let g(t, x, u) be a real function defined on[0,∞) × Zd × R,
equicontinuous in(t, u) in bounded domains(with respect tox ∈ Zd ) and such
that for anyψ ∈ B the compositiong(t, ·, ψ(·)) belongs toB for eacht > 0.
Then the “perturbed” Cauchy problem{

∂tu(t, x) = T0u(t, x) + g(t, x, u(t, x)),
u(0, x) = u0(x)

(2.50)

is equivalent to the integral equation

u(t, x) = eT0tu0(x)+
∫ t

0
eT0(t−s)g(s, ·, u(s, ·))(x)ds. (2.51)

Remark. The first summand on the right-hand side of (2.51) is the solution of the
unperturbed Cauchy problem (2.49) with the same initial condition, and the integral
term gives a particular solution of the Cauchy problem of the form (2.50), but with
null initial data. The representation (2.51) is well known in the theory of ordinary
differential equations for the solution of an inhomogeneous equation (withg not
depending on the unknown solutionu), where it is usually obtained via the method
of variation of constants (see, e.g., [13], § 5.2; [5], Ch. II, § 2).

Proof.Consider equation (2.50) at times, multiply it (from the left) byeT0(t−s)
and integrate overs ∈ [0, t]. On the left-hand side, integrating by parts and using
the initial condition in (2.50) we obtain∫ t

0
eT0(t−s) ∂su(s, x)ds = u(t, x) − eT0t u0(x)+

∫ t

0
T0e

T0(t−s)u(s, ·)(x)ds.
On the right we simply have∫ t

0
T0e

T0(t−s)u(s, ·)(x)ds +
∫ t

0
eT0(t−s)g(s, ·, u(s, ·))(x)ds.

Cancelling the common terms in these two expressions, we arrive at (2.51).
The converse implication is proved by differentiating equation (2.51) with re-

spect tot :

∂tu(t, x) = T0e
T0tu0(x)+

∫ t

0
T0e

T0(t−s)g(s, ·, u(s, ·))(x)ds + g(t, x, u(t, x))

= T0

(
eT0t u0(x)+

∫ t

0
eT0(t−s)g(s, ·, u(s, ·))(x)ds

)
+ g(t, x, u(t, x))

= T0u(t, x) + g(t, x, u(t, x)).
The lemma is proved. 2

The integral equations (2.11), (2.12) obtained in Theorem 2.1 were a convenient
means for establishing existence and uniqueness, by virtue of the positivity of the
involved objectsǍ and f̌ . However, in order to obtain the long-time asymptotics
of the process, equations of a different kind will be instrumental.
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THEOREM 2.7. The LGF’sF(z; t, x) andF(z; t, x, y) satisfy the integral equa-
tions

F(z; t, x) = e−z +
∫ t

0
f (F (z; s,0))p(t − s, x,0)ds, (2.52)

F(z; t, x, y) =1− (1− e−z)p(t, x, y)
+
∫ t

0
f (F (z; s,0, y))p(t − s, x,0)ds, (2.53)

wherep(t, x, y) is the transition probability of the random walk(see Section1.2).
Proof. We apply Lemma 2.5 to the Cauchy problems (2.41) and (2.42) with

B = `∞(Zd), T0 = A andg = δ0(x)f (u). Note that the transition probability
p(t, x, y) satisfies (2.49) withu0(x) = δy(x) (cf. (1.3)). Hence, using the operator
representation of solutions, we have the equalityeAt δy(x) = p(t, x, y).
Let us also notice that sinceA1(x) ≡ 0, the functionu(t, x) = 1(x) solves the
problem (2.49) with the initial conditionu0(x) ≡ 1, and henceeAt1(x) ≡ 1.
This is also seen from the direct computation of the exponenteAt as applied to1.

Taking these observations into account, from (2.41) by Lemma 2.5 we obtain

F(z; t, x) = eAt(e−z1)(x)+
∫ t

0
eA(t−s) (δ0(·)f (F (z; s, ·))) (x)ds

= e−z eAt 1(x)+
∫ t

0
f (F (z; s,0))eA(t−s)δ0(x)ds

= e−z +
∫ t

0
f (F (z; s,0))p(t − s, x,0)ds,

and (2.52) is proved. Analogously, equation (2.53) is obtained via applying Lemma
2.5 to (2.42). In so doing, it is convenient to rewrite the function in the initial
condition in (2.42) as 1− (1− e−z)δy(x). Then we get

F(z; t, x, y) = eAt(1− (1− e−z)δy(·))(x)+
+
∫ t

0
eA(t−s) (δ0(·)f (F (z; s, ·, y))) (x)ds

=1− (1− e−z)eAt δy (x)+
+
∫ t

0
f (F (z; s,0, y))eA(t−s)δ0(x)ds

=1− (1− e−z)p(t, x, y) +
+
∫ t

0
f (F (z; s,0, y))p(t − s, x,0)ds,

which proves (2.53). 2
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Remark 1. As mentioned above, the second integral equations (2.52), (2.53) are
much more convenient for the analysis than the former equations (2.11), (2.12),
because now the unknown functionmk enters the right-hand side only at one point
x = 0, whereas formerly the values at all pointsx ∈ Zd were involved. This
makes it possible to obtainclosedequations, in particular forx = y = 0. On the
other hand, the dependence on the initial pointx is now represented through the
transition probabilityp(t, x,0), and therefore information on the properties of this
function is needed (of the type of the local limit theorem, see [19]). We will develop
the asymptotic theory of equations (2.52), (2.53) in a subsequent publication (see
also [1]).

Remark 2. Note that the equations (2.52), (2.53) have a probabilistic-like structure.
Indeed, the term before the integral in both equations accounts for the case where
the initial particle does not experience branching up to timet ; the termp(t−s, x,0)
under the convolution-type integral corresponds to the transition from the starting
point x to the catalytic point 0 during timet − s, while the other factor, e.g.,
f (F (z; s,0)), represents the evolution after branching, in the remaining times;
finally, the integration with respect tos plays the role of summing over all contin-
gencies, like in the total probability formula. Unfortunately, the apparently inviting
easiness of interpretation is somewhat deceiving, as it is not straightforward to
work out a direct probabilistic proof of these equations,? unlike the case of the first
integral equations (2.11), (2.12) (see Section 2.1) or differential equations (2.41),
(2.42) (see Section 5.1.1).

However, equations (2.52), (2.53) can be derived in a shorter way, directly from
equations (2.11), (2.12), without using their differential analogues (2.41), (2.42).
We will come back to this question in Appendix (see Section 5.2).

3. Equations for the Basic Quantities

3.1. EQUATIONS FOR THE EXTINCTION PROBABILITY

Consider theextinction probability

q(t, x) := Px{µt = 0},
that is the probability that by timet there are no alive particles. This quantity can
be easily expressed through the LGFF(z; t, x). Namely, by definition

F(z; t, x) = Ex e
−zµt = Px{µt = 0} +

∞∑
n=1

Px{µt = n} e−zn,

? Note added in proof:In fact, we recently found such a proof which will be published in a
subsequent paper.
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therefore,

q(t, x) = lim
z→+∞F(z; t, x).

As a result, the equations forq(t, x) are obtained from the corresponding equa-
tions for F(z; t, x) by letting z → +∞. For instance, from (2.11) we formally
obtain

q(t, x) =
∫ t

0
e−c(x)s Ȟq(t − s, x)ds. (3.1)

Passing to the limit in (2.11) is legitimate becauseF(z; t, x) is a non-increasing
function of the parameterz > 0 for eacht andx. The latter is obvious from the
probabilistic definition ofF(z; t, x) (see (2.1)), and can also be proved analytically
via the basic equation (2.11). Namely, in view of the uniqueness of the solution of
(2.11) (see Theorem 2.4), it suffices to check monotonicity for the approximation
functionsFn(z; t, x) defined in the proof of Theorem 2.2 (see (2.15)), which in
turn easily follows by induction using that the operatorȞ in the recurrence relation
(2.15) is monotone.

Once the basic equation (3.1) forq(t, x) has been established, we can reformu-
late it in a familiar way as the Cauchy problem (cf. (2.41)){

∂t q(t, x) = Hq(t, x),
q(0, x) ≡ 0,

(3.2)

and also derive the second integral equation (cf. (2.52))

q(t, x) =
∫ t

0
f (q(s,0))p(t − s, x,0)ds. (3.3)

(The latter equation can also be obtained directly from (2.52) by lettingz→+∞.)
Similarly, thelocal extinction probabilitymay be defined as

q(t, x, y) := Px{µt(y) = 0}.
It is not difficult to see that the previous arguments apply as well to the function
q(t, x, y). In particular, the first integral equation can be obtained from (2.12) by
letting z→ +∞ to yield

q(t, x, y) = (1− δy(x))e−c(x)t +
∫ t

0
e−c(x)s Ȟq(t − s, x, y)ds

(cf. (3.1)). The corresponding Cauchy problem reads{
∂t q(t, x, y) = Hq(t, x, y),
q(0, x, y) = 1− δy(x)
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(cf. (3.2)), while the second integral equation appears to be of the form

q(t, x, y) = 1− p(t, x, y) +
∫ t

0
f (q(s,0, y))p(t − s, x,0)ds (3.4)

(cf. (3.3)).
Let us return to the extinction probabilityq(t, x) and briefly discuss the simplest

question related to the extinction problem, namely, that of finding the probability
of eventualextinction

q(x) := Px{∃t : µt = 0}.
The quantityq(x) can be easily related to the functionq(t, x). To see this, we
observe thatq(t, x) is non-decreasing as a function of timet . This is again obvious
from its probabilistic meaning, for if the population appears extinct by some time
momentt , that is,µt = 0, then there will be no alive particles ever since:µt ′ = 0
for all t ′ > t . This fact can also be proved analytically, by exploiting the integral
equation (3.1). Namely, it is easily checked by induction that the approximations
q(n)(t, x) defined recursively by

q(n+1)(t, x) :=
∫ t

0
e−c(x)s Ȟq(n)(t − s, x)ds, q(0)(t, x) ≡ 1

(cf. (2.15)) are non-decreasing int . Sinceq(n)(t, x) ↓ q(t, x) for all t andx, this
implies monotonicity of the limiting functionq(t, x). Hence, the limit exists

lim
t→∞ q(t, x) = lim

t→∞Px{µt = 0}
= Px

{
lim
t→∞µt = 0

}
= Px{∃t : µt = 0}
= q(x).

As a result, we have obtained the relation

q(x) = lim
t→∞ q(t, x). (3.5)

Therefore, in order to find the quantityq(x), one has to identify the limit (3.5). In
the case of a single catalyst, this has been done in [1] by studying the asymptotics
of equation (3.3) ast → ∞. The case of finitely many catalysts has not been
studied as yet.

Remark. The local extinction probabilityq(t, x, y) presents much more diffi-
culties for the analysis, primarily due to the lack of monotonicity, to the effect
that even the question of the existence of the long-time limit is far from being
an exercise. On the other hand, in the case of the total extinction probability it
would be interesting to study the long-term behavior of the functionq(t, x), i.e.,
the decay rate of the differenceq(x)−q(t, x) ast →∞. We are going to consider
these topics in our future work.
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3.2. FIRST INTEGRAL EQUATIONS FOR THE MOMENTS

Let us remind the reader that we have introduced the moment functions for the
basic random quantitiesµt andµt(y) as

mn(t, x) := Exµ
n
t ,

mn(t, x, y) := Exµ
n
t (y),

n = 1,2, . . .

By the well-known properties of the Laplace transform, the LGF’sF(z; t, x) =
Ex e−zµt andF(z; t, x, y) = Ex e−zµt (y) have derivatives of all orders with respect
to z on the whole intervalz ∈ (0,∞) (see, e.g., [8], Ch. XIII, § 2):

∂nz F (z; t, x) = (−1)nExµ
n
t e
−zµt ,

∂nz F (z; t, x, y) = (−1)nExµ
n
t (y)e

−zµt (y),

and the momentsmn are expressed through the corresponding LGF’s via the for-
mulas

(−1)nmn(t, x) = lim
z→0+

∂nz F (z; t, x) = ∂nz F (z; t, x)|z=0,

(−1)nmn(t, x, y) = lim
z→0+ ∂

n
z F (z; t, x, y) = ∂nz F (z; t, x, y)|z=0.

This suggests that the integral equations for the moments can be obtained by means
of an appropriate differentiation with respect toz of the equations for the LGF’s
F(z; t, x) andF(z; t, x, y) and then passing to the limit asz→ 0+.

The next lemma shows that the basic equations (2.11), (2.12) allow successive
differentiation.

LEMMA 3.1. For eachn ∈ N, then-th derivatives∂nz F (z; t, x)) and∂nz F (z; t, x))
for all z > 0 satisfy the equations

∂nz F (z; t, x)) = (−1)ne−z−c(x)t +
∫ t

0
e−c(x)s

[
Ǎ∂nz F (z; t − s, x)

+ δ0(x)∂
n
z f̌ (F (z; t − s, x))

]
ds, (3.6)

∂nz F (z; t, x, y)) =(−1)nδy(x)e
−zδy (x)−c(x)t +

∫ t

0
e−c(x)s

[
Ǎ∂nz F (z; t − s, x, y)

+ δ0(x)∂
n
z f̌ (F (z; t − s, x, y))

]
ds, (3.7)

where the derivative∂nz f̌ (F ) in (3.6), (3.7) can be represented in the form

∂nz f̌ (F ) =
n∑
r=1

f̌ (r)(F ) Yn,r [F ] (3.8)
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with

Yn,r [F ] :=
∑

j1+···+jn=r,
1·j1+···+n·jn=n

n!
j1! · · · jn!

(
∂zF

1!
)j1
· · ·
(
∂nz F

n!
)jn

. (3.9)

In particular, for n = 1 one has

∂zF (z; t, x)) = −e−z−c(x)t +
∫ t

0
e−c(x)s

[
Ǎ∂zF (z; t − s, x)

+ δ0(x)f̌
′(F (z; t − s, x))∂zF (z; t − s, x)

]
ds, (3.10)

∂zF (z; t, x, y)) = −δy(x)e−zδy (x)−c(x)t +
∫ t

0
e−c(x)s

[
Ǎ∂zF (z; t − s, x, y)

+ δ0(x)f̌
′(F (z; t − s, x, y))∂zF (z; t − s, x, y)

]
ds.

(3.11)
Proof. First of all, we remark that the representation (3.8), (3.9) is the well-

known Faà di Bruno’s formula of differentiation of the functions composition (see,
e.g., [14], Ch. I, § 12, p. 34).

Now, let us proceed to the proof of (3.6). For any function8(z), we denote by
18(z):= 8(z+1z)−8(z) the increment of8(z) corresponding to the argument’s
increment1z. From equation (2.11) we have

1F(z; t, x) =e−z−c(x)t (e−1z − 1)+
∫ t

0
e−c(x)s

[
Ǎ1F(z; t − s, x)

+ δ0(x)1f̌ (F (z; t − s, x))
]
ds. (3.12)

Fix z0 > 0 and suppose that min{z, z + 1z} > z0. By Lemma 2.3 we can pick a
δ1 > 0 such that for eachz > z0 the values ofF(z; s, x) for all s ∈ [0, t] are not
greater than 1− δ1 < 1. Therefore,

|1f̌ (F (z; s, x))| 6 β̌ ′|1F(z; s, x)|, (3.13)

whereβ̌ ′ := f̌ ′(1− δ1) (cf. (2.38)). Substituting this into (3.12), after the change
of variabless 7→ t − s one obtains

|1F(z; t, x)| 6 |1z| +
∫ t

0
(Ǎ+ β̌ ′I )|1F(z; s, x)| ds. (3.14)

Set

Vz(t) := ‖1F(z; t, ·)‖∞ = sup
x∈Zd
|1F(z; t, x)|.

Obviously,Vz(t) 6 2<∞. Then the estimate (3.14) implies

06 Vz(t) 6 |1z| + (a + β̌ ′)
∫ t

0
Vz(s)ds,
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so that by Gronwall’s lemma (Lemma 2.2) we have

06 Vz(t) 6 |1z| e(a+β̌ ′)t .
In particular, it follows that for allt > 0 andx ∈ Zd∣∣∣∣1F(z; t, x)1z

∣∣∣∣ 6 e(a+β̌ ′)t <∞,
whence also

06 (−∂z)F (z; t, x) 6 e(a+β̌ ′)t . (3.15)

Hence, by the dominated convergence theorem the following limit exists

lim
1z→0

Ǎ

(
1F(z; t, x)

1z

)
= Ǎ(∂zF (z; t, x)).

Moreover, the same theorem shows that passing to the limit in (3.12), as1z→ 0,
is legitimate and thus (3.6) is proved forn = 1.

Higher derivatives are studied inductively in a similar manner. Namely, sup-
pose that equation (3.6) is valid for somen, and in particular all the derivatives
∂
j
z F (z; t, x) (j = 1, . . . , n) are uniformly bounded with respect tox ∈ Zd andt

varying in finite intervals. We wish to show that the same holds true for the next
derivative,∂n+1

z F (z; t, x). Applying the operator1 to (3.6) and using (3.8), (3.9),
we find

1(∂nz F (z; t, x)) =(−1)ne−z−c(x)t (e−1z − 1)+
+
∫ t

0
e−c(x)s

[
Ǎ1(∂nz F (z; t − s, x))+ (3.16)

+ δ0(x)

n∑
r=1

1
(
f̌ (r)(F (z; t−s, x))Yn,r [F(z; t−s, x)]

)]
ds.

Similarly as above (see (3.13)), we obtain a uniform estimate

1
(
f̌ (r)(F )

) = O(1F), r = 1, . . . , n.

Note also that due to the boundedness of the derivatives up to ordern, we have that,
uniformly in x,

1(∂rzF ) = O(1z), r = 1, . . . , n− 1.

As a result, separating the term withr = 1 under the sum in (3.16),

1
(
f̌ ′(F (z; t − s, x))Yn,1[F(z; t − s, x)]

)
= 1(f̌ ′(F (z; t − s, x))∂nz F (z; t − s, x))
= f̌ ′(F (z; t − s, x))1(∂nz F (z; t − s, x))+O(1z),
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and observing that the remaining summands are of order1z, we obtain

|1∂nz F (z; t, x)| 6 O(1)|1z| +
∫ t

0
(Ǎ+ β̌ ′I )|1(∂nz F (z; s, x))| ds (3.17)

(cf. (3.14)). Repeating the above arguments, we conclude that

1(∂nz F (z; t, x))
1z

= O(1)
and

06 (−∂z)n+1F(z; t, x) = O(1),
uniformly in x ∈ Zd and t belonging to bounded intervals, and hence passing to
the limit in (3.16) as1z→ 0 is justified, which completes the induction step and
therefore the proof of (3.6).

Equations (3.11), (3.7) for the local LGFF(z; t, x, y) can be derived analog-
ously, now using the estimate (2.31) of Lemma 2.3 withx = 0, similarly as in the
proof of Theorem 2.4. 2
THEOREM 3.1. Suppose that thek-th derivative of the functionf̌ (u) exists at
pointu = 1:

f̌ (k)(u) 6 f̌ (k)(1) =
∞∑
i=k

b(i)i (i − 1) · · · (i − k + 1) <∞. (3.18)

Then the momentsmk(t, x) and mk(t, x, y) are finite and satisfy the following
equations:

mk(t, x) = e−c(x)t +
∫ t

0
e−c(x)s

[
Ǎmk(t − s, x)+

+ δ0(x)

k∑
r=1

f̌ (r)(1)Rk,r[m1, . . . , mk](t − s, x)
]
ds (3.19)

and

mk(t, x, y) = δy(x)e−c(x)t +
∫ t

0
e−c(x)s

[
Ǎmk(t − s, x, y) +

+ δ0(x)

k∑
r=1

f̌ (r)(1)Rk,r[m1, . . . , mk](t − s, x, y)
]
ds, (3.20)

whereRk,r is a polynomial of degreer in the termsm1, . . . ,mk, defined as(cf.(3.9))

Rk,r [m1, . . . , mk] :=
∑

j1+···+jk=r,
1·j1+···+k·jk=k

k!
j1! · · · jk!

(m1

1!
)j1· · · (mk

k!
)jk
. (3.21)
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In particular, for the first moment we have

m1(t, x) = e−c(x)t +
∫ t

0
e−c(x)sȞm1(t − s, x)ds, (3.22)

m1(t, x, y) = δy(x)e
−c(x)t +

∫ t

0
e−c(x)sȞm1(t − s, x, y)ds, (3.23)

where the linear operatořH is defined as

Ȟ := Ǎ+ β̌δ0(x) (3.24)

with β̌ := f̌ ′(1).
Proof. For definiteness, let us consider the case of the total momentmk(t, x).

The other case is considered likewise, with respective changes. Observe that(−∂z)k
F (z; t, x) is a non-increasing function ofz. Therefore, to establish finiteness of the
momentmk, we only need to verify that(−∂z)kF stays bounded asz → 0+. Let
us start with the casek = 1, so we are given thaťβ = f̌ ′(1) < ∞. By Corollary
2.1, it then follows that for allt > 0 andx ∈ Zd

F (z; t, x) ↑ 1 as z ↓ 0.

Set

Vz(t) := ‖−∂zF (z; t, ·)‖∞ = sup
x∈Zd

(−∂zF (z; t, x)).

For eachz > 0, the functionVz(t) is locally bounded int > 0, as was established
in the proof of Lemma 3.1 (see (3.15)). From equation (3.10) in the usual way we
obtain

06 Vz(t) 6 1+ (a + β̌)
∫ t

0
Vz(s)ds,

and by Gronwall’s lemma (Lemma 2.2) this implies

06 Vz(t) 6 e(a+β̌)t .

Since this estimate does not depend onz, it follows that

(−∂z)F (z; t, x)|z=0 = lim
z→0+(−∂z)F (z; t, x) <∞,

as required. We proceed further by induction. Let us fixT > 0 and assume that
06 t 6 T . Suppose that for alli < k the derivatives(−∂z)iF (z; t, x) are bounded
asz→ 0+, uniformly in x ∈ Zd andt 6 T . From Faà di Bruno’s formulas (3.8),
(3.9) it is seen that

∂kz f̌ (F ) = f̌ ′(F ) · ∂kz F + a polynomial in the terms∂zF , . . . , ∂k−1
z F

with coefficientsf̌ ′′(F ), . . . , f̌ (k)(F ).
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Hence, setting

V (k)
z (t) := ‖(−∂z)kF (z; t, ·)‖∞

and using the induction hypothesis and condition (3.18) of the lemma, from equa-
tion (3.7) of Lemma 3.1 we get

06 V (k)
z (t) 6 C + (a + β̌)

∫ t

0
V (k)
z (s)ds, 06 t 6 T ,

where the constantC may depend only onT . The functionV (k)
z (t) is locally

bounded int , as follows from the proof of Lemma 3.1, so we can apply Gronwall’s
lemma to obtain

06 V (k)
z (t) 6 Ce(a+β̌)T , 06 t 6 T .

Note that this estimate is uniform inz and hence(−∂z)kF (z; t, x) is bounded,
which completes the proof. 2
Remark. The right-hand side of formula (3.18) gives, up to the constant factorb,
the r-th factorial moment of the particle’s immediate offspring (see Section 1.2).
Accordingly, the condition (3.18) that the functioňf (u) possessesk finite derivat-
ives atu = 1, amounts to saying that the particle’s offspring has finite moments of
all orders up tok.

3.3. EXISTENCE AND UNIQUENESS FOR THE MOMENT EQUATIONS

Existence of solutions to the chains of moment equations (3.19) and (3.20) has
in fact been established in Theorem 3.1. However, in order to have a constructive
description of the solution, which will be needed later, we provide the proof of
existence via the method of successive approximations.

THEOREM 3.2. Under the condition(3.18) of Theorem3.1, each of the systems
of equations(3.19) or (3.20) considered for the orders1, . . . , k, has a solution
(m1, . . . , mk), which is the unique solution locally bounded int uniformly inx ∈
Zd .

Proof.Consider the first equation of the system (3.19), that is, equation (3.22).
Define successive approximations{m1,n} by puttingm1,0(t, x) ≡ 0 and

m1,n(t, x) = e−c(x)t +
∫ t

0
e−c(x)sȞm1,n−1(t − s, x)ds, n ∈ N. (3.25)

By induction, it is easily checked that the sequencem1,n is monotone increasing,
and that

m1,n(t, x) 6 e(a+β̌)t .
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Therefore,m1,n(t, x) for all t andx converges to the limit

m1(t, x) := lim
n→∞m1,n(t, x) 6 e(a+β̌)t , (3.26)

which is therefore bounded on finite intervals uniformly inx. Passing to the limit in
(3.25) asn→∞, it is seen that the function constructed in (3.26) satisfies (3.22).

To prove uniqueness, suppose that there is another solution of (3.22),m̃1(t, x) >
m1(t, x), which is also bounded on finitet-intervals uniformly inx. Substituting
these functions into equation (3.22) and subtracting the resulting equations from
one another, we obtain for the difference

v1(t, x) := m̃1(t, x) −m1(t, x) > 0

the equation

v1(t, x) =
∫ t

0
e−c(x)sȞ v1(t − s, x)ds. (3.27)

Let us putV1(t) := ‖v1(t, ·)‖∞. Using thatV1(t) is locally bounded, we may
apply Gronwall’s lemma (Lemma 2.2) and deduce thatV1(t) ≡ 0, which proves
uniqueness for (3.22).

For the higher moments, we proceed by induction. Suppose we have already
proved our assertion for the momentsm1, . . . , mk−1, in particular having checked
that for eacht > 0 these functions are bounded on[0, t] uniformly in x. Then we
define successive approximations for the next equation (3.19) asmk,0 ≡ 0 and for
n > 1

mk,n(t, x) := e−c(x)t +
∫ t

0
e−c(x)s

[
Ǎmk,n−1(t − s, x)

+ δ0(x)

n∑
r=1

f̌ (r)(1)Rn,r [m1, . . . , mk−1,mk,n−1](t − s, x)
]
ds (3.28)

(cf. (3.19)). Note that only the last argument of the polynomialRn,r is affected by
the approximation procedure, and the resulting summand in the integrand contain-
ing the termmk,n−1 is precisely of the form

(Ǎ+ β̌δ0(x))mk,n−1 = Ȟmk,n−1.

As before, it is easy to show by induction thatmk,n(t, x) is non-negative, non-
decreasing, and uniformly bounded. Therefore, asn→∞ the sequencemk,n(t, x)
converges to a functionmk(t, x) which solves equation (3.19), as is seen by passing
to the limit in (3.28). It also follows that this solution is as well uniformly bounded.

The proof of uniqueness for equation (3.19) reduces to the previous casek = 1.
Indeed, assuming that along with themk(t, x) there is another solutioñmk(t, x) >
mk(t, x), for their differencevk(t, x) := m̃k(t, x) − mk(t, x) > 0 we obtain the
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homogeneous equation of the form (3.27), and hence it follows, as before, that
vk(t, x) ≡ 0.

Last, it remains to say that the case of the local moment equations (3.20) is con-
sidered in the same way, by repeating the above arguments with obvious changes.
Thus, the proof of the theorem is complete. 2
Remark. It is easy to understand that theminimal solutions constructed in The-
orem 3.2, correspond to themaximalsolution of equation (2.11) (or respectively
(2.12)) in terms of the LGF’s.

3.4. BACKWARD DIFFERENTIAL EQUATIONS FOR THE MOMENTS

Similarly as in the case of an LGF (see Section 2.4), the integral moment equations
(3.19) and (3.20) obtained in the previous section can be rewritten in a differen-
tial form, by differentiation with respect tot . The resulting equations are given
precisely in the theorem below.

Before formulating the result, we need some notations. First, recall thatA =
Ǎ− aI , f (u) = f̌ (u)− bu andβ̌ = f̌ ′(1) (see Section 2.1). Let us also define

β(r) := f (r)(1), r = 1,2, . . . (3.29)

Note that since the functionsf andf̌ differ from each other by a linear term, we
also have thatβ(r) = f̌ (r)(1) if r > 2, whereas

β(1) = β̌ − b, (3.30)

and hence the condition (3.18) used in Theorems 3.1 and 3.2 amounts to the re-
quirement thatβ(k) be finite. Because the quantityβ(1) plays a special role in the
sequel, we shall denote it for shortness simply by

β := β(1) = f ′(1). (3.31)

Finally, we define the operatorH by

H := A+ βδ0(x). (3.32)

THEOREM 3.3. Suppose thatβ(k) is finite for somek > 1. Then the moment
functionsmk(t, x) andmk(t, x, y) satisfy the equations

∂t mk = Hmk + δ0(x)gk(m1, . . . , mk−1), (3.33)

with the initial conditions

mk(0, x) ≡ 1, mk(0, x, y) = δy(x), (3.34)
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respectively, where

gk(m1, . . . , mk−1) :=
k∑
r=2

β(r)

r!
∑

i1,...,ir>0,
i1+···+ir=k

k!
i1! · · · ir ! mi1 · · ·mir . (3.35)

For k = 1, the functiongk vanishes and equation(3.33) amounts to

∂t m1 = Hm1. (3.36)

Remark. Let us point out that on the right-hand side of equation (3.33) the (linear)
terms with the unknown functionmk are separated, while the remaining expression
is a polynomial of the junior momentsm1, . . . , mk−1. Note that we have recast
this polynomial, as compared to its original Faà di Bruno’s form (3.21), in order to
keep in the notation only those moments which are actually present in a summand.

Proof. Consider for instance equation (3.19). For shortness, we will omit the
argument(t, x) in the notation. Assume thatk > 2 (the casek = 1 is more
elementary). By the change of variabless 7→ t − s in the integral, differentiation
with respect tot is clearly permissible and yields

∂tmk = Ǎmk − c(x)mk + δ0(x)

k∑
r=1

f̌ (r)(1)Rk,r [m1, . . . , mk]

= Amk − δ0(x)bmk + δ0(x)β̌Rk,1[m1, . . . , mk] (3.37)

+
k∑
r=2

β(r)Rk,r[m1, . . . , mk].

From the definition (3.21) it follows thatRk,1[m1, . . . , mk] = mk. Note that forr >
2 the polynomialRk,r actually depends only onm1, . . . , mk−1, however formally
we can retainmk in the notation. Then, taking into account (3.30), (3.31), equation
(3.37) is rewritten as

∂tmk = Amk + δ0(x)βmk +
k∑
r=2

β(r)Rk,r[m1, . . . , mk]

= Hmk + δ0(x)

k∑
r=2

β(r)
∑

j1+···+jk=r,
1·j1+···+k·jk=k

k!
j1! · · · jk!

(m1

1!
)j1· · · (mk

k!
)jk
.

(3.38)

Comparing (3.38) with (3.33), (3.35), we see that the required equation (3.33) will
follow once we verify the identity∑

j1+···+jk=r,
1·j1+···+k·jk=k

r!
j1! · · · jk! z

j1
1 · · · zjkk =

∑
i1,...,ir>0,
i1+···+ir=k

zi1 · · · zir , (3.39)
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wherez1, . . . , zk are formal terms (in fact representing the expressionsm1
1! , . . . ,

mk
k! ).

To prove (3.39), consider the polynomialPz1,...,zk (α) := (αz1+ · · · + αkzk)r in
α and compute the coefficient ofαk. By the well-known multinomial formula, we
identify this coefficient as the left-hand side of (3.39). On the other hand, expanding
the product

(αz1+ · · · + αkzk) · · · (αz1+ · · · + αkzk) (r factors)

via choosing a factor of the formαizi from each pair of brackets, multiplying the
chosen terms, and adding all appropriate products (of degreek in α), we arrive at
the right-hand side of (3.39). Thus, the identity (3.39) is proved and hence equation
(3.33) follows. 2

In order to display the probabilistic mechanism of the moment equations forma-
tion, in particular leading to the structure (3.35) of the functiongk(m1, . . . , mk−1),
in Appendix (see Section 5.1.2 below) we complement the above formal proof
of the differential equations (3.33) by a direct derivation following the standard
streamline of the ‘backward approach’.

3.5. FORWARD DIFFERENTIAL EQUATION FOR THE FIRST LOCAL MOMENT

Heuristically, Kolmogorov’sforward differential equations are based on the idea to
consider again the process evolution on the ‘incremented’ time interval[0, t + h]
with h ↓ 0, but picking[t, t + h] as the infinitesimal interval, in contrast with the
backwardapproach where[0, h] plays this role (see [8], Ch. X, § 3; [17], Ch. I, § 4).
That is, thepresenttime momentt is now laid as the starting point for taking into
account the subsequent development of the process, rather than the long-distant
past, t = 0. It is a known fact that forward equations are not very convenient tools
for branching processes, even in the “nice” case where the process experiences only
finitely many transitions on finite time intervals. Obviously enough, this is because
it is much more troublesome to allow for all possible scenarios if the present state
of the process (the number of particles and their positions) is itself random, unlike
the “backward” situation where there is a single ancestor starting from a given
location. As a result, the equations appear to be very cumbersome (see examples
and discussion in [15], p. 254–256).

However, in order to get a closed system of integral equations for the moments
(see [1]), we will need one such forward equation, namely for the first-order local
momentm1(t, x, y). Fortunately, the derivation is quite easy, thanks to linearity.
We prefer to give an ‘algebraic’ proof based on the Laplace transforms (cf. [8],
Ch. XIV, § 7). A more ‘probabilistic’ proof following the lines indicated above is
given in Appendix (see Section 5.1.3).
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THEOREM 3.4. Suppose thatm1(t, x, y) is the minimal solution, constructed in
the proof of Theorem3.3, of the backward Cauchy problem(cf. equation(3.36)){

∂tm1(t, x, y) = Am1(t, x, y) + βδ0(x)m1(t, x, y),

m1(0, x, y) = δy(x).
(3.40)

Thenm1(t, x, y) also solves the forward Cauchy problem{
∂tm1(t, x, y) = A∗m1(t, x, y) + βδ0(y)m1(t, x, y),

m1(0, x, y) = δx(y),
(3.41)

whereA∗ is the adjoint ofA, that is,a∗(x, y) := a(y, x), and the operatorA∗ acts
with respect to the variabley, whilex remains a parameter:

A∗ψ(y) :=
∑
y ′
ψ(y′)a(y′, y).

Proof. It is more convenient to deal with the integral analogues of the Cauchy
problems (3.40) and (3.41). Namely, as we know, (3.40) is equivalent to the equa-
tion (3.23):

m1(t, x, y) =δy(x)e−c(x)t +
∫ t

0
e−c(x)s (Ǎm1(t − s, x, y)

+ β̌δ0(x)m1(t − s, x, y))ds. (3.42)

In the same way, it is readily checked that the forward problem (3.41) is equally
rewritten as

m1(t, x, y) =δx(y)e−c(y)t +
∫ t

0
e−c(y)s (Ǎ∗m1(t − s, x, y)

+ β̌δ0(y)m1(t − s, x, y))ds. (3.43)

Consider the Laplace transform ofm1(t, x, y) with respect tot :

m̂1(λ, x, y) :=
∫ ∞

0
e−λt m1(t, x, y)dt.

In view of the exponential estimate proved as a by-product in Theorem 3.2 (cf.
(3.26)), the functionm̂1(λ, x, y) exists at least for sufficiently largeλ. Let us note
that the integrals in (3.42) and (3.43) represent convolutions. It is this fact that
makes the use of the Laplace transform quite efficient. Namely, in terms of Laplace
transforms, the backward equation (3.42) reads as

m̂1(λ, x, y) = δy(x)

c(x)+ λ +
1

c(x)+ λ
(
Ǎ+ β̌δ0(x)

)
m̂1(λ, x, y), (3.44)
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or, equivalently,

(c(x) + λ− β̌δ0(x))m̂1(λ, x, y) = δy(x)+ Ǎm̂1(λ, x, y). (3.45)

Analogously, the forward equation (3.43) transforms to

m̂1(λ, x, y)(c(y) + λ− β̌δ0(y)) = δx(y)+ Ǎ∗m̂1(λ, x, y). (3.46)

We now pass to the matrix notation. Introduce the matrixm̂ := (m̂1(λ, x,

y))x,y∈Zd , and letD denote the diagonal matrix with the elements

D(x, y) := [c(x) + λ− β̌δ0(x)]δy(x).
Note that forλ > 0 large enough, the diagonal elements of theD are strictly
positive and hence its inverse is well-defined,

(D−1)(x, y) = (D(x, x))−1δy(x).

With these notations, the systems of equations (3.45) and (3.46) respectively take
on the form

Dm̂ = I + Ǎm̂ (3.47)

and

m̂D = I + Ǎ∗m̂, (3.48)

whereI is the identity matrix. Thus, our goal is to check that the solution of the
backward equation (3.47), which is in fact unique by Theorem 3.2, satisfies also
the forward equation (3.48).

To this end, we recall the construction of the solutionm1(t, x, y) via the suc-
cessive approximationsm1,n(t, x, y) defined in the proof of this theorem (cf. (3.25)).
In terms of Laplace transforms, the recursion for the approximations reads as
follows (cf. (3.45)):

(c(x) + λ− β̌δ0(x))m̂1,n(λ, x, y) = δy(x)+ Ǎm̂1,n−1(λ, x, y), (3.49)

or in the matrix notation

Dm̂n = I + Ǎm̂n−1. (3.50)

Let us prove that̂mn also satisfies the forward analogue of (3.50):

m̂nD = I + m̂n−1Ǎ. (3.51)

This is true forn = 1, becausêm0 = 0 and from (3.50) we find̂m1 = D−1, which
obviously satisfies (3.51). Suppose that (3.51) holds for somen. Then, using (3.50)
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and (3.51), we compute

m̂n+1D = D−1(I + Ǎm̂n)D
= I +D−1Ǎ(m̂nD)

= I +D−1Ǎ(I + m̂n−1Ǎ)

= I +D−1Ǎ+D−1Ǎm̂n−1Ǎ

= I +D−1(I + Ǎm̂n−1)Ǎ

= I +D−1Dm̂nǍ

= I + m̂nǍ,
which yields (3.51) withn replaced byn+ 1, and hence by induction (3.51) is true
for all n. Passing to the limit asn→∞, from (3.51) we arrive at the relation

m̂D = I + m̂Ǎ,
which is equivalent to (3.48). The proof is completed. 2

3.6. SECOND INTEGRAL EQUATIONS FOR THE MOMENTS

In this section, we obtain another form of integral equations for the moments,
which may serve as the departure point for the long-time asymptotical analysis
(see [1]).

THEOREM 3.5. The functionm1(t, x, y) satisfies either of the two renewal equa-
tions

m1(t, x, y) = p(t, x, y) + β
∫ t

0
m1(s,0, y)p(t − s, x,0)ds, (3.52)

m1(t, x, y) = p(t, x, y) + β
∫ t

0
m1(s, x,0)p(t − s,0, y)ds. (3.53)

Similar equation form1(t, x) reads

m1(t, x) = 1+ β
∫ t

0
m1(s,0)p(t − s, x,0)ds. (3.54)

The higher momentsmk(t, x, y) andmk(t, x) satisfy respectively the equations

mk(t, x, y) = m1(t, x, y) +
∫ t

0
gk(m1, . . . , mk−1)(s,0, y)m1(t − s, x,0)ds,

(3.55)

mk(t, x) = m1(t, x)+
∫ t

0
gk(m1, . . . , mk−1)(s,0)m1(t − s, x,0)ds,

(3.56)
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where the functiongk(m1, . . . , mk−1) is defined in(3.35).
Proof. As was established in the proof of Theorem 3.2, the functionsmk(t, x),

mk(t, x, y) are bounded on finitet-intervals uniformly inx ∈ Zd . Therefore, we
can apply Lemma 2.5 to the differential equations of Sections 3.4, 3.5 withB =
`∞(Zd). More precisely, fork = 1 we setT0 = A andT = A + βδ0(x). Then the
application of Lemma 2.5 to the Cauchy problem{

∂tm1(t, x, y) = Am1(t, x, y) + βδ0(x)m1(t,0, y),
m1(0, x, y) = δy(x)

(see Theorem 3.3) yields

m1(t, x, y) = eAtm1(0, x, y) +
∫ t

0

(
eA(t−s)βδ0(·)m1(s,0, y)

)
(x)ds

= eAtδy(x)+ β
∫ t

0
m1(s,0, y)e

A(t−s)δ0(x)ds

= p(t, x, y) + β
∫ t

0
m1(s,0, y)p(t − s, x,0)ds,

where we have used thatp(t, x, y), being the fundamental solution of Kolmogorov’s
backward equation∂t p = Ap (i.e., the solution of the Cauchy problem (1.3)), can
be represented in the form

p(t, x, y) = eAt δy(x).
Thus, equation (3.52) is proved. The derivation of (3.54) is similar using that
m1(t, x) satisfies{

∂tm1(t, x) = Am1(t, x) + βδ0(x)m1(t,0),
m1(0, x) ≡ 1

(see Theorem 3.3) and thateAt1 = 1. For (3.53), we takeT0 = A∗, T = A∗ +
βδ0(y) and apply Lemma 2.5 to the forward Cauchy problem (3.41){

∂tm1(t, x, y) = A∗m1(t, x, y) + βδ0(y)m1(t, x,0),
m1(0, x, y) = δx(y)

(the operatorA∗ here acts with respect toy). Namely,

m1(t, x, y) = eA
∗t m1(0, x, y) +

∫ t

0

(
eA
∗(t−s)βδ0(·)m1(s, x,0)

)
(y)ds

= eA
∗t δx(y)+ β

∫ t

0
m1(s, x,0)e

A∗(t−s)δ0(y)ds

= p(t, x, y) + β
∫ t

0
m1(s, x,0)p(t − s,0, y)ds,
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becausep(t, x, y) satisfies Kolmogorov’s forward equation∂t p = A∗p with the
initial conditionp(0, x, ·) = δx(·) (see (1.4)) and therefore

p(t, x, y) = eA∗t δx(y).
Equations (3.55) and (3.56) are derived analogously from (3.33)–(3.34) by tak-

ing T0 = H , T = H + δ0(x)gk(m1, . . . , mk−1). For instance, for the total moment
mk(t, x), satisfying equation (3.33) with the unit initial condition, we have

mk(t, x) = eHt m1(0, x) +
∫ t

0

(
eH(t−s)δ0(·)gk(m1, . . . , mk−1)(s,0, y)

)
(x)ds

= eHt1(x) +
∫ t

0
gk(m1, . . . , mk−1)(s,0, y)e

H(t−s)δ0(x)ds

= m(t, x)+
∫ t

0
gk(m1, . . . , mk−1)(s,0, y)m1(t − s, x,0)ds,

taking into account that

m1(t, x) = eHt1(x),

m1(t, x, y) = eHtδy(x),

the functionsm1(t, x), m1(t, x, y) being the solutions of the equation (3.36) with
the initial conditionsm1(0, x) ≡ 1, m1(0, x, y) = δy(x), respectively. 2
Remark. Equations (3.55), (3.56) can also be obtained by the differentiation (with
respect toz at pointz = 0) of equations (2.52), (2.53) for the LGF’s.

4. The Case of Finitely Many Catalysts

In this section, we extend the results obtained so far in the (basic) case of a single
catalyst to the general case with finitely many catalysts. As mentioned in Introduc-
tion (Section 1.1), by the inspection of the previous proofs it is easily seen that all
the theorems can be immediately translated to the multiple case, with only minor
changes mainly affecting notations. Therefore, we will not repeat the formulations
and proofs of the results, rather pointing out necessary modifications.

First, we recall that the branching mechanism at each catalyst is described via
the corresponding generating function

fi(u) :=
∞∑
n=0

bi(n)u
n, 06 u 6 1 (i = 1, . . . , N), (4.1)
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where{bi(n)}∞n=0 is the set of branching rates at thei-th catalytic point, with the
properties

bi(n) > 0, n 6= 1, (4.2)

bi := −bi(1) =
∞∑
n6=1

bi(n) > 0 (4.3)

(cf. Section 1.2). As before (cf. (3.29)),

β
(r)
i := f (r)i (1), r = 1,2, . . . , i = 1, . . . , N. (4.4)

In particular, we put (cf. (3.31))

βi := f ′i (1), i = 1, . . . , N. (4.5)

Similar to Section 2.1, let us define

f̌i (u) := fi(u)+ bi(1)u, 06 u 6 1 (i = 1, . . . , N), (4.6)

c(x) := a +
N∑
i=1

δxi (x)bi (4.7)

(cf. (2.6) and (2.10), respectively). Further, we introduce the operatorsȞ andH
defined on functions 06 ψ(x) 6 1 (x ∈ Zd) by

Ȟψ(x) := Ǎψ(x)+
N∑
i=1

δxi (x)f̌ (ψ(x)), (4.8)

Hψ(x) := Aψ(x)+
N∑
i=1

δxi (x)f (ψ(x)) (4.9)

(cf. (2.7) and (2.39)). It is easily checked that all the properties stated for such
operators in Sections 2.1, 2.4 are also valid here. In particular,

H = Ȟ− c(x)
(cf. (2.40)). We also denote by̌H andH their linear parts:

Ȟ := Ǎ+
N∑
i=1

β̌i δxi (x), (4.10)

H := A+
N∑
i=1

βi δxi (x) (4.11)

(cf. (3.24), (3.32), respectively).
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Having made these preparations, we proceed to our comments on the transfer
of the results proved in Sections 2, 3, to the case ofN catalysts. The first of these
results, the basic Theorem 2.1 containing the first integral equations for the LGF’s,
is valid without any changes in its formulation. Indeed, ifx /∈ {x1, . . . , xN } (i.e.,
the initial pointx is not catalytic) then the previous formula (2.13) is true, so that
for the total LGFF(z; t, x) we have

F(z; t, x) = e−z−at +
∫ t

0
e−asǍF (z; t − s, x)ds. (4.12)

Furthermore, ifx = xi for some 16 i 6 N , then from equation (2.14) it actually
follows

F(z; t, xi ) =e−z−(a+bi)t

+
∫ t

0
e−(a+bi)s

[
ǍF (z; t − s, xi)ds + f̌i(F (z; t − s, xi))

]
ds.

(4.13)

It remains to notice that equations (4.12), (4.13) can be written in a unified form
(2.11), of course withȞ and c(x) redefined in the present section. The same
remarks justify equation (2.12) for the local LGFF(z; t, x, y) as well.

Theorem 2.2 on the existence of the solution and Lemma 2.1 giving its charac-
terization are transferred without changes, as well as their proofs.

Theorem 2.3, providing a sufficient condition for the uniqueness, is of course
valid under the hypothesis thatall the catalysts generate the offspring of finite mean
size:

β̌i := f̌ ′i (1) =
∑
n>2

nbi(n) <∞, i = 1, . . . , N.

The proof of Lemma 2.3 remains true if we define the constantb now as

b := max{b1, . . . , bN }. (4.14)

In the proof of Theorem 2.4, one should accordingly modify the constants in-
volved in the estimates so as to allow for several functionsfi (which in fact presents
no difficulties, because their number is finite).

The Cauchy problems (2.41), (2.42) (Theorem 2.5), along with their proofs,
hold true without change. The material of Section 2.5 related to the possibility
of functional interpretation of the equations also applies by almost word-by-word
repetition (however, in the estimates the constantb should be understood as defined
in (4.14)).

However, the form of the second integral equations (Theorem 2.7) must be
modified. Namely, equations (2.52), (2.53) are replaced, respectively, by

F(z; t, x) = e−z +
N∑
i=1

∫ t

0
fi(F (z; s, xi))p(t − s, x, xi )ds,
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F(z; t, x, y) =1− (1− e−z)p(t, x, y)

+
N∑
i=1

∫ t

0
fi(F (z; s, xi, y))p(t − s, x, xi )ds.

Accordingly, equations (3.3), (3.4) for the extinction probabilities (see Section 3.1)
are respectively replaced by

q(t, x) =
N∑
i=1

∫ t

0
fi(q(s, xi ))p(t − s, x, xi )ds,

q(t, x, y) = 1− p(t, x, y) +
N∑
i=1

∫ t

0
fi(q(s, xi , y))p(t − s, x, xi )ds.

Finally, we pass over to the moments. In Theorem 3.1, the condition (3.18)
which ensures the existence of the moments up to orderk now reads as follows:

f̌
(k)
i (1) =

∞∑
n=k

bi(n)n(n− 1) · · · (n− k + 1) <∞, i = 1, . . . , N,

and the integral equations for the moments (cf. (3.19), (3.20)) take on the form

mk(t, x) =e−c(x)t +
∫ t

0
e−c(x)s

[
Ǎmk(t − s, x) +

+
N∑
i=1

δxi (x)

k∑
r=1

f̌
(r)
i (1)Rk,r [m1, . . . , mk](t − s, x)

]
ds,

mk(t, x, y) =δy(x)e−c(x)t +
∫ t

0
e−c(x)s

[
Ǎmk(t − s, x, y) +

+
N∑
i=1

δxi (x)

k∑
r=1

f̌
(r)
i (1)Rk,r [m1, . . . , mk](t − s, x, y)

]
ds,

whereRk,r is defined in (3.21). In particular, for the first-order moments the equa-
tions (3.22), (3.23) hold true witȟH now defined by (4.10).

The differential moment equations (3.33) (Theorem 3.3) are also modified:

∂t mk = Hmk +
N∑
i=1

δxi (x)gik(m1, . . . , mk−1),

whereH is redefined as in (4.11) and

gik(m1, . . . , mk−1) :=
k∑
r=2

β
(r)
i

r!
∑

i1,...,ir>0,
i1+···+ir=k

k!
i1! · · · ir ! mi1 · · ·mir (4.15)
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(cf. (3.35)). The forward equation for the first local moment (see Theorem 3.4,
equation (3.41)) is modified in the same way:

∂tm1(t, x, y) = A∗m1(t, x, y) +
N∑
i=1

βiδxi (y)m1(t, x, y).

Finally, we reformulate Theorem 3.5. Namely, renewal equations (3.52), (3.53)
for the first-order local moment now read, respectively:

m1(t, x, y) = p(t, x, y) +
N∑
i=1

βi

∫ t

0
m1(s, xi, y)p(t − s, x, xi )ds, (4.16)

m1(t, x, y) = p(t, x, y) +
N∑
i=1

βi

∫ t

0
m1(s, x, xi )p(t − s, xi, y)ds. (4.17)

Equation form1(t, x) is now of the form (cf. (3.54))

m1(t, x) = 1+
N∑
i=1

βi

∫ t

0
m1(s, xi)p(t − s, x, xi )ds.

For the higher-order moments, we have

mk(t, x, y) =m1(t, x, y)

+
N∑
i=1

∫ t

0
gik(m1, . . . , mk−1)(s, xi, y)m1(t − s, x, xi )ds,

mk(t, x) =m1(t, x)

+
N∑
i=1

∫ t

0
gik(m1, . . . , mk−1)(s, xi)m1(t − s, x, xi )ds,

where the functionsgik(m1, . . . , mk−1) are defined in (4.15) (cf. (3.55), (3.56)).
We conclude by giving the idea of how the above systems (chains) of renewal

equations can be employed for the asymptotical analysis of the moments. The point
is that, for instance, the (infinite) system (4.16)–(4.17) of equations for the first-
order local moments is essentiallyfinite-dimensional. Indeed, being considered
only on the catalysts (i.e.,x, y ∈ {x1, . . . , xN }), it amounts to a closed system
of renewal equations for the functions{m1(t, xi , xj )}Ni,j=1 (for the theory of matrix
renewal equations see, e.g., [17], Ch. VIII, § 9). Other moment functions, with one
or both arguments not belonging to the set of catalytic points, are then explicitly
expressed through these “basis” functions. We will analyze the asymptotics of such
systems in a subsequent paper.
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5. Appendix

5.1. “PROBABILISTIC” DERIVATION OF THE DIFFERENTIAL EQUATIONS

5.1.1. Backward equations for the LGF’s.

It might be worth giving a direct derivation of differential equations (2.41), (2.42),
which is typical to the ‘backward’ approach (see, e.g., [8], [17], [15]) and in a
sense more probabilistic. The idea is to consider the process on the time interval
[0, t+h] with h ↓ 0 and evaluate the function of interest (in our case,F(z; t+h, x)
or F(z; t + h, x, y)) by taking into account all possible process transitions during
the time interval[0, h] (up to terms of orderh) and then using the Markov property.
For instance, forF(z; t + h, x), using (1.1), (1.2), we can write

F(z; t + h, x) =
∑
x ′ 6=x

a(x, x′)hEx ′e
−zµ̃t + δ0(x)

∑
n6=1

b(n)hE0e
−z(µ̃(1)t +···+µ̃(n)t )

+ [1+ a(x, x)h + δ0(x)b(1)h] F(z; t, x) + o(h)
=h

∑
x ′ 6=x

a(x, x′)F (z; t, x′)+ δ0(x)h
∑
n6=1

b(n)(F (z; t, x))n

+ F(z; t, x) + [a(x, x) + δ0(x)b(1)] hF(z; t, x) + o(h)
=F(z; t, x) + [AF(z; t, x) + δ0(x)f (F (z; t, x))

]
h+ o(h),

(5.1)

whence in the limith ↓ 0 we get (2.41). Herẽµt is a new process starting at
time t = h at pointx′ where the initial particle is found upon jumping from the
initial point x, andµ̃(1), . . . , µ̃(n) are independent processes originated from the
n offspring of the initial particle upon branching by the timeh (cf. the proof of
Theorem 2.1).

Of course, one has to be careful here while collecting the remainder terms
arising from the asymptotic relations (1.1), (1.2) and (1.6), (1.7). To justify (5.1),
it suffices to note that these relations are in factuniform in x′ andn, respectively.
More precisely, we have fory 6= x∣∣∣∣p(h, x, y)h

− a(x, y)
∣∣∣∣ 6∑

y 6=x

∣∣∣∣p(h, x, y)h
− a(x, y)

∣∣∣∣
6

∑
0<|y−x|6K

∣∣∣∣p(h, x, y)h
− a(x, y)

∣∣∣∣
+

∑
|y−x|>K

p(h, x, y)

h
+

∑
|y−x|>K

a(x, y).

Let us pickK large enough in order to make the third sum on the right-hand side
less than arbitrary numberε > 0. Then the first sum vanishes ash → 0, and it
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remains to estimate the second sum:∑
|y−x|>K

p(h, x, y)

h
= 1− p(h, x, x)

h
−

∑
0<|y−x|6K

p(h, x, y)

h

→ −a(x, x) −
∑

0<|y−x|6K
a(x, y)

=
∑
|y−x|>K

a(x, y) < ε.

The uniformity of the remainder terms in (1.6) is checked in a similar way.

5.1.2. Backward equations for the moments.

In this subsection, we present a straightforward derivation of the backward differ-
ential equations (3.33) for the momentsmk (cf. Section 3.4), in particular in order
to display a simple mechanism of formation of the functiongk(m1, . . . , mk−1) (see
(3.35)).

For definiteness, we shall consider the case of the total momentsmk(t, x). Fol-
lowing the conventional “backward” approach (cf. the beginning of Section 5.1.1),
by conditioning on the process development on the time interval[0, h] we have

mk(t + h, x) =
∑
x ′ 6=x

a(x, x′)hEx ′µ̃
k
t

+ δ0(x)
∑
n6=1

b(n)hE0
[
µ̃
(1)
t + · · · + µ̃(n)t

]k
+ [1+ a(x, x)h + δ0(x)b(1)h] Exµ

k
t + o(h)

=h
∑
x ′ 6=x

a(x, x′)mk(t, x′)

+ δ0(x)h

∞∑
n=2

b(n)E0
[
µ̃
(1)
t + · · · + µ̃(n)t

]k
+ (1+ a(x, x) + δ0(x)b(1))hmk(t, x)+ o(h)

=mk(t, x) + Amk(t, x) + δ0(x)b(1)mk(t, x)h

+ δ0(x)

∞∑
n=2

b(n)E0
[
µ̃
(1)
t + · · · + µ̃(n)t

]k
h+ o(h)

(cf. (5.1)). The legitimacy of these calculations can be justified in the same way as
before (see Section 5.1.1). In the limith ↓ 0 this gives

∂tmk(t, x) = Amk(t, x) + δ0(x)b(1)mk(t, x)

+ δ0(x)

∞∑
n=2

b(n)E0
[
µ̃
(1)
t + · · · + µ̃(n)t

]k
.

(5.2)
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Obviously, expanding thek-th power under the symbolE0 and then taking expect-
ation yields a homogeneous polynomial of degreek in termsm1, . . . , mk. In order
to write it more explicitly, consider the product

(
µ̃
(1)
t + · · · + µ̃(n)t

) · · · (µ̃(1)t + · · · + µ̃(n)t ) (k factors).

Upon expanding this expression, an “elementary” product is obtained by choosing
a factorµ̃(·)t from within each pair of brackets. In view of the subsequent averaging,
it is clear that while taking into account the contribution of such products, one
should distinguish different cases, according to possible coincidence of the chosen
factors with each other. For instance, if the same factor (e.g.,µ̃

(1)
t ) has been chosen

from all the pairs of brackets, then after taking the expectation we obtain the term
mk, whereas picking all different factors (e.g.,µ̃(1)t , µ̃(2)t , etc.) yieldsmk1 (of course,
providedn > k).

This observation suggests to consider the partitions of the index set{1, . . . , n}
into non-empty (non-ordered) subsets, or subgroups, each of which represents the
collection of bracket pairs from which identical factors (i.e., theµ̃’s with the same
index) are to be picked. Let us fix the numberr of such subsets, 16 r 6 k.
For a given non-ordered set{i1, . . . , ir}, such that alli1, . . . , ir are strictly positive
andi1 + · · · + ir = k, let us denote bywi1,...,ir the number of all partitions of the
set{1, . . . , n} into r subsets havingi1, . . . , ir elements, respectively. As explained
above, each such partition corresponds to a term of the formmi1 · · ·mir in formula
(5.2). On the other hand, given such a partition, we are still left to choose the
particular factors to fill in each subgroup. It is easily seen that the number of options
is given by the productn(n−1) · · · (n−r+1). As a result, we arrive at the following
identity

E0
[
µ̃
(1)
t + · · · + µ̃(n)t

]k = k∑
r=1

n(n− 1) · · · (n− r + 1)

×
∑′

i1,...,ir>0,
i1+···+ir=k

wi1,...,ir mi1 · · ·mir ,
(5.3)

where the prime at the second sum indicates that summation is extended over non-
ordered aggregates{i1, . . . , ir}.
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Let us now substitute (5.3) into (5.2). Separating the summand withr = 1 and
remembering the definition of the numbersβ(r) := f (r)(1) (see (3.29)), we obtain

∂tmk(t, x) = Amk + δ0(x)b(1)mk + δ0(x)mk

∞∑
n=2

b(n)n

+ δ0(x)

k∑
r=2

∞∑
n=r

b(n)n(n− 1) · · · (n− r + 1)

×
∑′

i1,...,ir>0,
i1+···+ir=k

wi1,...,ir mi1 · · ·mir

= Amk + δ0(x)βmk + δ0(x)

k∑
r=2

β(r)
∑′

i1,...,ir>0,
i1+···+ir=k

wi1,...,ir mi1 · · ·mir .

(5.4)

Comparing this with (3.33) and (3.35), we see that it remains to check that the
right-hand side of (5.4) can be brought to the form (3.33)–(3.35). In other words,
we have to rewrite the inner sum in (5.4) in terms oforderedk-tuples(i1, . . . , ik).
To this end, let us observe that the coefficientwi1,...,ir , the number of the appropriate
partitions, can be represented as

wi1,...,ir =
k!

i1! · · · ir ! ·
1

j1! · · · jn!
with j` = j`(i1, . . . , ir ) := #{is = `}, ` = 1, . . . , n. Indeed, the first factor
here (the multinomial coefficient) apparently represents the number of all distribu-
tions of thek “particles” (i.e., indices 1, . . . , k) in r “cells” (i.e., subgroups), with
prescribed occupancy numbersi1, . . . , ik, and the factors 1/(j1!), . . . ,1/(jn!) take
into account subsequent permutations of the subgroups with the same numbers
of elements. On the other hand, the sum in the definition of the functiongk (see
(3.35)) containsr!/(j1! · · · jn!) identical summands corresponding to an unordered
set {i1, . . . , ik}, so that the respective moment termmi1 · · ·mir enters (3.35) with
the coefficient

1

r! ·
r!

j1! · · · jn! ·
k!

i1! · · · ir ! = wi1,...,ir .

Thus, we have shown that formula (5.4) amounts to (3.33)–(3.35), which completes
the proof.

5.1.3. Forward equation for the first local moment.

In this subsection, we give an alternative proof of the following assertion (cf.
Theorem 3.4).
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THEOREM 5.1. The functionm1(t, x, y) satisfies the Cauchy problem{
∂tm1(t, x, y) = A∗m1(t, x, y) + βδ0(y)m1(t, x, y),

m1(0, x, y) = δx(y).
(5.5)

Proof.We evaluatem1(t + h, x, y) using the total probability formula, by con-
ditioning the process at timet . The change of the number of particles aty during
the remaining time interval[t, t + h], with accuracy up too(h), is due to only the
following simplest possibilities: (a) jumping of a particle from some other sitey′
to y, (b) jumping of a particle fromy elsewhere, and (c) branching of one of the
particles aty, provided thaty = 0. Hence, we have

m1(t + h, x, y) −m1(t, x, y) = Ex[µt+h(y)− µt(y)]
= Ex

[∑
y ′ 6=y

µt (y
′)a(y′, y)h − µt(y)ah

+ δ0(y)
∑
n6=1

µt(y)b(n)(n− 1)h+ o(h)
]

=
∑
y ′
m1(t, x, y

′)a(y′, y)h + δ0(y)m1(t, x, y)(f̌
′(1)− b)h+ o(h)

= [
A∗m1(t, x, y) + δ0(y)βm1(t, x, y)

]
h+ o(h),

whence in the limith ↓ 0 equation (5.5) follows. The legitimacy of writing the
sum of all error terms aso(h) is justified similarly as in the case of the backward
equations (see (5.1)), using that∑

x∈Zd
a(x, y) =

∑
x∈Zd

a(0, y − x) =
∑
y ′∈Zd

a(0, y′) = 0.

This completes the proof. 2

5.2. ALTERNATIVE DERIVATION OF THE SECOND INTEGRAL EQUATION FOR

THE LGF’ S

In this section, we show how the integral equations (2.52), (2.53) can be derived
directly from equations (2.11), (2.12), respectively, and vice versa. The main tool
will be the Laplace transform with respect to timet .

We shall require the following

LEMMA 5.1. Letψ ∈ `∞(Zd), that is,ψ(x) is a bounded function onZd , and
suppose thatψ satisfies the equation

Aψ = λψ, (5.6)

with someλ > 0. Thenψ = 0.
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Remark. From the spectral point of view, the lemma asserts that the operatorA

possesses no positive eigenvalues, as considered in the space`∞(Zd). In our pre-
vious papers [22], [1], [2], we have studied the spectrum ofA in the Hilbert space
`2(Zd), where this fact does hold true. Actually, this already proves the lemma
because, as essentially follows from the results of the paper [18] on the spectral
properties of pseudo-difference operators, the spectrum ofA is identical in all the
spaces̀ p(Zd) with 1 6 p 6 ∞.? However, it is not difficult to give a direct, and
elementary, proof.

Proof.Using thatA = Ǎ− aI , we rewrite equation (5.6) in the coordinate form
as

Ǎψ(x) = (λ+ a)ψ(x). (5.7)

Denote for shortness

κ := ‖ψ‖∞ = sup{|ψ(x)|, x ∈ Zd}, (5.8)

and for arbitrary number 06 ε 6 κ pick x0 ∈ Zd such that

06 κ − ε 6 |ψ(x0)| 6 κ. (5.9)

Since equation (5.6) is linear and homogeneous, we may assume without loss of
generality thatψ(x0) > 0. Then from equation (5.7) on account of (5.9) we obtain

Ǎψ(x0) = (λ+ a)ψ(x0) > (λ+ a)(κ − ε). (5.10)

On the other hand, from the definition ofǍ it follows

Ǎψ(x0) =
∑
x ′ 6=x0

a(x0, x
′)ψ(x′)

6 κ
∑
x ′ 6=x0

a(x0, x
′)

= κa. (5.11)

Hence, combining (5.9) and (5.11) we have

(λ+ a)(κ − ε) 6 aκ,
whence, lettingε ↓ 0, we obtainλκ 6 0. Sinceλ > 0 by the lemma hypothesis
andκ > 0 by definition (5.8), this implies thatκ = 0, that is,ψ(x) ≡ 0. 2

We now proceed to the derivation of the equations (2.52), (2.53) respectively
from (2.11), (2.12), and vice versa. In the calculations, we will repeatedly make
? We have occasionally mentioned in Section 2.5 that Schur’s test ensures the boundedness of the

operatorA in each`p(Zd), 16 p 6∞.
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use of the simple fact thatA1 = 0, so that, at one’s wish, any constant summand
(i.e., not depending onx) may be added (or, on the opposite, removed from) under
the operatorA without changing its value.

Let us begin with the case of the total LGFF(z; t, x). In terms of the Laplace
transforms

F̂ (z;λ, x) :=
∫ ∞

0
e−λtF (z; t, x)dt

and

8̌(z;λ, x) :=
∫ ∞

0
e−λt f̌ (F (z; t, x))dt,

equation (2.11) is rewritten as

F̂ (z;λ, x) = e−z

c(x)+ λ +
1

c(x)+ λ
[
ǍF̂ (z;λ, x)+ δ0(x)8̌(z;λ,0)

]
.

Multiplying both sides byc(x) + λ and remembering thatc(x) = a + bδ0(x),
Ǎ = A+ bδ0(x), andf̌ (u) = f (u)+ bu, we obtain

λF̂ (z;λ, x) = e−z + AF̂ (z;λ, x)+ δ0(x)8(z;λ,0), (5.12)

where

8(z;λ, x) := 8̌(z;λ, x)− bF̂ (z;λ, x)
is the Laplace transform of the functionf (F (z; t, x)). On the other hand, equation
(2.52) in terms of the Laplace transforms reads as follows

λF̂ (z;λ, x) = e−z + λ8(z;λ,0)p̂(λ, x,0), (5.13)

where

p̂(λ, x, y) :=
∫ ∞

0
e−λt p(t, x, y)dt.

Note thatp̂(λ, x, y) satisfies the equation analogous to (5.12):

λp̂(λ, x, y) = Ap̂(λ, x, y) + δy(x). (5.14)

This equation can be obtained by applying the Laplace transform to Kolmogorov’s
backward equation (1.3) or, alternatively, from equation (3.45) being the Laplace
version of equation (3.23) for the first local momentm1(t, x, y), by putting there
formally b = 0 (so that the branching is switched off). In particular, fory = 0 we
have

λp̂(λ, x,0) = Ap̂(λ, x,0) + δ0(x). (5.15)
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Suppose now that̂F(z, λ, x) is a solution of (5.12) and prove that̂F(z, λ, x)
satisfies also (5.13). To this end, let us put

ψ(z;λ, x) := F̂ (z, λ, x)−
[
e−z

λ
+ p̂(λ, x,0)8(z;λ,0)

]
(5.16)

and verify thatψ(z;λ, x) satisfies (5.6). Once this is proved, by Lemma 5.1 it will
follow that ψ = 0, which implies equation (5.13). To check (5.6), we substitute
(5.12) and (5.15) into (5.16) to get

λψ(z;λ, x) =
[
e−z + AF̂ (z;λ, x)+ δ0(x)8(z;λ,0)

]
−

− [e−z + (Ap̂(λ, x,0)+ δ0(x))8(z;λ,0)
]

= A
(
F̂ (z;λ, x)− p̂(λ, x,0)8(z;λ,0)

)
= A

(
F̂ (z;λ, x)−

[
e−z

λ
+ p̂(λ, x,0)8(z;λ,0)

])
= Aψ(z;λ, x),

and our claim follows. (Note that inserting here the constant(−e−z/λ) under the
operatorA does not change the identity, as mentioned above.) Thus, equation (5.13)
is proved, together with (2.52).

By reversing this computation, it is even easier to see that, conversely, equa-
tion (5.12) follows from (5.13). Indeed, given thatF̂ (z, λ, x) satisfies (5.13), we
substitute (5.14) into the right-hand side of (5.13) and obtain

λF̂ (z;λ, x) = e−z + λ8(z;λ,0)p̂(λ, x,0)
= e−z +8(z;λ,0) [Ap̂(λ, x,0) + δ0(x)

]
= e−z + A (8(z;λ,0)p̂(λ, x,0)) + δ0(x)8(z;λ,0)
= e−z + A

(
e−z

λ
+8(z;λ,0)p̂(λ, x,0)

)
+ δ0(x)8(z;λ,0)

= e−z + AF̂ (z;λ, x)+ δ0(x)8(z;λ,0),
which is just the right-hand side of (5.12).

Let us now pass over to the case of the local LGFF(z; t, x, y) and, accordingly,
equations (2.12) and (2.53). Proceeding as before, we define the Laplace transforms

F̂ (z;λ, x, y) :=
∫ ∞

0
e−λtF (z; t, x, y)dt

and

8(z;λ, x, y) :=
∫ ∞

0
e−λtf (F (z; t, x, y))dt
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and rewrite equations (2.12) and (2.53), respectively, as

λF̂ (z;λ, x, y) = 1− (1− e−z)δy(x)+ AF̂ (z;λ, x, y) + δ0(x)8(z;λ,0, y)
(5.17)

(cf. (5.12)) and

λF̂ (z;λ, x, y) = 1− (1− e−z)λp̂(λ, x, y) + λ8(z;λ,0, y)p̂(λ, x,0)
(5.18)

(cf. (5.13)). Similarly as above, the proof of the implication(5.17) ⇒ (5.18) now
amounts to verifying that the function

ψ(z;λ, x, y) :=F̂ (z, λ, x, y)
−
[

1

λ
− (1− e−z)p̂(λ, x, y) +8(z;λ,0, y)p̂(λ, x,0)

]
(5.19)

satisfies equation (5.6), given thatF̂ (z, λ, x, y) is represented by (5.17). The sub-
stitution of (5.17) into (5.19) yields

λψ(z;λ, x, y) =
[
1−(1−e−z)δy(x)+AF̂ (z;λ, x, y)+δ0(x)8(z;λ,0, y)

]
− [1− (1− e−z)λp̂(λ, x, y) + λp̂(λ, x,0)8(z;λ,0, y)]
= (1− e−z) [λp̂(λ, x, y) − δy(x)]+ AF̂ (z;λ, x)
− [λp̂(λ, x,0) − δ0(x)

]
8(z;λ,0, y).

(5.20)

Using (5.14) and (5.15) to replace the expressions in the brackets and recalling
(5.19), the right-hand side of (5.20) is rewritten as

(1− e−z)Ap̂(λ, x, y) + AF̂ (z;λ, x)− Ap̂(λ, x,0)8(z;λ,0, y)
= A

(
F̂ (z;λ, x)+ (1− e−z)p̂(λ, x, y) − p̂(λ, x,0)8(z;λ,0, y)

)
= A

(
ψ(z;λ, x, y) + 1

λ

)
= Aψ(z;λ, x, y), (5.21)

again using that the operatorA equals zero on constants. Combining (5.20) and
(5.21), we see thatψ(z;λ, x, y) satisfies equation (5.6) of Lemma 5.1 as required,
whence (5.18) follows.

The converse implication(5.18) ⇒ (5.17) is proved by a similar computation
held in the reverse order, like in the previous case. Namely, substituting (5.14) and
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(5.15) into the right-hand side of (5.18), we obtain

λF̂ (z;λ, x, y) = 1− (1− e−z)λp̂(λ, x, y) + λ8(z;λ,0, y)p̂(λ, x,0)
= 1− (1− e−z) [Ap̂(λ, x, y) + δy(x)]+
+8(z;λ,0, y) [Ap̂(λ, x,0) + δ0(x)

]
= [

1− (1− e−z)δy(x)
]+ A[−(1− e−z)p̂(λ, x, y) +

+8(z;λ,0, y)p̂(λ, x,0)] + δ0(x)8(z;λ,0, y)
= 1− (1− e−z)δy(x)+ AF̂ (z;λ, x, y) + δ0(x)8(z;λ,0, y),

which coincides with the right-hand side of equation (5.17). Note that at the last
step we added the constant 1 within the brackets under the operatorA and replaced
the resulting expression bŷF(z;λ, x, y), using (5.18).
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