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1 Introduction

There has been a proliferation of applications in which the number of experimental unitsn
is comparatively small but the underlying dimensionp is extremely large as, for example, in
microarray-based genomics and other high-throughput experimental approaches. Hence there
has been increasing attention given not only in bioinformatics and machine learning, but also in
mainstream statistics, to the analysis of complex data in this situation wheren is small relative
top. In this talk, we focus on the clustering of high-dimensional (continuous) data, using normal
mixture models. Their use in this context is not straightforward, as the normal mixture model
is a highly parameterized one with each component-covariance matrix consisting ofp(p+ 1)/2
distinct parameters in the unrestricted case. Hence some restrictions must be imposed and/or a
variable selection method applied beforehand.

One area in which the clustering of high-dimensional data arises is in bioinformatics with
the analysis of microarray gene-expression data (McLachlan et al., 2004). The widespread
use of DNA microarray technology to perform experiments on thousands of gene fragments in
parallel has led to an explosion of expression data. A variety of multivariate analysis methods
have been used to explore these data for relationships amongthe genes and the tissue samples.
Cluster analysis has been one of the most frequently used methods for these purposes. It is
an exploratory technique that attempts to find groups of observations that have similar values
on a set of variables. Sometimes emphasis is placed on the distinction between the search for
naturally occurring clusters and the division of the entities into a given number of groups, where
there is no implication that the resulting groups are in any sense a natural division of the data.
particularly as most methods for finding natural clusters are also useful for segmenting the data
(McLachlan et al., 2008).

Although biological experiments vary considerably in their design, the data generated by
microarray experiments can be viewed as a matrix of expression levels. ForM microarray
experiments (corresponding toM tissue samples), where we measure the expression levels
of N genes in each experiment, the results can be represented by theN × M matrix; see,
for example, Baek et al. (2007). For each tissue, we can consider the expression levels of
theN genes, called itsexpression signature. Conversely, for each gene, we can consider its
expression levels across the different tissue samples, called itsexpression profile. TheM tissue
samples might correspond to each ofM different patients or, say, to samples from a single
patient taken atM different time points. In the sequel, we focus on the application of normal
mixture models in the aforementioned framework. But mixture models are being applied widely
in bioinformatics, including recently to ChIP samples provided by ChIP-chip and ChIP-seq
technologies (Johannes et al., 2010).

In the standard setting of a model-based cluster analysis, then observationsx1, . . . , xn to
be clustered are taken to be independent realizations wherethe sample sizen is much larger
than the dimensionp of each vectorxj , n >> p. It is also assumed that the sizes of the clusters
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to be produced are sufficiently large relative top to avoid computational difficulties with near-
singular estimates of the within-cluster covariance matrices.

In the cluster analysis of theM tissue samples on the basis of theN genes, we haven = M
andp = N . Thus the sample sizen will be typically small relative to the dimensionp, causing
estimation problems under the normal mixture model,

f(x; Ψ) =

g
∑

i=1

φ(x; µi,Σi), (1)

whereφ(y; µi,Σi) denotes thep-dimensional normal density function with meanµi and co-
variance matrixΣi andΨ is the vector of unknown parameters. This is because theg-component
normal mixture model (1) with unrestricted component-covariance matrices is a highly pa-
rameterized model with1

2
p(p + 1) parameters for each component-covariance matrixΣi (i =

1, . . . , g).

2 Clustering of Tissue Samples

In the typical application of normal mixture models to clustering, the number of clusters cor-
responds to the number of components in the mixture model. But in cases where the clusters
are not elliptically symmetric, this correspondence will not hold if additional components are
needed to cover the asymmetry in the data. One way to enable the number of components to
correspond to the number of clusters in such situations is tofit mixture models with skew nor-
mal components or skew t-components where there might outliers as well as asymmetry in the
data. Examples of this approach are given in flow cytometry where mixture of skewt-densities
are adopted to handle asymmetry and outliers in the analysisof the data (Pyne et al., 2009).

In the analysis of microarray gene-expression data,n (the number of tissues) might be only
50, whereasp (the number of genes) might be in the tens of thousands. We follow the traditional
biologists’ practice of letting

X = (x1, ...,xn)

be thep × n data matrix. The usual statistical practice is to take the transpose ofX, XT , as
the data matrix. Without loss of generality, we assume that the overall mean ofX is zero. In
most statistical analyses of the data matrixX, some form of dimension reduction is required,
typically before the primary analysis is performed or with some approaches it might be done in
conjunction with the main analysis.

An obvious way to handle the very large number of genes is to perform a principal com-
ponent analysis and carry out the cluster analysis on the basis of the leading components. The
shortcomings of a PCA in such a context is that the leading components need not necessarily
reflect the direction in the feature space best for revealingthe group structure of the tissues.
This is because it is concerned with the direction of maximumvariance, which is composed of
variance within the clusters and variance between the clusters. If the latter are relatively large,
then the leading components may not be so useful for the purposes of cluster analysis. But
with the analysis of microarray data, this problem is compounded by the very large number
of genes and their associated noise. Thus artificial directions can result from noisy genes and
highly correlated ones. Consequently, a potential problemwith a PCA is the determination of
an appropriate number of principal components (PCs) usefulfor clustering. A common practice
is to choose the first few leading components. But it may not beclear where to stop and whether
some of these components are caused by some artifact or noises in the data.
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We consider a number of approaches with the focus on the EMMIX-Gene procedure of
McLachlan et al. (2002). It handles the problem of a high-dimensional feature vector by us-
ing mixtures of factor analyzers whereby the component correlations between the genes are
explained by their conditional linear dependence on a smallnumberq of latent or unobserv-
able variables specific to each component. In practice we maywish to work with a subset of
the available genes, particularly as the fitting of a mixtureof factor analyzers will involve a
considerable amount of computation time for an extremely large number of genes. Indeed, the
simultaneous use of too many genes in the cluster analysis may serve only to create noise that
masks the effect of a smaller number of genes. Also, the intent of the cluster analysis may
not be to produce a clustering of the tissues on the basis of all the available genes, but rather
to discover and study different clusterings of the tissues corresponding to different subsets of
the genes. For example, the tissues (cell lines or biological samples) may cluster according to
cell or tissue type (for example, cancerous or healthy) or according to cancer type (for exam-
ple, breast cancer or melanoma). However, the same samples may cluster differently according
to other cellular characteristics, such as progression through the cell cycle, drug metabolism,
mutation, growth rate, or interferon response, all of whichhave a genetic basis.

Therefore, the EMMIX-GENE procedure has two optional stepsbefore the final step of
clustering the tissues. The first step considers the selection of a subset of relevant genes from
the available set of genes by screening the genes on an individual basis to eliminate those which
are of little use in clustering the tissue samples in terms ofthe likelihood ratio test statistic.
The second step clusters the retained genesNo into groups on the basis of Euclidean distance
so that highly correlated genes are clustered into the same group. The third and final step
of the EMMIX-GENE procedure considers the clustering of thetissues by fitting mixtures of
normal distributions or factor analyzers (McLachlan and Peel, 2000; Baek et al., 2010). It can
be implemented either by considering the groups of genes simultaneously on the basis of their
means or by considering the groups individually on the basisof all or a subset of the genes in a
given group.

3 Clustering of Gene Profiles

In the remainder of this chapter, we consider the clusteringof gene profiles with or without
replication across some experimental conditions of interest. For this clustering problem, the
number of observationsn to be clustered is the number of genes(n = N), which will usually
be very large relative to the dimensionp of the feature space(p = M). In this sense it falls
in the standard framework. However, this clustering problem is not straightforward as the pro-
files of the genes are not all independently distributed and the expression levels may have been
obtained from an experimental design involving replicatedarrays. Thus the standard normal
mixture model (1) cannot directly be applied to cluster the gene profiles. This is because in
unmodified form, this approach does not incorporate experimental design information such as
disease status of the tissue samples in which the genes are measured in cross-sectional studies,
covariate information such as the time ordering of the gene measurements in time-course stud-
ies, or the structure of the replicated data as in longitudinal studies. There is a need to develop
further clustering procedures that are applicable to data from a wide variety of experimental
designs. For example, microarray experiments are now beingcarried out with replication for
capturing either biological or technical variability in expression levels to improve the quality of
inferences made from experimental studies. Replicated measurements from each tissue sample
are often interdependent and tend to be more alike in characteristics than data chosen at ran-
dom from the population as a whole. Similarly, in time-course studies (Storey et al., 2005),

71



where expression levels are measured under various conditions or at different time points, gene
expressions obtained from the same condition are correlated.

Ng et al. (2006) have developed a random-effects model that provides a unified approach
to the clustering of genes with correlated expression levels measured in a wide variety of ex-
perimental situations. Their model is an extension of the normal mixture model to account for
the correlations between the gene profiles and to enable covariate information to be incorpo-
rated into the clustering process. Hence the model is applicable to longitudinal studies with
or without replication, for example, time-course experiments by using time as a covariate, and
to cross-sectional experiments by using categorical covariates to represent the different experi-
mental classes.

We describe the the random-effects model of Ng et al. (2006),called EMMIX-WIRE (EM -
basedMIX ture analysisWI th RandomEffects). It can be fitted by maximum likelihood via
the Expectation–Maximization (EM) algorithm of Dempster et al. (1977) for which the E- and
M-steps can be implemented in closed form; see also McLachlan and Krishnan (2008). Hence
their model can be fitted deterministically without the needfor time-consuming Monte Carlo
approximations.

As noted by Bryan (2004) with the clustering of gene profiles,any clustering structure found
may not be directly reflective of biological realities, but might be more due to the preprocessing
of the data, which can create sparsely populated areas in theprofile space as an artifact. In such
situations, the clustering may still be of interest from thepoint of view of which genes are put
together in the same cluster for various choices of the number of clusters.
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