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1 Large sample behavior for means on Hilbert manifolds

DEFINITION 1.1. Assume H is a separable, infinite dimensional Hilbert space over the reals.

A chart on a separable metric space (M, ρ) is a one to one homeomorphism ϕ : U → ϕ(U)
defined on an open subset U of M to a Hilbert space H. A Hilbert manifold is a separable

metric space M, that admits an open covering by domain of charts, such that the transition

maps ϕV ◦ ϕ−1
U : ϕU(U ∩ V ) → ϕV (U ∩ V ) are differentiable.

EXAMPLE 1.1. The projective space P (H) of a Hilbert space H, the space of all one di-

mensional linear subspaces of H, has a natural structure of Hilbert manifold modelled over

H. Define the distance between two vector lines as their angle, and, given a line L ⊂ H, a

neighborhood UL of L can be mapped via a homeomorphism ϕL onto an open neighborhood of

the orthocomplement L
⊥ by using the decomposition H = L ⊕ L

⊥. Then if L1⊥L2, the map is

a ϕL1
◦ ϕ−1

L2
is differentiable map between open subsets in L

⊥
1 , respectively in L

⊥
2 .

DEFINITION 1.2. An embedding of a Hilbert manifold M in a Hilbert space H is a one-to-

one differentiable function j : M → H, such that for each x ∈ M, the differential dxj is one

to one, and the range j(M) is a closed subset of H and the topology of M is induced via j by

the topology of H.

EXAMPLE 1.2. The Veronese-Whitney (VW) embedding j : P (H) in LHS = H ⊗ H (Kent

(1992)) is given by

j([γ]) =
1

‖γ‖2
γ ⊗ γ. (1)

DEFINITION 1.3. If j:M → H is an embedding and given a random object X on M, the

associated Fréchet function is Fj(x) = E(‖j(X) − j(x)‖2). The set of all minimizers of Fj is

the extrinsic mean set of X. If the extrinsic mean set has one element only, that element is called

the extrinsic mean and is labeled µE,j or simply µE.

PROPOSITION 1.1. Consider a random object X on M and assume j(X) has the mean

vector µ. Then the extrinsic mean set is the set of all points x ∈ M, such that j(x) is at minimum

distance from µ. (iii) In particular, µE exists if there is a unique point on j(M) at minimum

distance from µ, the projection Pj(µ) of µ on j(M), and in this case µE = j−1(Pj(µ)).

The VW mean ( extrinsic mean for a random object X = [Γ] on P (H) with respect to the

VW embedding ) exists if and only if E( 1
‖Γ‖2 Γ ⊗ Γ) has a simple largest eigenvalue, in which

case, the VW mean is µE = [γ], where γ is an eigenvector for this eigenvalue.
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2 A one-sample test of the neighborhood hypothesis

Assume Σj is the extrinsic covariance operator of a random object X on the Hilbert manifold

M, with respect to the embedding j : M → H. Let M0 be a compact submanifold of M. Let

ϕ0 : M → R be the function

ϕ0(p) = min
p0∈M0

‖j(p) − j(p0)‖2, (2)

and let Mδ
0, B

δ
0 be given respectively by

M
δ
0 = {p ∈ M, ϕ0(p) ≤ δ2}, Bδ

0 = {p ∈ M, ϕ0(p) = δ2, }. (3)

Since ϕ0 is Fréchet differentiable and all small enough δ > 0 are regular values of ϕ0, it follows

that B
δ
0 is a Hilbert submanifold of codimension one in M. Let νp be the normal space at a

points p ∈ B
δ
0, orthocomplement of the tangent space to B

δ
0 at p. We define B

δ,X
0

B
δ,X
0 = {p ∈ B0, Σj|νp

is positive definite}. (4)

DEFINITION 2.1. The neighborhood hypothesis consists in the following two alternatives:

H0 : µE ∈ M δ
0 ∪ Bδ,X

0 vs.H1 : µE ∈ (M δ
0 )c ∩ (Bδ,X

0 )c. (5)

Munk et al. (2008) show that, in general, the test statistic for these types of hypotheses has

an asymptotically standard normal distribution for large sample sizes, in the case of random

objects on Hilbert spaces. Here, we consider neighborhood hypothesis testing for the particular

situation in which the submanifold M0 consists of a point m0 on M. We set ϕ0 = ϕm0
, and

since Tm0
{m0} = 0 we will prove the following result.

THEOREM 2.1. If M0 = {m0}, the test statistic for the hypotheses specified in (5) has an

asymptotically standard normal distribution and is given by:

Tn =
√

n{ϕm0
(µ̂E) − δ2}/sn, s2

n = 4〈ν̂, SE,nν̂〉where (6)

SE,n =
1

n

n∑

i=1

(tan ˆ̃µ dj(X)n
Pj(j(Xi) − j(X)n)) ⊗ (tan ˆ̃µ dj(X)n

Pj(j(Xi) − j(X)n)) (7)

is the extrinsic sample covariance operator for {Xi}n
i=1, and

ν̂ = (dµ̂E,n
j)−1t̂anj(µ̂E,n)(j(m0) − j(µ̂E,n)). (8)

3 Neighborhood Hypothesis for Mean Shape of a Contour

We consider contours, boundaries of 2D topological disks in the plane. To keep the data analysis

stable, and to assign a unique labeling, we make the generic assumption that there is a unique

point p0 on such a contour at the maximum distance to its center of mass so that the label of any

other point p on the contour is the “counterclockwise" travel time at constant speed from p0 to

p. A regular contour γ̃ is regarded as the range of a piecewise differentiable regular arclength

parameterized function γ : [0, L] → C, γ(0) = γ(L), that is one-to-one on [0, L). Two contours

γ̃1, γ̃2 have the same direct similarity shape if there is a direct similarity S : C → C, such

that S(γ̃1) = γ̃2. Two regular contours γ̃1, γ̃2 have the same similarity shape if their centered
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counterparts satisfy to γ̃2,0 = λγ̃1,0, for some λ ∈ C\0. Therefore Σreg
2 , set of all direct sim-

ilarity shapes of regular contours, is a dense and open subset of P (H), the projective space

corresponding to the Hilbert space H of all square integrable centered functions from S1 to C.
Given any VW-nonfocal probability measure Q on P (H), from Section 2 we see that if γ1, . . . , γn

is a sample from Γ, then µ̂E,n is the projective point of the eigenvector corresponding to the

largest eigenvalue of 1
n

∑n

i=1
1

‖γi‖2 γi⊗γi. Given n i.i.d.r. objects (i.i.d.r.o.’s) from a VW-nonfocal

distribution on P (H), the asymptotic distribution of j(X)n is converges as follows

√
n(j(X)n − µ) →d G as n → ∞, (9)

where G has a Gaussian distribution NLHS
(0, Σ) on LHS a zero mean and covariance operator

Σ. It follows that the projection Pj : LHS → j(P (H)) ⊂ LHS is given by

Pj(A) = νA ⊗ νA, (10)

where νA is the eigenvector of norm 1 corresponding to the largest eigenvalue δ2
1 of A, Pj(µ) =

j(µE), and Pj(j(X)n) = j(µ̂E,n) .

REMARK 3.1. Applying the delta method to (9) Ellingson et al.(2013) arrived at a C L T for

the VW extrinsic sample mean µ̂E,n. Because of the infinite dimensionality, in practice, a sample

estimate for the covariance operator is always degenerate, so one can not studentize.

We may reduce the dimensionality via the neighborhood hypothesis methodology. Suppose

that j : P (H) → LHS is the VW embedding in (1) and δ > 0 is a given positive number.

Using the notation in Section 2, we now can apply the result in Section 3 to random shapes of

regular contours. Assume xr = [γr], ‖γr‖ = 1, r = 1, . . . , n is a random sample from a VW-

nonfocal probability measure Q. Asymptotically the tangential component of the VW-sample

mean around the VW-population mean has a complex multivariate normal distribution. In par-

ticular, if we extend the CLT for VW-extrinsic sample mean Kendall shapes in Bhattacharya

and Patrangenaru (2005), to the infinite dimensional case, the j-extrinsic sample covariance

operator SE,n, when regarded as an infinite Hermitian complex matrix has the following entries

SE,n,ab = n−1(δ̂2
1 − δ̂2

a)
−1(δ̂2

1 − δ̂2
b )

−1 (11)
n∑

r=1

< ea, γr >< eb, γr >∗ | < e1, γr > |2, a, b = 2, 3, . . .

with respect to the complex orthobasis e2, e3, e4, . . . of unit eigenvectors in the tangent space

Tµ̂E,n
P (H). Recall that this orthobasis corresponds via the differential dµ̂E,n

with an orthobasis

(over C ) in the tangent space Tj(µ̂E,n)j(P (H)), therefore one can compute the components

ν̂a of ν̂ from equation (8) with respect to e2, e3, e4, . . . , and derive for s2
n in (6) the following

expression

s2
n = 4

∞∑

a,b=2

SE,n,abν̂
aν̂b, (12)

where SE,n,ab given in equation (11) are regarded as entries of a Hermitian matrix.
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Figure 1: (a) Sample of 20 curves of red snapper fish and (b) the extrinsic mean shape of the sample of red snapper fish (c)Bootstrap 95%
confidence region for the extrinsic mean shape of the red snapper fish

4 Bootstrap Confidence Regions for Means of Contours

Due to editorial space limitations, we present one result using selected planar closed curves

kindly provided by Shantanu Joshi . A group of contours and its extrinsic mean shape is given

below. Many others are given in Ellingson et. al. (2013). Similarly to the standard arithmetic

mean, we see that the extrinsic mean provides a summary of the shapes by reducing the vari-

ability. This result is very noticeable with the red snapper above (Fig. 1). Another plus of the

extrinsic mean is that the computation is fast (Bhattacharya et. al.(2012)).

One method for performing inference, is through nonparametric nonpivotal bootstrap (Efron

(1979)). By repeatedly resampling from the available data and computing the distance between

each resampled mean and the sample mean, we can obtain a confidence region for the extrinsic

mean shape (for the sparse case, see Amaral et al (2010) ). Above is an example of a 95%
bootstrap confidence region for the set of contours in Fig. 1(a), based upon 400 resamples. The

computations in Fig. 1(c) show that the confidence region behaves as expected, in that the width

of the confidence region at various points along the contour reflects the amount of variability

present in the data around the sample mean. For more examples see Ellingson et. al. (2013).
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