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Summary. The flat cases-by-variables “data matrixX” is the classic notational underlay for
the conventional multivariate analyses arising in linear models and analogous contexts where
variables have no intrinsic semantics of their own. This flatmatrix notation is ill-suited to 21st-
century statistics, which already centers and will continue to center on applications to complex
organized systems such as geotectonics, morphogenesis, physiology, and similar contexts in
which extensive prior knowledge is encoded a-priori in quantitative characterizations of the
variables jointly. Now is a good time, and LASR is a good venue, for creative brainstorming
along these lines toward the appropriate replacement lexicons for observed patterns. This spec-
ulative essay, the twentieth or so in my series of LASR provocations, offers an idiosyncratic
personal selection of possibilities.

Introduction

As Ludwig Wittgenstein famously said, “Die Grenzen meiner Sprache bedeuten die Grenzen
meiner Welt” — “The limits of my language are the limits of my world.” This applies as
trenchantly to statisticians as to philosophers: the limits of statistical data analysis are set in
great part by limitations built into the language by which wereport the outcomes of our pattern
searches there. Put another way, the rhetoric, meaning persuasive style, in which the scientist
reports the results of his collaborative statistical analyses, is dependent on the rhetoric, meaning
grammatical craft, by means of which the collaborating statistician has posed the questions (the
pattern searches) in the first place. That rhetoric has been fatally hamstrung by the early 20th-
century formalism of the “data matrix X,” cases by variables, in that nearly all of the a-priori
structuring is assigned to the cases facet of the design (sampling frames, covariance structures)
and hardly anything to the meaning of the variables. There are many and diverse prototypes for
an effort, here in the early 21st century, to balance the investment more equitably. Hence this
speculative essay.

Statistics as the scientific semantics of empirical patterns

Mathematics, the cliché goes, is the language of science. Actually, it is not that language,
but only thesyntaxof that language, the rules that allow a symbolic construal of the empirical
patterns uncovered by the inherited perceptual machinery of the mind. For the semantics (the
treatment of meaning), we need to turn to information theoryand statistics, specifically, statisti-
cal data analysis. But that would not be today’s academic statistics, which has exhausted the im-
plications of both its 19th-century origins in natural philosophy and its 20th-century impetuses
in experimental design and the algebra of covariance matrices. We need instead a semantics —
a linguistics, really — for situations like the following.

Systematic, stable phenomena with complicated ranges.Among the triumphs of 20th-
century science are the following two textbook-standard plots, one conceived in the first half of
the century, the other in the second half.
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The plot at left is theHertzsprung–Russell
diagram, the joint distribution of stellar spec-
tral color by absolute luminosity. It led di-
rectly to S. Chandrasekhar’s model of stellar
evolution, which lies at the root of most of
today’s cosmology. The plot beneath it runs
at about 20 orders of magnitude more pre-
cision: it is, of course, theRamachandran
plot of the parametersφ and ψ describing
the local geometry of a protein backbone in
space. The issue I am raising regarding both
of these plots, along with several famous oth-
ers (e.g., the Periodic Table), is that we lack
a proper language for the way such evidence
about organized constraints on reality con-
strains our quantitative explanations in turn.
Issues of dynamics are omitted from the up-
per figure, for instance, and issues of autocor-
relation along the backbone from the lower.

Other aspects of controlled vocabulary are
equally familiar, at least to the applied statis-
tician of the natural sciences. The first at-
tempt at a formal semantics of measurement
in physics, for instance, was James Clerk
Maxwell’s, the same man who effectively ar-
gued the reality of the Gaussian distribution

for components of the velocity of gas molecules. In a paper remarkably in advance of its time,
Maxwell (1871) sketched the types of quantities that would underlie all of classical physics and
its extensions into the nearby sciences right up through thepresent. We have only today begun
to work out how to adapt the Maxwell notation to the now-overwhelming flow of data from
just one context, the physiological (Cook et al., (2011)). An analogous development (Munck,
(2005)) characterizes the semantics for reports of patterns in the chemometricspectrareturned
by the laboratory machines that reify the variation of living materials at the chemical level.

The role of the origin of data.One of the most unfortunate anachronisms left over from the
heyday of classical multivariate analysis is the notationN(µ,Σ), which subtly encourages us
to imagine an average and the variation of real systems around that average as if there were no
constraints on either by virtue of the other. Ever since the first promulgation of shape coordi-
nates (Bookstein, 1986, 1991) we have understood that in morphometrics, at least, it is essential
to understand the entanglement betweenµ andΣ. Both in classic landmark-driven morphomet-
rics and in its modern extension to curves, surfaces, and tensor image contents, morphometric
reports of variations in a selected tangent space to one or another Riemannian shape manifold
(from metrics like Procrustes distance, strain energy, or image energy) go forward in the context
of the space of possible shape reportsat the touching point of the tangent space selected,usually
a sample average. In one simple example, a pattern of changesof Procrustes shape coordinates,
or of proportions among pairwise distances between landmarks, that is a uniform shear for one
starting configuration is a deformation of arbitrarily highcomplexity when referred to a range of
different starting forms instead. As another example, the relation between Procrustes distance
and bending energy crucially depends on landmark spacing (Bookstein, (1991); Bookstein and
Green, (1993)).
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Those are prototypes for what we need more generally: a syntax for pattern claims on dia-
grams like those above (or the less colorful equivalent in Procrustes principal coordinates) that
combines assertions about choice of variables and about thepatterns they reveal in a flexible
joint language, originally visual, springing from the vicissitudes of the underlying machines and
their output. The origin of morphometric localizations in the technology of imaging machines
is so familiar to us (see, e.g., Weber and Bookstein, (2011))that we have overlooked how cru-
cial is the analogous formal task in the wider world of pattern analysis for complex organized
systems more generally.

The language of measurements: An assortment of responses

In the remaining space I sketch some tricks and approaches that this statistical data analyst
often exploits to circumvent the limitations of the tools inwhich he was trained. Any of these
are among the possible replacement candidates for the core pattern engines to serve over the
next few decades. I will mention three: geometries of measurement spaces, symmetry-breaking
as a particularly fruitful style of empirical description,and (a major current concern of mine)
the construction of a bridge between statistical methodology and computational continuum me-
chanics, namely, the representation of uncertainty in the inputs to a finite-element analysis,
and the effect of this uncertainty upon the outputs and the associated risks. The quality that
distinguishes all these from their classical analogues is an emphasis on the issue ofchoice of
measurements,not the mere construction of linear composites of the haphazard quantities that
already happen to be available.

Geometries of measurement spaces.The earliest development making it clear that geomet-
ric morphometrics could not be contained within classical multivariate theory may have been
my observation of the 1980’s that any average shape of a triangle of landmarks establishes an
involution between sets of shape measurements at90◦ in the corresponding dual space, and also
an involution between distance-ratios and angles as descriptors of these systems (see Bookstein,
1991, Chap. 6). The ratio of generalized interlandmark distances affording the greatest change
of proportions corresponds to distances that start and end at 90◦, while the displacement of the
shape change vector by a90◦ rotation interchanges the role of distance and angle in the preced-
ing description: now the distance-ratio is invariant whilethe angle changes fastest. In this wise
morphometrics inverts the usual temporal relationship between data analysis and variable con-
struction: analysis first, with delineation of variables much later, just prior to publication. An
earlier version of these structuring ideas was implicit in the factor-analysis approach of Louis
Guttman (cf. Guttman, (1966)), and they have made an appearance in multivariate calibration
as well (Bookstein et al., (1996)).

More recently our attention has been drawn to the role of the natural metricΣ log2 λ for
covariance matrices (Mitteroecker and Bookstein, (2009)), where theλ’s are the relative eigen-
values, and the curious circumstance that patterns characterizing these covariance distances are
affine-invariant even though patterns of the underlying probability models (e.g., sphericity) are
not. On the other hand, we still have no good candidate for a pattern engine that can handle the
simplest quantitative descriptors of cell cycles (cf. Tyson et al., (2003)) — not their graphs and
surely not their parametric dynamics.

Symmetries of systems, symmetries of measurement.I limit myself here to two interest-
ing examples. In one, illustrated below, we see a geodesic (of image-based strain energy)
between two shapes, a Helvetica A and a Helvetica B (Wirth et al., (2011)). The example
is unexpected in that while both endpoints of the geodesic are characterized by bilateral sym-
metry, the axes are different: for the A, vertical; for the B,horizontal. It appears that the
geodesic lies close to the submanifold of bilateral symmetry for the A at one end, and close
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to that for the B at the other end. Only for a short length in themiddle does the asym-
metry stray far from the symmetry characterizing the nearerendpoint. This suggests an in-
teraction between the Riemannian distance metric here (a generalized strain) and the sub-
spaces BL introduced by Mardia et al., 2000, to formalize theProcrustes morphometrics of
asymmetry in the same situation. Strain energy may be anisotropic in Procrustes distance
within vs. normal to this subspace of symmetric forms. Such an anisotropy would bear
profound implications for computer image analysis as well as human perceptual psychology.

A similar search for geometries of symmetry transformations would reward many other fla-
vors of empirical data analysis. For instance, studies of vertebrate embryogenesis are typically
driven by images from the surface of a sphere. One natural normalization group is the ro-
tation group, but there are others, including the Möbius group (a representation of the linear
fractional group of the complex plane into which the surfaceof the sphere can be mapped by
stereographic projection). Like the rotation group, the Möbius can be infinitesimalized; unlike
the rotation group, it permits the setting of landmarks at the poles (the one or two fixed points)
of the transformation. The success of the Procrustes metricfor normalization of “landmark
shape” may be only one example of a wider variation of normalization groups corresponding to
different empirical image analyses.

Information compression and representation of variance and uncertainty in finite element
analyses.This last theme, a current interest of mine (Weber, Bookstein, and Strait, (2011)), is
badly overdue for mathematical-statistical treatment in depth. Nowhere in today’s communities
of computational mechanics and biomechanics do I find a formalism for the effect of variances
or uncertainties ofform upon uncertainties of thecomputed deformations of formwhen both
are reported in terms of the locations of nodes in a finite-element decomposition of some solid
material. Recent advances in computational mechanics are promising. The method ofisoge-
ometric analysis,for instance (Hughes et al., (2005)), seems like a fine analogue of principal
warps (eigenfunctions of the bending energy of the thin-plate spline) for the representation of
large-scale variation in shape subspaces requiring relatively few parameters. The reports can
be by displacement fields or by strain fields (tensors), alongwith the associated physical en-
ergy. One technical issue is of tracing the implications of measured uncertainties of location for
the solutions of the partial differential equations for which those locations serve as boundary
conditions; another is the handling of coordinates within the tangent spaces of curving bound-
aries (which differs radically between current morphometric practice and current finite-element
methodology). A typical practical application might be theassessment of material properties
and their heterogeneity by strain-based measurements. Another, the prediction of the risk of
fracture of a particular geriatric proximal femur, along with the distribution of probable loca-
tions of such a fracture, is already of considerable medicalinterest.

Concluding remarks

If statistics is to regain its status as one important bridgebetween mathematics and the nat-
ural sciences, we have some work to do upon foundations. We were launched well in the 19th
century, first with the Maxwell-Boltzmann physics of normaldistributions, then with the ori-
gins of correlation and regression in biometry. But our 20th-century multivariate statistics has
headed off in directions that, in the context of the history of ideas treated more broadly, have
generally proven intellectual dead ends. The curricula through which I was led in graduate
school, emphasizing probability spaces, significance testing, and the algebra of covariance ma-
trices, have little in common with the better formal structures encoding today’s most pressing
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questions about empirical patterns and their dynamics, causes, or effects. These questions rely
on preparation of the measurement spaces even more carefully than the handling of the data
once measured.

The new foundation for applied statistics will emphasize the origin of measurements in the
performance of machines, including the nature of spaces of measurements and their constraints,
the pattern analyses by which we distinguish signal from noise and meaning from meaningless-
ness in these contexts of organized complexity, and the rhetoric by which all this is converted
from arithmetic into qualitative summaries for our typicalscientific and general audiences, for
purposes that range from explanation through medical treatment planning and onward to risk
management and public policy. We should reinvent statistical data analysis following on hints
from the best 21st-century pattern analyses from the natural sciences, including the informa-
tion sciences, in the same way that earlier versions of the core followed on hints from the less
complex pattern analyses of the 19th and 20th centuries. An attention to the interplay between
measurements and statistics — between numbers and reasons —is seriously overdue.
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