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In the survey article Kendall and Le (2010), Huiling Le and I discussed various aspects of
statistical shape theory. In particular our interest was caught by recent work (Bhattacharya and
Patrangenaru (2003); Bhattacharya and Patrangenaru (2005); Bhattacharya and Bhattacharya
(2008)) on central limit theorems forRiemannian centres of mass, also called Fréchet means.
The result was Kendall and Le (2011). In my talk I plan to use illustrations and examples to
present this work; the following extended abstract is a rather drier succinct summary of the main
points.

Recall that a Fréchet mean for a random variableX is defined as a minimizerE [X] of
the “energy function”x 7→ E

[

1
2
dist(x, X)2

]

. In caseX is a real-valued random variable
(or even a vector-valued random variable) of finite variance, it is a common exercise set for
first-year undergraduates to identify the minimizer as the conventional statistical expectation
E [X]. More generally, ifX takes values in a curved Riemannian manifold or metric space
(such as a shape space) thenE [X] is no longer uniquely defined, though it will be unique if the
distribution ofX is confined to a region with geometry comparable to that of a small hemisphere
(Kendall (1991)). The notions of Fréchet mean and their generalizations have found significant
applications in pure probability and analysis, but also in applied statistics and particularly in the
theory of shape. For example, as soon as one fixes on a notion ofdistance between curves, then
it makes sense to talk about the Fréchet mean(s) of a random curve.

Interest in shape theory has focussed onempirical Fréchet means (minimizersEe [X1, . . . , Xn]
of Φn(x) =

∑n

i=1
1
2
dist(x, Xi)

2 for an i.i.d. random sampleX1, . . . ,Xn), algorithms for com-
puting such means (Le (1998); Le (2001); Le (2004); Groisser(2004)), and consideration of
limit theory and asymptotic distribution theory (Bhattacharya and co-workers, as noted above).
Huiling Le and I posed ourselves the question, what would thecentral limit theory look like if
one relaxed the requirement of identical distribution in favour of some Lindeberg-like condi-
tion. The conclusion involves an unexpected and intriguingperspective on the classic central
limit theorem.

To set the scene for this perspective, we first introduce a convenient notation: ifX1, X2,
. . . are independent manifold-valued random variables taking values in a Riemannian manifold
M then we write

φn(o) =

n
∑

i=1

E
[

1
2
dist(o, Xi)

2
]

(1)

for the “aggregate energy” ofX1, . . . ,Xn at a reference pointo ∈ M. In the vector-valued zero-
mean case this would yield half the trace of the variance-covariance matrix ofX1 + . . . + Xn,
and this gives the right intuition forφn.

The natural setting for a manifold central limit theorem is the following: X1, X2, . . . are
independent manifold-valued random variables, each with the same Fréchet meanE [Xi] = o

for a fixed reference pointo. If the distributions of theXi are non-identical then we will need a
condition of Lindeberg type to control variation: for eachε > 0,

1

φn(o)

n
∑

i=1

E
[

1
2
dist(o, Xi)

2 ; 1
2
dist(o, Xi)

2 > εφn(o)
]

→ 0 . (2)

(Here the notationE [X; A], for random variableX and eventA, is a convenient way to represent
the expectation ofX multiplied by the indicator random variable ofA; thus the expectations in

79



(2) only contribute when theXi are relatively far away from the locationx.) This condition is
appealingly similar to the condition for the most general possible weak law of large numbers for
non-negative random variables (Chow and Teicher (2003), Chapter 10, Theorem 1, Corollary 2);
with modest extra conditions it implies a weak law of large numbers for the empirical Fréchet
meanEe [X1, . . . , Xn] asn → ∞.

For a scalar central limit theorem it would suffice to requirethe scalar specialization of (2);
indeed the classic Lindeberg-Feller theorem shows that this is essentially necessary as well as
sufficient. However in the manifold case we require further conditions in order to control the
relationship between curvature andX1, X2, . . . . Rather than go into details about these (which
are enumerated in Kendall and Le, 2011, Theorem 4), we rehearse the intuition underlying the
proof of the manifold central limit theorem, which is that the result follows by using Newton’s
root-finding method to reduce to the vector-valued case.

Neglecting details concerning such things as cut-loci, onesees this by noting thatEe [X1, . . . , Xn]
must attain the minimum ofΦn(x) =

∑n

i=1
1
2
dist(x, Xi)

2, and hence should be a zero of the
gradient vector field

gradx

1

n

n
∑

i=1

(

−1
2
dist(x, Xi)

2
)

= −
1

n

n
∑

i=1

dist(x, Xi) gradx dist(x, Xi) .

(The tangent vectorYi(x) = − dist(x, Xi) gradx dist(x, Xi) points along the geodesic from
x to Xi, so it is intuitively reasonable that the above sum of gradients should point towards
Ee [X1, . . . , Xn].) Following the theme of Newton’s method, we then consider the first-order
Taylor expansion aboutx = o for gradx dist

∑n

i=1

(

−1
2
dist(x, Xi)

2
)

; we find that

gradx

n
∑

i=1

(

−1
2
dist(x, Xi)

2
)

“ = ” −
n

∑

i=1

dist(o, Xi) grad
o
dist(o, Xi) − Hnγ′

x(0) + error. (3)

Hereγx is the geodesic which starts ato and reachesx at time1; Hn is the Hessian, or matrix
of second-order covariant derivatives, ofΦn at o. In particular, ifγ is a geodesic with initial

tangent vectorγ′(0) at γ(0) = o then〈Hnγ
′(0), γ′(0)〉 =

[

d2

d t2
Φn(γ(t))

]

t=0
. We write “ = ”

rather than= in (3) because the tangent vectors on the left-hand side are located atx, while
on the right hand side they are located ato; therefore full sense of (3) requires the notion of
stochastic parallel transport, suppressed here for clarity of exposition.

Now the left hand side of (3) vanishes atx = Ee [X1, . . . , Xn]. Settingγn = γEe[X1,...,Xn],
and suppressing the error term, we find from (3) that

γ′

n(0) “ ≈ ” − H−1
n

n
∑

i=1

dist(o, Xi) grad
o
dist(o, Xi) = −H−1

n

n
∑

i=1

Yi(o) .

But γ′

n(0) can be viewed as locatingEe [X1, . . . , Xn] in the geometrically natural “exponential
coordinates”. So if we can control the error term and the matrix inverseH−1

n (using the further
conditions on the interaction of the geometry ofM with the random sample) then we can achieve
a central limit theorem forEe [X1, . . . , Xn] in a natural coordinate systemso long as we can
derive a central limit theorem for the essentially vector-valued sum

∑n

i=1 Yi(o). (This follows
by a Slutsky theorem argument, since under re-scaling and appropriate conditions the matrix
inverse then converges weakly to a constant.)
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But now there arises an intriguing problem. It is a direct geometric fact arising from its
definition that‖Yi(o)‖ = dist(o, Xi). Therefore the independent zero-mean vectorsYi = Yi(o)
inherit a Lindeberg-like condition from (2), namely

1

φn(o)

n
∑

i=1

E
[

1
2
‖Yi‖

2 ; 1
2
‖Yi‖

2 > εφn(o)
]

→ 0 , (4)

where we can writeφn(o) =
∑n

i=1 E
[

1
2
‖Yi‖

2
]

. But (4) controls only the lengths of theYi,
not the individual coordinates. There are easy examples satisfying (4) and yetnot satisfying a
central limit theorem. For example, consider the oscillating distributional behaviour of normal-
ized partial sums of a sequence of independent two-dimensional random variables, switching
between(N(0, 1), 0) and(0, N(0, 1)) in successive runs of lengths1, 2, 4, . . . ,2n, . . . .

Thus (4) cannot deliver a central limit theorem on its own. However the example is one in
which the partial sum distribution remains bivariate normal, even though the variance-covariance
matrix does not converge to a limit. And it turns out that thisis a good hint of the power of (4);
it cannot guaranteeconvergence in distribution but does guarantee convergence to zero of an
appropriate distance between the normalized partial sum and a matching multivariate normal
distribution. This distance is the so-called “truncated Wasserstein distance”, a convenient way
of converting statements about weak convergence into statements about distances between dis-
tributions. The actual proof follows the classical centrallimit argument closely; indeed the
analogue of the Feller converse to the Lindeberg theorem holds; under a natural condition (4)
is alsonecessary for the partial sum distribution to converge to matched normality. Hence
Riemannian centres of mass have led to a new insight about classic CLT!
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