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1 Introduction
David Kendall’s pioneering work in the 1970s and 1980s led tohis path-breaking paper on
shape spaces for landmark data (Kendall, (1984)). This classic paper and his subsequent work
(e.g. Kendall, 1989; Kendall et al., 1999) continues to be aninspiration for a generation of
inter-disciplinary researchers1 in the field of shape analysis.

The task of comparing unlabeled marked point sets has been ofrecent interest, e.g. Rangara-
jan et al. (1997), Taylor et al. (2003), Green and Mardia (2006), Dryden et al. (2007), Schmidler
(2007), Ruffieux and Green (2009) and Mardia et al. (2010). Our method does not aim to model
point correspondences, but rather the objects are comparedby assuming a common underlying
reference field which gives rise to the spatial distributionof the marks.

One example where the alignment of unlabeled marked point sets is of practical importance
comes from the fields of structural bioinformatics and chemoinformatics, where it is of great
interest to align molecules. However, the task is often verydifficult. Our motivating application
is a dataset analyzed by Dryden et al. (2007) comprising 31 steroid molecules which bind to
the corticosteroid binding globulin (CBG) receptor (e.g. see Figure 1). For each molecule, the
Cartesian coordinates of the atom positions, as well as the associated van der Waals radii, and
the partial atomic charge values at the atom positions are provided. The dataset of atom co-
ordinates and partial charges was constructed by Jonathan Hirst and James Melville (School of
Chemistry, University of Nottingham). These 31 steroids are the same molecules described by
Wagener et al. (1995), although the constructed co-ordinates here are not identical.

Figure 1: The first steroid in the dataset: aldosterone

The steroids fall into three activity classes with respect to their binding activity to the CBG
receptor (Good et al., (1993)), and the main objective in this application is to compare the
molecules in order to obtain the common features in each of the three groups and to examine
whether these features are associated with the type of binding activity.

1ILD: I feel honoured and privileged to have had David Kendallas my external examiner for my PhD, and I am
forever grateful for his encouragement and kindness at all times.
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We consider a simple model under which spatial prediction ofa reference field is carried out
using the observed marks in each configuration.

2 Random fields and kriging

The starting point for our model is an underlying reference random field
{

Z(x) : x ∈ R
m
}

which is assumed to be second–order stationary with a constant meanE(Z(x)) = µ and a
positive definite covariance functionσ(h) = Cov

(

Z(x), Z(x + h)
)

= σ(−h).
The basic inference problem we consider is formulated as follows: if we are given the two

marked point setsA andB with zA recorded at locations{xA
1
, . . . , xA

kA
} andzB recorded at

locations{xB
1
, . . . , xB

kB
} can we measure how similar they are, taking into account an unknown

1-1 and onto transformationΦ from B to A? The method involves aligning the point sets by
estimating the transformation parameters inΦ (e.g. a rotation matrix and translation vector in a
rigid body transformation).

In order to predict the underlying reference random field from each point set we consider
simple kriging (e.g. Cressie, 1993, pp.110) which assumes the mean fieldµ = 0. For the steroid
molecules with partial charge or van der Waals radius marks it makes sense to fixµ = 0, so that
a long way from the molecular skeleton the predicted field is zero. Given the observed values in
z, the corresponding system of equations for minimizing the prediction mean square error has
the solutionu = Σ

−1σ, and the predicted value forZ(x0) is given byẐ(x0) = σ(x0)
T
Σ

−1z =

uT z, whereσ(x0) =
(

σ(x1 − x0), . . . , σ(xk − x0)
)T

and(Σ)ij = σ(xi − xj), 1 ≤ i, j ≤ k.
For a general locationx this yields the predicted field

Ẑ(x) = zT
Σ

−1σ(x) =

k
∑

i=1

wiσ(xi − x) , (1)

where the weight vectorw = (w1, . . . , wk)
T = Σ

−1z is optimal in terms of minimizing the
PMSE if the underlying assumptions are met. Using (1) and based on the observed data vectors
zA andzB we can obtain a different prediction of the underlying reference random field from
each of the two marked point setsA andB, and the resulting predicted fieldŝZA(x) andẐB(x)
then need to be compared.

3 Function similarity and the Kernel Carbo Index

In order to measure the similarity of the predicted fieldsẐA(x) andẐB(x) we require a metric
space where the notion of similarity can be defined by means ofthe corresponding inner prod-
uct. A commonly used metric space for functions is the space of Lebesgue square-integrable
functionsL2, where the inner product has the form

< f, g >L2
=

∫

f(x)g(x)dx. (2)

Based on (2) an intuitive measure of similarity between two functionsf andg can be formulated
which does not depend on the scales off andg, i.e.

Rfg =

∫

f(x)g(x)dx
(∫

f(x)2dx
)1/2 (∫

g(x)2dx
)1/2

=
< f, g >L2

(< f, f >L2
< g, g >L2

)1/2
,

and soRfg = 1 if f = cg, wherec > 0 is a positive constant, andRfg = −1 if c < 0. Note that
Rfg is a generalization of Pearson’s correlation coefficient for comparing two functions. Also
note that, in general, calculation ofRfg would involve numerical integration over the domain,
which may be computationally demanding.
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An alternative metric space for functions is a reproducing kernel Hilbert space (RKHS) that,
for a given reproducing kernel, can easily be constructed and is much simpler and quicker to
use in practice. This alternative is very useful for our model because the covariance functionσ

of the reference random field can be viewed as a reproducing kernel onR
m × R

m due to the
properties of a general covariance function (e.g. symmetric and positive definite). Hence, the

corresponding RKHS exists and can be written asHσ =
{

f | f(x) =
∑kA

i=1
αi σ(xA

i − x)
}

. In

this space the inner product off(x) =
∑kA

i=1
αi σ(xA

i − x) ∈ Hσ andg(x) =
∑kB

j=1
βj σ(xB

j −
x) ∈ Hσ has the form

< f, g >Hσ
=

kA
∑

i=1

kB
∑

j=1

αiβj σ(xA
i − xB

j),

which can be evaluated without expensive numerical integration.
Note that we can view the kriging predictor (1) as a member ofHσ, and hence we can use

the RKHS inner product< . , . >Hσ
to measure the similarity between the predicted fields of

A andB. Let ẐA(x) =
∑kA

i=1
wA

i σ(xA
i − x) andẐB(x) =

∑kB
j=1

wB
jσ(Φ(xB

j) − x) denote the
predicted fields of the marked point setsA andB in the relative position defined byΦ. The
similarity measure we use has the form

CAB(φ) =
< ẐA, ẐB >Hσ

||ẐA||Hσ
||ẐB||Hσ

, (3)

where ||ẐM||Hσ
= < ẐM, ẐM >Hσ

(M ∈ {A, B}), andφ denotes the parameter vector of
the unknown transformationΦ. The numerator term measures the “overlap” of the fields (in
a certain relative position) whereas the denominator is a transformation invariant normalizing
constant which ensures thatCAB(φ) ∈ [−1, 1]. Optimizing (3) with respect to the transformation
parameters yields the “Kernel Carbo Index”

C(A, B) = sup
φ

CAB(φ) = sup
φ

< ẐA, ẐB >Hσ

||ẐA||Hσ
||ẐB||Hσ

, (4)

in which configurationB is transformed (by the relative transformation functionΦ) to be as
similar as possible to configurationA.

In many applications it is of interest to match parts of objects rather than the entire configu-
rations. Our steroids application is one such example because only a part of each molecule may
fit into the binding pocket of the common receptor. We therefore also consider mask parameters
which are indicator functions, signifying whether or not each atom should be used in the field
comparison.

Note that the optimization in (4) is not straightforward in practice due to local maxima,
especially when the mask parameters are also included. As anapproximation to using the
Kernel Carbo index in (4) we propose a Bayesian model where the likelihood is an increasing
function of (3) and find the value of the similarity index (3) at the maximum a posteriori (MAP)
estimates of the transformation and mask parameters. In Czogiel et al. (2011) the Bayesian
methodology is applied to 2D and 3D data and suitable prior models and covariance functions
based on the Matérn family are explored. The steroids data are analyzed and are available in
the supplementary material to Czogiel et al. (2011).
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