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Towards the end of the 1980’s, one of DG Kendall’s main research interests was to visualise
spaces of 3-D shapes, and so to understand the 3-D shapes themselves, using the singular-values
decomposition of matrices. In my talk, I shall continue along these lines, but looking from a
slightly different angle.

Statistical analysis of 3-D shapes is naturally more complicated than that for 2-D shapes.
On the other hand, it is often the case that data we have on a 3-Dconfiguration is in terms
of a range of 2-D projections. Thus it may be useful in some cases to use 2-D projections of
3-D configurations to determine or estimate the original 3-Dshapes. Although it is possible
to determine the shape of a 3-dimensional configuration by a finite number of projections as
long as the directions of those projections are known, the deduction is no longer straightfoward
when the directions of the projections are random or unknown. The issue of determining the
shape of a configuration by random projections is equivalentto the question of the extent to
which one can determine the shape of the configuration by its projections onto a pre-fixed plane
after the configuration itself has been randomly rotated. One motivation for the latter point of
view comes, for example, from biophysics: in studying the structure of biological molecules,
biophysicists use electron microscopes to view planer images of single particles. However, the
size of the particle, together with its movement, makes it impossible to control the direction of
the projection.

If we denote the pre-size-and-shape of the configuration, i.e. the centred configuration, in
R

m with k > m labelled vertices by anm × (k − 1) matrix X then, up to reflection, the size-
and-shape of the configuration is determined byX⊤X. It is shown in (Panaretos, V.M., (2009))
that ∫

SO(m)

(P∗RX)⊤(P∗RX) Ψ(dR) =
m − 1

m
X⊤X,

whereP∗ denotes the projection onto a pre-fixed plane andΨ the normalised Haar measure,
i.e. uniform measure, onSO(m). Thus, the law of large numbers enables us to estimate the
size-and-shape, and so the shape, ofX up to reflection.

To answer any further statistical inference questions, we may need to know the more detailed
statistical behaviour of the shape, or size-and-shape, of the projection of the configuration after
being randomly rotated. For this, we can investigate the corresponding induced shape distribu-
tion.

There are two features involved in determining such an induced shape distribution: its sup-
porting domain, consisting of the shapes of all possible projections of the given configuration,
and its Radon-Nikodym derivative on this domain. The equivalence between the projection
onto a pre-fixed hyperplane after random rotation and the random projection (without rotation)
implies that, for a generic configuration, the subset consisting of all shapes of the projections
onto a pre-fixed hyperplane of a randomly rotated configuration in R

m is diffeomorphic, say
via a diffeomorphismφ, with S

m−1, the set of all possible directions in which to project. To
proceed further, we recall that the shape of a configuration with pre-size-and-shape matrixX is
determined by the two factors,Λ/‖Λ‖ andS, in the singular-values decompositionX = RΛS,
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whereR ∈ SO(m), Λ = diag{λ1, · · · , λm} andS⊤ = (s1, s2, · · · , sm) is a(k− 1)×m matrix
with the column vectorssi being the unit eigenvectors ofX⊤X corresponding to eigenvalues
λ2

i
. The eigenvaluesλ2

i
are usually taken in non-increasing order and theλi all non-negative

except possibly forλm whenk = m + 1.

We start with the casem = 2, the corresponding 2-D problem. That is, we assume that the
configuration to be estimated lies inR

2 and that the data we have are its 1-D random projections.
Hence, the shapes of random projections of the 2-D configuration lie in the shape spaceΣk

1,
which is known to be the sphereSk−2. In this case, the set of the size-and-shapes of all possible
random projections of the configuration with pre-size-and-shapeX can be described by the
points of Rk−1 on the ellipse with major and minor axesλ1s1 andλ2s2 respectively. From
this, it follows that the support of the induced distribution is just the embedded circleS1 of
S

k−2 spanned bys1 and s2, the two columns ofS⊤. Note that this domain alone does not
uniquely determine the matrixS appearing in the singular-values decomposition ofX: S and
TS, T ∈ SO(2), determine the same great circle inS

k−2. To complete the determination ofS,
and henceX, we need more detailed information on the induced distribution itself.

The Radon-Nikodym derivative, with respect to the volume element onS1, of the induced
distribution atφ(v), the shape of the projection onto the line orthogonal tov of the configuration
with pre-size-and-shapeX, is obtained in (Panaretos, V.M., (2006)) and is given by

1

2π

‖P (v)‖2

λ1|λ2|
,

whereP (v) = (I − vv⊤)X, the projection ofX onto the line orthogonal tov, and so‖P (v)‖ is
the size of the projected configuration. The density has the maximum valueλ1/|λ2| and the min-
imum value|λ2|/λ1, achieved whenv = ±s⊥1 andv = ±s⊥2 respectively. These two extreme
values of the Radon-Nikodym derivative determine the two eigenvalues ofXX⊤/‖XX⊤‖.
Hence, it is possible to recover all the information on the shape, up to reflection, of the ini-
tial given configuration from the support and the extreme values, together with the locations
where they are achieved, of this density function. Note alsothat, when the shape ofX is most
regular, i.e. whenλ1 = |λ2|, the induced distribution is uniform on the circleφ(S1); while, as
the shape ofX tends to a degenerate collinear shape, the induced distribution tends to become
concentrated at the two points±s1. Thus, the more regular the shape, the more all its possible
projections become equally likely to be observed. However,the density function is bimodal so
that a given configuration and its reflection will determine the same induced distribution for the
shape of their random projections.

Returning to the casem = 3 in which our main interest lies, it can be shown that the set of
the size-and-shapes of all possible projections consists of all 2 × (k − 1) matrices whose rows
t⊤1 andt⊤2 are such that the vectorst1 andt2 of R

k−1 are orthogonal to each other and lie on
the ellipsoid having axesλ1s1, λ2s2, λ3s3 with the restriction thatt1 lies on the ellipse with axes
λ1s1 andλ3s3. This, after normalisation, determines the supportφ(S2) of the induced shape
distribution inΣk

2.
It is shown in (Le, H. and Barden, D. (2010)) that, with respect to the volume element on

φ(S2), the Radon-Nikodym derivative atφ(v), the shape of the projection onto the plane with
normalv of the configuration with pre-size-and-shapeX, is given by

1

4π

‖P (v)‖4

λ2
1λ

2
2 + λ2

1λ
2
3 + λ2

2λ
2
3 − λ1(v)2λ2(v)2

,

whereλ1(v)2 andλ2(v)2 are the two non-zero eigenvalues ofP (v)P (v)⊤ andP (v) = (I −
vv⊤)X, the projection ofX onto the plane with normalv uniformly distributed onS2. The
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maximum and minimum values of this Radon-Nikodym derivative are respectively(λ2
1+λ2

2)/λ
2
3

and(λ2
2 + λ2

3)/λ
2
1. These two extreme values are again sufficient to determine the three eigen-

values ofXX⊤/‖X‖2. These maximum and minimum values are reached whenv is normal to
the planes spanned by{s1, s2} and{s2, s3} respectively. The density function also has saddle
points occuring whenv is normal to the plane spanned by{s1, s3}, where the density function
takes the value(λ2

1 + λ2
3)/λ

2
2. Whenλ2 = |λ3|, respectivelyλ1 = λ2, these saddle points

coincide with the maximum points, respectively the minimumpoints. These locations clearly
suffice to determine, up to sign, the rows of the matrixS in the singular-values decomposition
of X so that for a genericX, the density of the induced distribution contains all the information
required to determine the shape ofX up to reflection. Again, when the shape ofX is most
regular, i.e. whenXX⊤ has three identical eigenvalues, the induced distributionis uniform on
φ(S2).

Similar results hold for the size-and-shape of the projection of a randomly rotated config-
uration, where the support is implied by the above discussion and the corresponding Radon-
Nikodym derivative of the induced distribution is given in (Le, H. and Barden, D. (2010)).
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