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Environmental changes greatly influence the evolution of populations. Here, we study the dy-
namics of a population of two strains, one growing slightly faster than the other, competing for
resources in a time-varying binary environment modeled by a carrying capacity that switches either
randomly or periodically between states of abundance and scarcity. The population dynamics is
characterized by demographic noise (birth and death events) coupled to the fluctuating population
size. By combining analytical and simulation methods, we elucidate the similarities and differences
of evolving subject to stochastic and periodic switching. We show that the population size distribu-
tion is broader under intermediate and fast random switching than under periodic variations, with
periodic changes leading to an abrupt transition from slow to fast switching regimes. The fixation
probability under intermediate/fast random and periodic switching can hence vary significantly, with
markedly different asymptotic behaviors. We also determine the conditions under which the fixation
probability of the slow strain is optimal when the dynamics is driven by asymmetric switching.

PACS numbers:

The evolution of natural populations is influenced by
varying environmental conditions. Here, the abundance
of nutrients, toxins, or external factors like temperature
are subject to random and seasonal variations, and have
an important impact on population dynamics [1, 2].

Several mechanisms have been suggested for a popu-
lation to cope with changing environments by assuming
that external factors vary either periodically or stochasti-
cally in time [3–21]. A common choice to model external
variations, both for its simplicity and experimental rel-
evance, is to consider an environment that periodically
or stochastically switches between two states [22–41]. In
finite populations, demographic noise (DN) is another
important form of randomness that can lead to fixation
(one species takes over the population [42, 43]). DN tends
to be strong in small populations and negligible in large
ones. Importantly, the evolution of a population compo-
sition is often coupled with the dynamics of its size [44–
49]. This can lead to DN being coupled to environmental
variability (EV), with external factors affecting the pop-
ulation size, which in turn modulates the DN strength.
The interplay between EV and DN is important in vari-
ous fields, e.g., in gene regulatory networks, see [13, 17]
and references therein. In particular, it is relevant to
microbial communities, which are often volatile and sub-
ject to extreme environmental changes [50–55]. These
may lead to population bottlenecks where new colonies
consisting of few individuals are prone to fluctuations.

In most studies, fluctuations stemming from EV and
DN are considered to be independent, often by assum-
ing that growth rates vary independently of the popula-
tion [5, 6, 10–18, 20, 22–24, 26, 31–33, 36, 38]. In this
context, there is as yet no systematic comparison of the

§The authors contributed equally to this work.

evolution under random and periodic switching: some
works report that they lead to similar evolutionary pro-
cesses while others find differences, see e.g., Refs. [24, 35].
Here, we systematically study the coupled influence of
EV and DN on the evolution of a population where slow-
and fast-growing strains compete for resources subject to
a randomly and periodically switching carrying capacity.

A distinctive feature of this model is that it accounts
for the stochastic or periodic depletion and recovery of
resources via a binary environment that varies with a
finite correlation time or period, see Fig. 1. This setting
is motivated by realistic situations, but is simple enough
to enable analytical progress. Indeed, while the cases of
binary random and periodic switching are idealizations of
real-world environments, they serve as baseline models
to understand whether environmental perturbations of
different nature lead to the same dynamics.

Using a combination of analytical and computational
tools, we address the fundamental question of compar-
ing the evolution subject to stochastic and deterministic
changes by considering random versus periodic environ-
mental switching. This is done by elucidating the in-
fluence of EV on the population size distribution (PSD)
and its fixation properties. We analytically show that
the PSD is broader under intermediate and fast random
switching than under periodic switching, with the lat-
ter leading to a more abrupt transition from slow to fast
switching regime. Consequently, the fixation probabil-
ity under intermediate/fast random and periodic switch-
ing can vary significantly and exhibit markedly different
asymptotic behaviors. We also determine the nontrivial
asymmetric switching conditions under which the fixa-
tion probability of the slow strain is optimal.

We consider a well-mixed population of time-
fluctuating size N(t) = NS(t) + NF (t) consisting of two
strains. At time t, NS(t) individuals are of a slow-
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FIG. 1: (a) Asymmetric random (pink/light gray) and peri-
odic (black dashed) switching between K = K+ and K = K−
with rates ν± causes the fluctuation of the population size
(large/small circles) whose composition changes until fixa-
tion occurs as in (b) and (c), see text. (b, c) Typical sin-
gle realizations of N (black) and NS (red/gray) vs. time
under random (b) and periodic (c) switching. Parameters:
(s,K0, ν, γ, δ, x0) = (0.02, 250, 0.03, 0.8, 0.6, 0.5).

growing strain S, corresponding to a fraction x = NS/N
of the population, and NF are of a fast-growing species
F . Individuals of strain S and F reproduce with respec-
tive per-capita growth rates (1 − s)/f̄ and 1/f̄ , where
f̄ = (1− s)x+ 1− x = 1− sx is the population’s average
fitness, and 0 < s� 1 is the selection intensity denoting
the small growth advantage of F over S [39, 40, 45, 46].
The strains’s growth is limited by a logistic death rate
N/K, where K � 1 is the carrying capacity. Popu-
lation dynamics is often idealized by assuming a static
environment (constant K) which yields a constant or
logistically-varying population size [43, 56–59]. Here, we
instead consider a fluctuating population size subject to
a time-varying environment, which evolves according to
the birth-death process [40, 62]:

NS/F
T+
S/F−−−→ NS/F + 1 and NS/F

T−
S/F−−−→ NS/F − 1, (1)

with transition rates T+
S = (1 − s)NS/f̄ , T+

F = NF /f̄
and T−S/F = (N/K)NS/F . We model EV via a switching
carrying capacity

K(t) = K0[1 + γξα(t)], with ξα(t) ∈ {−1,+1}, (2)

K0 ≡
K+ +K−

2
and γ ≡ K+ −K−

2K0
,

where α ∈ {r, p} and γ = O(1). Here, resources vary
either randomly (α = r) or periodically (α = p), between
states of scarcity, K = K− (ξα = −1), and abundance,
K = K+ > K− (ξα = +1), causing fluctuations of the
population size and its composition, see Fig. 1.

When K(t) switches randomly, ξr is a colored asym-
metric dichotomous (telegraph) Markov noise (ADN) [60,
61], with the transition ξr → −ξr occurring at rate
ν± when ξr = ±1. It is useful to introduce the av-
erage switching rate ν = (ν+ + ν−)/2 and δ = (ν− −

ν+)/(2ν), measuring the switching asymmetry (|δ| <
1) [62]. Clearly, δ = 0 denotes symmetric dichotomous
noise [39, 40]. At stationarity, the ADN’s mean and au-
tocorrelation functions are 〈ξr〉 = δ and 〈ξr(t)ξr(t′)〉 −
〈ξr(t)〉〈ξr(t′)〉 = (1− δ2) e−2ν|t−t

′| (where 〈·〉 denotes en-
semble averaging). When K(t) switches periodically, ξp
is a rectangular wave defined in terms of the rectangular
function, rec(·) [63], of period T :

ξp=

∞∑
j=−∞

{
rec

(
t+ 1

2ν+
+jT

1/ν+

)
−rec

(
t− 1

2ν−
+jT

1/ν−

)}
,

where T = (1/ν+)+(1/ν−) = 2/[(1−δ2)ν]. When δ = 0,
this reduces to the square wave ξp(t) = sign {sin (πνt)}.
At stationarity, ξp averaged over one period has the same
mean and correlation function as ξr. Henceforth we con-
sider ξr and ξp at stationarity, and the mean and vari-
ance of K(t) are thus the same for α ∈ {r, p} and given
by 〈K〉 = K0(1 + γδ) and var(K) = (γK0)2(1− δ2) [64],
which increases with γ and decreases with |δ|.

Upon ignoring the eventual extinction of the popula-
tion which occurs after an enormous time (unobservable
when K0 � 1) [39] [? ], the main features of this evo-
lutionary model are the long-time population size distri-
bution (PSD) and the species fixation probability. These
quantities, describing the system’s ecological and evolu-
tionary dynamics, can be found by analyzing the under-
lying master equation [40, 41, 62, 66, 67].

Insight into the dynamics can be gained by ignoring
fluctuations and considering the mean-field picture of a
very large population subject to constant K = K0. Here,
the population size N and x evolve according to Ṅ ≡
(d/dt)N = N(1−N/K0) and ẋ = −sx(1−x)/(1−sx) [45,
46, 62, 65], which predict that x decays on a timescale
t ∼ 1/s� 1, while N(t) = O(K0) after t = O(1). Thus,
a timescale separation occurs when s � 1: the typical
relaxation time of x is much slower than that of N . Yet,
a finite population is subject to DN (randomly occurring
birth and death events), resulting in the eventual fixation
of one of the species. Here, given a fixed population
size N , the S fixation probability starting from an initial
fraction x0 = NS(0)/N(0) is [43, 58, 67]

φ(x0)|N =
[
e−Nx0 ln(1−s) − 1

]
/
[
e−N ln(1−s) − 1

]
, (3)

which exponentially decreases withN . For s� N−1/2 �
1 (“diffusion approximation”), this result simplifies to
φ(x0)|N ' (e−Ns(1−x0) − e−Ns)/(1 − e−Ns) [39, 40, 57].
Eq. (3) also gives the approximate fixation probability
when N fluctuates about constant K = K0.

This scenario significantly changes when in addition to
DN, the population is subject to a time-varying carrying
capacity, see Fig. 1. Inspired by the drastic changes in
the environment of microbial communities at different
frequencies [50–54], we study below the influence of the
EV (ν, γ, and δ) on the PSD and fixation properties.
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FIG. 2: P
(r)
ν (N) (blue/dark gray) and P

(p)
ν (N) (red/gray)

for different ν: (a) ν = 0.05, (b) ν = 17.5, (c) ν = 1.4, (d)
ν = 1. Symbols are from simulations; solid black lines in (a,b)
are from (4), those in cyan/light gray are from P0(N) in (a)
and (5) in (b); vertical dashed lines in (a,c) show N = K±;
horizontal dashed lines are eyeguides. Here (s,K0, γ, x0) =
(0.05, 250, 0.8, 0.5), δ = 0.7 in (a)-(c) and δ = −0.5 in (d).

Population size distribution. Simulations show that

the marginal quasi-stationary PSD, P
(α)
ν (N) (uncondi-

tioned of ξα), is characterized by different regimes de-
pending on the switching rate ν, with markedly different
features in the case of random and periodic switching
when ν = O(1) and ν � 1, see Fig. 2.

The case of random switching can be treated simi-
larly to δ = 0 (symmetric dichotomous noise) [39, 40].
Here, we ignore DN and assume that the population
size is driven only by ADN according to the piecewise-
deterministic Markov process (PDMP) [62, 68, 69],
defined by the stochastic differential equation Ṅ =
N [1− (N/K)(1− γξr)/(1− γδ)], where K ≡ K0(1 −
γ2)/(1 − γδ). When ν → ∞, the ADN self-averages,

ξ
ν→∞−−−−→ 〈ξ〉 = δ, and N

ν→∞−−−−→ K. Therefore, the
marginal PSD [40, 60] of this PDMP satisfies

PPDMP
ν (N) ∝ 1

N2

(
K+

N
− 1

)ν+−1(
1− K−

N

)ν−−1
, (4)

where the normalization constant has been omitted, and
the dependence on γ, δ and ν is given by K± = (1±γ)K0

and ν± = (1 ∓ δ)ν. Although PPDMP
ν has support

[K−,K+] and only accounts for EV, when K0 � 1 and

γ = O(1), it captures the peaks of P
(r)
ν and the aver-

age population size, see Figs. 2 and S3(b) in [62], which
are the most relevant features for the population fixation
properties. Clearly, PPDMP

ν ignores DN and cannot cap-

ture the width of P
(r)
ν about its peaks, see Fig. 2 (a,c,d).

Yet, this can be remedied by a linear noise approximation
about the PDMP, see [40] and Sec. 3.2 in [62].

For periodic switching, P
(p)
ν can be found analytically

in the limits of very slow (ν → 0) and fast (ν � 1) switch-
ing. For ν → 0 the carrying capacity is initially randomly
allocated and is almost constant, i.e. K(t) ' K(0). The
PSD is thus the same in the periodic and random switch-

ing: P
(p)
0 = P

(r)
0 ≡ P0, and can be computed from the

master equation. Assuming K0 � 1 and γ = O(1),
the PSD turns out to be bimodal with peaks about
N = K±, whose intensity depends on δ [62]: P0(N) '
[(1+δ)KN+1

+ e−K++(1−δ)KN+1
− e−K− ]/[2(N+1)!]. This

result excellently agrees with simulations, see Fig. 2 (a).

Under fast periodic switching, P
(p)
ν differs markedly

from its random counterpart, see Fig. 2 (b). An approx-

imate expression of P
(p)
ν to leading order in 1/ν can be

obtained from the master equation using the WKB ap-
proximation [70] and Kapitza method [11, 20, 71]. The
latter involves separating the dynamics into fast and slow
variables, and averaging the fast variables. As shown in
Sec. 2.2 of [62], this yields (up to a normalization factor)

PKap
ν ∼P(N) exp

[
− K0

72ν2

(
γ

1−γ2

)2(
2N−K
K0

)3
]
, (5)

where P(N) ∝ exp[N(1 − ln (N/K))] is the PSD at
ν → ∞, peaked at N = K. We notice that both

P
(p)
ν ' PKap

ν and P
(r)
ν ' PPDMP

ν are unimodal and
peaked about N ≈ K when ν � 1, but PKap

ν is signif-
icantly sharper and narrower than PPDMP

ν . In fact, the
variance of PPDMP

ν scales as K2
0/ν when 1 � ν � K0,

and is much larger than the variance of PKap
ν which is of

order K0, see Sec. 4.3 in [62].
Note that while P0 and PKap

ν [Eq. (5)] account for DN
and EV, PPDMP

ν [Eq. (4)] only accounts for EV. Yet, in
the regime 1 . ν � K0, DN is negligible compared to
EV [62], and PPDMP

ν provides a suitable description of

P
(r)
ν in this regime. In particular, PPDMP

ν allows us to
characterize interesting phenomena arising in the inter-
mediate asymmetric switching regime where ν & 1 with
ν− > 1 and ν+ < 1 (longer sojourn in state K = K+), or
ν− < 1 and ν+ > 1, i.e. when 1/(1+|δ|) < ν < 1/(1−|δ|).
In the former case (δ > 0), P

(r)
ν has a peak at N ≈ K+

and, under sufficiently strong EV, exhibits also a peak
N∗ between K− and K+ (i.e. K− < N∗ < K+), whose
position is aptly captured by Eq. (4), see Fig. 2(c) and

Sec. 3.1 in [62]. In Fig. 2(c), one can see that P
(p)
ν also

has two peaks, but it is narrower than P
(r)
ν . When ν & 1,

with ν− < 1 and ν+ > 1 (δ < 0), P
(r)
ν exhibits a single

peak at N ≈ K−, again well predicted by Eq. (4), see

Fig. 2(d). Here, P
(p)
ν exhibits this same peak, but is

again narrower than P
(r)
ν . In fact, Fig. 2 shows that the

transition from bimodal to unimodal PSD (slow to fast
switching) is more abrupt under periodic than under ran-
dom switching. This results in a dramatic change in the
fixation probability’s asymptotic behavior, see below.

Fixation probability. When s � 1, at t & O(1), once
the system has settled in its long-lived PSD, given an
initial fraction x0 of S individuals, the S-species fixa-
tion probability subject to α-switching (α ∈ {r, p}), φα,

can be approximated by averaging φ(x0)|N over P
(α)
ν/s(N),

upon rescaling ν → ν/s [39, 40]:

φα(ν) '
∫ ∞
0

P
(α)
ν/s(N) φ(x0)|N dN, α ∈ {r, p}. (6)

This result is valid under weak selection, 1/K0 � s� 1,
when there are O(ν/s) switches prior to fixation [39, 40,
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FIG. 3: (a)-(d) fixation probability for random/periodic
switching (circles/squares): symbols are from simulations.
In (a) solid lines are from Eqs. (7) and (S33) of [62]
for periodic and random switching, respectively. In (b,c),
solid lines are from (7) and, in (d), from (S33) of [62].
Here (s,K0, γ, x0) = (0.025, 800, 0.7, 0.5) in (a)-(c) and
(s,K0, γ, x0) = (0.05, 250, 0.9, 0.6) in (d,e). (a) φα versus

ν with δ = 0.2; dashed line shows φ(∞). Inset: φr/φp ver-

sus ν with δ = 0.2. (b,c) ln (φα/φ
(∞)) versus s/ν for ran-

dom (b) and periodic (c) switching with δ = 0.2 (black) and
δ = 0 (blue/dark gray). Dashed gray lines are eyeguides
∝ s/ν in (b) and ∝ (s/ν)2 in (c). (d) Non-monotonic φα(ν)
with δ = 0.7 (purple/dark gray) and δ = 0.8 (blue/black);

dashed lines show φ(0,∞). φr(ν) and φp(ν) are maximal at
ν = ν∗r ≈ 0.1 and ν = ν∗p ≈ 0.07, see text. (e) Heatmap of ν∗r
(see Sec. 5.1 in [62] for details): ν∗r → 0,∞ in the black and
white areas, respectively; φr(ν) is non-monotonic in the red-
yellow/gray area, with ν∗r ≈ 0.01 (red/dark gray) - ν∗r ≈ 0.1
(yellow/light gray), see vertical bar. Symbols are for γ = 0.9,
δ = 0.7 (purple/dark gray) and δ = 0.8 (blue/black).

62]. The difference between φr and φp stems from the

different ν-dependence of P
(r)
ν and P

(p)
ν , see Figs. 2 . In

the case of random switching φr(ν) can be approximated
by substituting Eq. (4) into (6), yielding Eq. (S33) of
[62], which is valid over a broad range of ν [39, 62], as
confirmed by simulations, see Fig. 3 and S2(c,d) of [62].

When ν → 0 (slow switching), there are no switches
prior to fixation and the population density is peaked at
N = K± under random and periodic switching. Hence,
with (6), we approximate limν→0 φα(ν) ' φ(0) = [(1 −
δ)φ(x0)|K−+(1+δ)φ(x0)|K+ ]/2. In Fig. 3(d) we confirm

that, when ν/s� 1, φ(0) coincides with φr(ν) and φp(ν).

When ν/s � 1 (fast switching), P
(α)
ν/s is sharply

peaked at N ' K, see Fig. 2(b), and to leading order
limν→∞ φα(ν) ' φ(∞) = φ(x0)|K [39, 40]. Simulation
results of Fig. 3 confirm that at ν � s, φr(ν) and φp(ν)
converge to φ(∞). Thus, the fixation probability under
fast random/periodic switching is the same to lowest or-
der in 1/ν. Yet, the rate of convergence to φ(∞) is differ-
ent in the random and periodic case, see Fig. 3(a). This is

explained by computing the next-to-leading order of φα
in ν/s � 1. For this, along with (3), we use Eq. (S33)
of [62] for random switching and substitute (5) into (6)
for periodic switching. A saddle-point calculation, with
1/K0 � s� 1, yields (see Sec. 4 in [62])

ln

(
φα(ν)

φ(∞)

)
'

{
Ar(s/ν) (α = r)

Ap (s/ν)2 (α = p).
(7)

Here φ(∞) = em/2, m ≡ 2K(1− x0) ln (1− s), and Ar =
m(4 +m)(1− δ2)(γ/(1−γδ))2/16 while Ap = K(1− (1 +
m/K)3)(γ/(1 − γδ))2/72. Thus, when K0s � 1, φα(ν)
converges to φ(∞) much faster for α = p than when α = r,
see Fig. 3(a)-(c); i.e., the fixation probability exhibits
markedly different behaviors under periodic and random
switching. Also, the ratio φr/φp [see inset of Fig. 3(a)]
has a sharp peak at a nontrivial intermediate ν.

Under intermediate switching, φα exhibits a rich be-
haviour as ν increases and φα interpolates between φ(0)

and φ(∞), see Fig. 3(d). Under large enough switching
asymmetry, φα is a non-monotonic function of ν in a
nontrivial region γ > γc(s), δ > δc(γ, s) of the param-
eter space that can be found from (6), see Fig. 3 (d,e)
and Sec. 5.1 in [62]. The PDMP-based approxima-
tion [Eq. (S33) in [62]] captures reasonably well the ν-
dependence of φr in this regime, and that it has a clear
maximum at ν∗r ∼ s. This optimal switching rate for the
S species fixation at given γ, δ and s corresponds to O(1)
switches prior to fixation, while φr(ν

∗
r )/max(φ(0), φ(∞))−

1 reaches up to 30%, see Fig. 3 (d,e). Similar results are
found for periodic switching with an optimal switching
rate ν∗p . ν∗r and a sharper/narrower peak φp(ν

∗
p). The

existence of a maximum φα(ν∗α) is thus a signature of
asymmetric switching. For intermediate switching rate
and not too large asymmetry (|δ| < δc), φr(ν) is a mono-
tonic function: it increases/decreases with ν above/below
a critical selection intensity sc (with γ, δ fixed), that we
have determined, see Fig. S2(b) and Sec. 5.2 in [62]. A
similar qualitative behavior is observed for φp(ν).

Remarkably, similar qualitative results are obtained
in the more intricate case of eco-evolutionary dynamics,
arising when the slow strain produces public goods bene-
fiting the entire population, see Sec. 7 and Fig. S4 in [62].

Inspired by the evolution of microbial communities
in fluctuating environments, we have studied the dy-
namics of a population of two strains, one growing
slightly faster than the other, competing for resources
in a binary environment. Importantly, our model ac-
counts for coupling between demographic noise and en-
vironmental variability, where the latter has been mod-
eled by a carrying capacity that switches between states
of scarcity/abundance randomly or periodically in time.
Here, we have systematically compared the effects of
random and periodic switching on the population size
and its fixation properties. Our findings hence highlight
the effect of evolving subject to a stochastically- versus
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deterministically-varying environment. We have shown
that the population size distribution is broader under
intermediate and fast random switching than under pe-
riodic change, with a more abrupt transition from the
slow to fast switching regime in the periodic case. As a
consequence we have found markedly different asymp-
totic behaviors of the fixation probability under fast
random and periodic switching. We have also deter-
mined the nontrivial asymmetric switching conditions
of the environment under which the probability that
the slow species prevails is optimal. Our work eluci-
dates the similarities and differences of evolution under
randomly/periodically-varying environments. These are
particularly relevant to microbial communities, subject
to frequent environmental changes.
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