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1 Introduction
Joint pain and stiffness are a common problem in older people. In the past decade, there were
clinical studies trying to investigate the pattern of the occurrence in older people, including the
North Staffordshire Osteoarthritis Project (NorStOP) forthe local area population with age≥
50 years. The NorStOP study has been lasting for six years. Inadditional to the subject baseline
information such as age, gender, alcohol and income status,body mass index (BMI), pain infer-
ence (PI) degree and depression status are collected longitudinally. In fact, for each patient the
BMI, PI and depression status are measured at year 0, 3 and 6. Among these longitudinal data,
the BMI are continuous while the PI are ordinal data, taking apossible value from{1, 2, 3, 4, 5},
and the depression status are binary data. In the NorStOP study, longitudinal patterns of these
three variables over time are of the primary interest.

For longitudinal data, Laird and Ware (1982) introduced thelinear mixed model for continuous
data, and Breslow and Clayton (1993) proposed the generalized linear mixed model for discrete
responses. Alternatively, the generalized estimating equations (GEE), proposed by Liang and
Zeger (1986), can be used to analyze such either continuous or discrete longitudinal data. In
the literatures, people only focus on the analysis for a single longitudinal outcome variable, i.e.,
separate analysis, even if there are several associated longitudinal processes which may have
different types of outcomes like the NorStOP study. Naturally, as these longitudinal processes
are from the same subject there are a kind of associations between these longitudinal outcomes.
Ignoring such natural associations may lead to biased estimates for parameters in the models for
these longitudinal outcomes. In this study, we demonstratethe importance of joint modelling
for different type outcomes of longitudinal processes. We also propose a new method to incor-
porate the association between different type outcomes of longitudinal processes into statistical
models through random effects.

2 Models and methods
Motivated by the longitudinal processes from NorStOP study, we propose a joint random-effects
model for the three events, that is, longitudinal continuous, ordinal and binary data.

For each subject, besides covariatesXi, we have three types of outcomes,(Yi, Zi, Ti), i =
1, 2, ..., m, whereYi = (Yi1, Yi2..., Yini

)′, Zi = (Zi1, Zi2..., Zini
)′, andTi = (Ti1, Ti2, ..., Tini

)′

are longitudinally continuous, binary and ordinal data, respectively. We assumeZij ∈ {0, 1},
Tij ∈ {1, 2, ..., K, K ≥ 3}, andYij is the measurement of subjecti at visitj. We propose to use
the linear mixed model or the generalized linear mixed modelto analyze the different outcomes.
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Since(Yi, Zi, Ti) comes from one subject, we therefore propose to use the following models

Yij = X ′

1ijβ1 + d′

1ijui1 + ǫij, i = 1, 2, ..., m

P (Zij = 1) = Φ
(

X ′

2ijβ2 + d′

2ijui2

)

P (Tij ≤ k) = Φ
(

αk − X ′

3ijβ3 − d′

3ijui3

)

, k = 1, 2, ..., K − 1 (1)

ui =





ui1

ui2

ui3





iid
∼ N(0, G), ǫi =











ǫi1

ǫi2
...

ǫini











iid
∼ N(0, σ2

ǫ Ini
)

to jointly model the different outcomes for the three longitudinal precesses. Note that(Yi, Zi, Ti)
are assumed to be mutually independent provided thatui is given. In the above models,β1p1×1

,
β2p2×1

, β3p3×1
, G(q1+q2+q3)×1 andσ2

ǫ are unknown regression coefficients or variance component
parameters,ui are random effects which are assumed to be independent withǫi. We define
D1i = (d′

1i1, d
′

1i2, ..., d
′

1ini
)′, and similarly we haveD2i andD3i. Φ(·) is the CDF of standard

normal distribution, which is chosen as the link function for the models for both binary and
ordinal responses. For the ordinal data model, we assumeα1 ≤ α2 ≤ ... ≤ αK−1 to reflect the
ordinal feature. To make the model identifiable, we setα1 = 0 and have an intercept inβ3.

In clinical trials, it is quite often that we may have some prior information about trials and
we want to add this information to real data analysis. Thus, for the joint models in (1) we make
statistical inferences within the Bayesian framework.

For the joint models in (1), we may wish to find the ML estimators of all the parameters
through marginalizing the likelihood function. However, it is quit challenging due to the an-
alytically intractable likelihood function for the generalized linear mixed models. Within the
Bayesian framework, it is not easy yet to find the likelihood function or posterior joint density
of all parameters, but it becomes much easier if we use the data augmentation approach. Simi-
lar to Albert and Chib (1993), for the binary response data wecan introduce the laten variables
(λ1

1, λ
1
2, ..., λ

1
m), whereλ1

i are independent samples fromN(X2iβ2 + D2iui2, Ini
) provided that

ui2 are given. We takeZij = 1 if λ1
ij > 0 otherwiseZij = 0. Similarly, for the ordinal response

data we also introduce the laten variables (λ2
1, λ

2
2, ..., λ

2
m), whereλ2

i are independent samples
from N(X3iβ3 + D3iui3, Ini

) by assumingui3 are given. We takeTij = k if αk−1 < λ2
ij ≤ αk,

where−∞ = α0 ≤ α1 ≤ ... ≤ αK = ∞, andα1 = 0.

For the regression coefficients, we choose normal distributions as the prior. For the variance
parameters, we may choose the inverse-Gamma or inverse-Wishart distribution. We then ap-
ply Gibbs sampling method to simulate random samples from the posterior joint density of
all parameters. Note that ifui are multivariate random-effects, the proposed method may be
computationally intensive. It is also our interest to resolve this issue in this project study.

3 Numerical results
Below, we present some simulation results for the joint models where the association between
models does exist. We first study the performance of the models by ignoring the model associ-
ation. In other words, we model the three longitudinal events separately even if the longitudinal
precesses are associated. This can provide evidence on the price we have to pay if the mod-
els we use are not correct. We then model the three longitudinal outcomes, simultaneously,
by using the random effects models in (1). For easy computation, we start with only taking
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the continuous measurementsYi as longitudinal, but not the binary and ordinal measurements.
Similar model was considered by Wang, Wang, and Wang (2000) where no ordinal model was
involved. In our simulation setup, only random intercept isincluded into the three models. In
the models for the binary and ordinal responses, two covariates are considered. The sample size
is taken as 500. 100 simulation samples are generated.

Simulation results are summarized in the table and figures below. It shows that when the three
events outcomes are really associated, the separate modelling strategy, i.e., ignoring the model
association, can result in biased estimates for the regression coefficients, especially for the mod-
els for the binary and ordinal responses. The proposed jointmodelling method lead to very less
biased or even unbiased estimates of the regression coefficients. This shows the evidence that it
is really important to do jointly modelling when multiple longitudinal precesses are involved.

We are currently in modelling of the NorStOP data using the proposed approach and will report
the details in the full paper.

Table1. Part of Simulation Results
Separate analysis Joint Analysis

Par. True Value Estimator(sd) Bias Estimator(sd) Bias
β21 0.2 0.1897 0.01032 0.2263 0.0262919

(0.04668) (0.053885)
β22 -1.0 -0.8895 0.11052 -1.0612 0.0611876

(0.07732) (0.097503)
β31 0.3 0.2165 0.08348 0.3098 0.0097674

(0.02676) (0.033006)
β32 -1.0 -0.7200 0.28002 -1.0177 0.0176661

(0.05811) (0.068685)

Acknowledgements
This research is financially supported by a NIHR grant and by aPhD studentship from the
School of Mathematics, University of Manchester.

167



References
Albert and Chib (1993). Bayesian Analysis of Binary and Polytomous Response Data.Journal

of the American Statistical Association, 88, 669–679.

Breslow, N. and Clayton, D. (1993). Approximate inference in generalized linear mixed mod-
els.Journal of the American Statistical Association, 88, 9-25.

Liang, K. Y.,& Zeger, S. L. (1986). Longitudinal data analysis using generalized linear mod-
els.Biometrika, 73, 13-22.

Laird, N.M. and Ware, J.H. (1982). Random-Effects Models for Longitudinal Data,Biomet-
rics, 38, 963–974.

Wang, C. Y., Wang, N., and Wang, S. (2000). Regression analysis when covariates are re-
gression parameters of a random effects model for observed longitudinal measurements.
Biometrics 56, 487–495.

168


