
Shape analysis in the light of simplicial depth estimators

Stanislav Katina

Department of Anthropology, University of Vienna, and
Department of Applied Mathematics and Statistics, Comenius University

Abstract

In this paper we present the maximum simplicial depth estimator and compare it to the
ordinary least square estimator in examples from2D shape analysis focusing on bivariate
and multivariate allometrical problems from zoology. We compare two types of estimators
derived under different subsets of parametric space on the basis of the linear regression
model,θ = (θ1, θ2)

T ∈ R
2 andθ = (θ1, θ2, θ3)

T ∈ R
3, whereθ3 = 0. In applications

where outliers in thex- or y-axis direction occur in the data and residuals from ordinary
least-square (OLS) linear regression model are not normally distributed, we recommend
the use of the maximum simplicial depth estimators.

For generalising the median to higher-dimensional settings, a variety of different maximum
depth estimators have been introduced. They extend, for example, the halfplane location depth
of Tukey. LetZ1, ..., ZN be independent and identically distributed bivariate random variables,
Zn ∈ Z ⊂ R

2, n = 1, 2, ..., N . For given observationsz = (z1, ..., zN), we writezn = (yn, tn).
Thehalfplane location depth of an arbitrary pointθ ∈ R

2 relative toz is defined asdl (θ, z) =
min∀H # {n : zn ∈ H} , n = 1, ..., N , whereH ranges over all closed halfplanes of which the
boundary line passes throughθ. The deepest location is defined aŝθdl = arg max

∀θ
dl (θ, z)

and often called theTukey median. This depth concept was transferred to regression by e.g.
Wellmannet al. (2007), and we discuss it in the following paragraphs.

We assume that the bivariate random variablesZ1, ..., ZN are independent and identically
distributed, that the variablesZn have values inZ ⊂ R

2, n = 1, 2, ..., N , and that there is a
known family of probability measuresP = {P

(Z1,...,ZN)
θ : θ ∈ Θ} with Θ = R

q. For given
observationsz1, ..., zN ∈ Z, we always writez = (z1, ..., zN ) andzn = (yn, tn). Let x be
the functionx : R → R

q, x(tn) = (1, tn, ..., t
q−1
n )T and setX = {x(tn), n = 1, 2, ..., N}. We

model the relationship betweenyn andtn by the linear regression model given by

yn = x (tn)T θ + εn, (1)

whereθ = (θ1, ..., θq)
T ∈ R

q. The parameter spaceΘ = R
q is divided up into domains with

constant depth ofθ with respect toz and X. For given observationsz let Dom(z) be the
set of all those domains with constant depth ofθ with respect toz andX. For each subset{
zn1

, ..., znq+1

}
of q+1 observations with pairwise different explanatory variablestn1

, ..., tnq+1
,

Dom
((

zn1
, ..., znq+1

))
contains exactly one bounded domain with constant depth. The closure

of this domain is a simplex, calledS
(
zn1

, ..., znq+1

)
. A maximal simplicial depth estimator

for given observationsz1, ..., zN ∈ Z with respect to a subsetK ⊂ R
q is defined to be a

parameter̂θS ∈ arg max
θ∈K

dS(θ, z), where the simplicial depthdS of θ within z is defined as

the fraction of simplices that contain the parameterθ as an interior point (that is,dS(θ, z) =(
N

q+1

)−1
#
{
{n1,...,nq+1}⊂{1,...,N}:θ∈int(S(zn1

,...,znq+1))
}

, whereint denotes the interior of the set and
# the cardinality of a set; for details see Wellmannet al., 2007). It is interesting to see that
the regression lines with maximum simplicial depth depend on the dimensionq of the space in
which the interesting parameters are embedded.
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The maximum simplicial depth estimator̂θS is not unique. IfK is R
q or an affine sub-

space ofRq or a polyhedron, then the closure of the set of all parametersθ ∈ K that maximise
dS(·, z)|K is a union of polytopes. LetP be the set of these polytopes. We calculate the vertices
ext (P ) =

{
θP,1, ..., θP,Np

}
of each polytopeP ∈ P, whereconv(ext (P )) is the set of all con-

vex combinations of vertices fromP . If we assume that the true probability measure belongs to
{Pθ : θ ∈ K}, then we can choose abestdeepest parameter̂θBD based onl1 andl2 minimisation
from the set of̂θS ∈

⋃
P∈P

conv(ext (P )).

In order to compare the maximum simplicial depth estimator with some other estimate, we
use theOLS-estimator. In the examples, we used the followingR functions implemented in
the basicR package (http://cran.at.r-project.org/): lm for theOLS-estimator,
anova for theF -test for the full linear regression model versus the submodel, andchisq.gof
for the Chi-square goodness-of-fit test of a hypothesised normal distribution versus theOLS
residual distribution (normality was rejected in all linear regression models used in the exam-
ples; all p-values< 0.001). R routines for simplicial depth estimators and the best of alldeepest
parameters come from Wellmannet al. (2007), while others are specially made for this paper.

Assuming the linear regression model(1) we findθ = (θ1, θ2)
T ∈ R

2 andθ = (θ1, θ2, θ3)
T ∈

R
3. For theone-sample problem, we use a distribution–free, asymptoticα-level test for testing

H0 : θ ∈ Θ0, whereΘ0 = {θ ∈ R
3; θ3 = 0}, which can be rejected at significance levelα

2
. We

write the test statistic as

T (z) = N
(
supθ∈Θ0

dS(θ, z) − 1
2q

)

and we rejectH0, if T (z) is less than theα-quantile of the distribution (Wellmannet al., 2007).
Let K be a subset of the parameters spaceΘ ∈ R

q. In the two-sample problem, we use a
distribution-free, asymptoticα-level test for testing the null hypothesis that independent obser-
vations from two populations can be described by the same polynomial regression function(1)
with a parameter inK. For i = 1, 2, takeθi to be the unknown, true parameter for the observa-
tionszi := (zi,1, ..., zi,Ni

) ∈ ZNi from theith sample. For each population, we make the same
assumptions as for the one-sample test. We do not reject the hypothesisH0 : θ1 = θ2 ∈ K

at significance levelα, if there is aθ ∈ K, such that neither the hypothesis thatθ is the true
parameter for the first population, nor the hypothesis thatθ is the true parameter for the second
population, can be rejected at significance levelα

2
. The test statistic is given by

T (z1, z2) := max
θ∈K

Φθ(z
1, z2),

whereΦθ(z
1, z2) := min

(
N1(dS(θ, z1) − 1

2q ), N2(dS(θ, z2) − 1
2q )

)
. We rejectH0, if T (z1, z2)

is less than theα
2
-quantile of the distribution (Wellmannet al., 2007).

Example: 2D shape analysis in zoology
In Canada,85 natural specimens of sunfish pumpkinseed (Lepomis gibbosus) were collected

in 2003 from theOtonabee River (oto). A total of 170 introduced specimens of the same type
were taken fromthermal lagoon Topla struga near Catez (cat), Slovenia (Toměcek, J.et al.,
2005).

In the first application (Fig.1 left) we wanted to find out how the relative head length
depends on size during growth. Lettn bestandard length, defined as the distance between the
anterior tip of the upper jaw and the caudal fin base inmm, and letyn berelative head length
defined as head length divided bytn.

In the linear regression model(1) with q = 2, the best̂θ in the sense ofl1 andl2 minimi-
sation in the domainconv (ext (P )) is θ̂BD: for oto this vector is(0.2580,−0.0007)T and for
cat (0.2910,−0.0009)T . All these estimators are on the domain boundary with3 vertices. In
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Figure 1: Left: Bivariate allometry – deepest (q = 3) andOLS lines. Right: Multivariate
allometry – deepest (q = 2) andOLS lines

the linear regression model(1) with q = 3 andθ3 = 0, the best̂θ in the sense ofl1 andl2 min-
imisation in the domainconv (ext (P )) is θ̂BD as follows: foroto (0.2578,−0.0006, 0)T (not
on the boundary,4 vertices) andcat (0.2910,−0.0008, 0)T (on the boundary, both3 vertices).
Assuming a linear regression model(1) with parameterθ = (θ1, θ2, θ3)

T ∈ R
3, we want to test

the hypothesis that the true function is linear, i.e.H0 : θ ∈ Θ0, whereΘ0 = {θ ∈ R
3; θ3 = 0}.

Foroto andcat, the maximal simplicial depthsupθ∈Θ0
dS(θ, z) is 0.129 and0.127, test statistics

T (z) are0.370, 0.306, respectively. If the significance level is5%, then we cannot reject the
null hypotheses about theoto andcat population.

Now we investigate whether the growth changes of relative head length of the populations
oto andcat can be described by the same regression line. The test statistic for this two-sample
problem isT (z1, z2) = −6.552, if q = 2, andT (z1, z2) = −4.734, if q = 3 andθ3 = 0. Both
are less than the1% quantile of the asymptotic distribution (Wellmannet al., 2007). Hence in
both cases with respect to a significance level of5% there is strong rejection. We may assume
that the regression lines are different and cannot be described by one line.

In the second application(Fig.2 right) we wanted to find out the multivariate dependence
of shape on size, to investigate whether the growth trajectories can be described by the same
regression line. This multivariate approach focuses on PCAin size-and-shape space, which is
best constructed as a PCA of the Procrustes coordinates augmented by the natural logarithm
of centroid sizeln(CS), where mutually uncorrelated PC scores are a projection of ahigh-
dimensional space onto a few-dimensional space and summarise most of the variance present in
the data (Booksteinet al., 2003). Lettn be PC1 scores andyn PC2 scores (together explaining
73.365% of variability, Pearson’s correlation coefficientr of ln(CS) and PC1 scores is0.9999).
The test statistic for this two-sample problem isT (z1, z2) = −20.387, if q = 2. This is far less
than the1% quantile of the asymptotic distribution. Hence with respect to a significance level
of 5% there is strong rejection (regression lines—ontogenetic trajectories are parallel).

In the third application (Fig.2) we analysed morphological integration between two blocks
(cranial and postcranial) over individual time scale (ontogeny) using Partial Least Squares
(PLS)—singular warp (SW) analysis (Booksteinet al., 2003). The analysis results in lin-
ear combinations of the landmarks within a blocks that summarise maximal covariance across
blocks. Lettn be cranial SW1 scores andyn postcranial SW1 scores (together explaining86.9%
of variability, r of ln(CS) and cranial block SW1 scores is0.6413, r of ln(CS) and postcra-
nial block SW1 scores is0.8189). The test statistic for this two-sample problem isT (z1, z2)
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Figure 2: Left: First singular warp scores – deepest (q = 3) andOLS lines. Right: Composite
spline (from the mean shape to the upper right corner of left plot)

= −0.422, if q = 3 andθ3 = 0. With respect to a significance level of5% there is no re-
jection (regression lines are the same—but with both populations separated). The plots of SW
scores show the contribution of each dimension to each actual shape (Fig.2 left). The SWs can
be visualised as one composite thin-plate spline to see the patterns of shape differences (Fig.2
right).

AlthoughOLS residuals, either for the full regression model or for the submodel (in two-
sample problem), do not have a normal distribution, we applytheF -test (in all three applica-
tions), yielding p-values of< 0.0001, < 0.001, 0.026. So theF -test and depth test give the
same results only in the1st and2nd application. But the trueOLS function of PC scores for
cat is quadratic (due to outliers) and for theoto it is linear, so theF -test is not valid. In the
1st and3rd application, theOLS estimates and maximal simplicial depth estimates are very
similar but in the2nd application they are different due to outliers.

In applications, whenever outliers in thex- or y-axis directions occur and residuals from the
OLS linear regression model are not normally distributed, we recommend use of the maximum
simplicial depth estimators.
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