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Abstract

We present a methodology that combines image and shape analysis techniques with a
mathematical formulation that allows us to shed light on theelastomechanics underlying tip
growth. The approach is organism neutral and can be applied to a wide range of filamentous
organisms, given data of sufficient quality.

Here we present images captured from experiment that show branching in plants along
with a simple algorithm for segmenting the shape of an emerging branch. We then present a
method for indirectly calculating the elastic modulus changes with time during the process
of branch creation.

1 Introduction

Polar growth exists in nature in many different forms and over many different length scales
(Bibikova & Gilroy, 2003; Gierz & Bartnicki-Garcia, 2001; Goriely& Tabor, 2003a). However,
despite this diversity they generally exhibit similar morphology and growth patterns. In root
hairs and filamentous organisms, tip growth is approximately linear and a filamentous organism
will grow exponentially by periodically branching along its hyphal length.

Due to the hydrostatic pressure inside filamentous cells, which ranges from≈ 1−30 atm the
cell walls are subject to considerable stresses and in distal regions away from the apical tip the
cell wall is sufficiently rigid to resist these turgor forces. The process of branch or hair creation
is two-fold, first there is a change in the mechanical properties of the cell wall that causes the
cell local to the branch location to change from being rigid to elastic. Second, vesicles deposit
wall building material in the forming branch and a new branchor hair forms exhibiting linear
growth.

Goriely and Tabor (2003) developed a formulation which modeled the forces at the tip and
calculated the shape of the free-surface based on a prescribed elastic modulus and produced
good qualitative results. In this report we present a different but related formulation based
on energies rather than forces. By assuming that an emergingbranch is a flexible, elastic free
energy surface and that the energy of the system is minimal, in the sense that small perturbations
to the shape of the surface will result in an energy increase in the system, we are able to calculate
how the elastic modulus-turgor ratio varies as a function ofshape.

In section 2 we describe the mathematical formulation and the image processing technique
used to capture experimental data and in section 3 we combinethe techniques with experimen-
tal results to calculate how the elastic modulus changes during the process of branch creation
and we conclude by discussing what light this analysis mightshed upon the branch creation
mechanisms amongst a number of organisms. Throughout the discussion we assume that shape
is entirely due to the elasticity of the free-surface and notdue to differential turgor pressures
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in the hyphae. This was first suggested by Hugo de Vries in 1877and remains largely unchal-
lenged. We propose to investigate the role of viscous flow through hyphae in a future theoretical
investigation in order to test this assumption.

2 Formulation

We consider an infinite, two-dimensional tube of varying elastic modulus containing an incom-
pressible fluid of constant hydrostatic pressure,P (see Figure 1(a)). We neglect hydrodynamic
effects, including surface tension and shear.

We fix thex = 0 axis at the point of maximum elevation of the surface and they = 0
axis along the far-field rest position of the tube. The unstretched surface profile is given by
y = s0(x) and the stretched equilibrium profile byy = s(x). We introduce the radial and
extensional stretch ratios
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where primes denote differentiation with respect tox and we obtain the
√
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the classical definition of arc length. These two ratios express a comprehensive definition of the
way the free-surface is deformed by the internal hydrostatic pressure.

We now introduce the elastic potential energy in terms of thestrain tensor, given by the
Helmholtz energy per unit volume
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whereεij are the components of the strain tensor andµ andλ are the Lame elastic co-efficients.
We neglect shear strains and hence all non-diagonal elements of the strain tensor and zero
and using large deformation theory we relate the diagonal elements of the strain tensor to our
expressions for the radial and extensional stress ratios via εφφ = 1

2
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2
(λ2

s − 1).
We can now write down the total elastic potential energy of the membrane between two points
x1 andx2

Eelastic =

∫ x2

x1

λ(x)(εss + εφφ)
2dx (3)

y=s(x)

Hydrostatic pressure

0
y=s (x)

(a) (b)

Figure 1: A diagram showing a schematic of the configuration used in the mathematical model
alongside a frame taken from experiment
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where here we have assumed the Lame elastic coefficient,λ, varies as a function ofx. The total
potential energy of the system can be written as

E =

∫ x2

x1

λ(x)(εss + εφφ)
2
− P (s(x) − s0(x)) +

∂

∂x

(

λ(x)I
∂2u

∂x2

)

dx (4)

The second term in the integrand can be derived simply by considering the work done by
the incompressible fluid pressure in assembling the system and the third term is obtained from
the Euler-Bernoulli beam equation.

2.1 Free energy surface

If no external forces act upon the system then the flexible free-surface must adopt an energy
minimising configuration such that if any point,xi is perturbed then the perturbation must result
in an increase in energy, i.e.∂E

∂s(xi)
= 0 and for the whole surface to be minimising we have

∫ x2

x1

(

∂E

∂s(xi)

)2

dxi = 0 (5)

Here we have squared the energy differential to ensure no cancellation of values occurs over the
integral summation. Therefore the problem of calculating the elastic modulus,λ(x) over the
free-surface reduces to finding the functionλ for which (5) holds.

2.2 Image analysis

In order to identify the branching tip pixels in each frame, we used a two-stage process, in-
volving segmenting the whole tip from the background and then marking edge pixels within a
specified area. A number of segmentation algorithms were tried, but surprisingly effective seg-
mentation was possible using a simple region growing algorithm. Region growers are a family
of algorithms which segment image features by progressively combining areas of the image that
share some measure of homogeneity.

In our own implementation of region growing, we have appliedthe following algorithm. To
begin with, each pixel in the image is marked asunvisited. A seed point is selected, it is marked
asvisited and it becomes the initial item in a ‘growth list’. The main portion of the algorithm
then follows these steps:

1. Pull the top item from the growth list.

2. Mark this pixel in the output image - it is part of the region.

3. Examine each neighbouring pixel. For each pixel, if it hasnot already been visited and it
fits the growth criteria, mark it as visited and add it to the growth list.

4. Go back to step 1 and repeat until there are no more items in the growth list.

3 Results and discussion

Once the region growing process of section 2.2 obtains a set of x− y coordindates that denotes
the boundary of the hair, we used these coordinates as inputsinto the variational scheme and in
the analysis that follows.
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(a) Plots showing how the elastic modulus
changes over time during the emergence of
a moss branch.

(b) A snapshot of a coupled spring model
used to simulate the emergence of a root hair

Figure 2: Results from the calculus of variations formulation alongside a cell wall simulation
modeled as a set of interconnected springs

The elastic moduli are plotted in figures 2(a). In each case weobserve, as expected, a
reduction in the elastic modulus at the point of hump formation. The rest configuration was
taken to be a straight line joining the leftmost and rightmost points of the hump region. An initial
model has also been created that models the cell wall as a collection of interconnected springs
acted upon by an internal hydrostatic pressure, a frame fromthe simulation of an emerging
branch using this model is shown in figure 2(b).

4 Conclusions and future work

In this report we have examined the formation of branches in filamentous organisms. The
approach was based on an analysis of the energy required to maintain a given configuration,
whereas previous authors have used a force-based method. The strength of this new technique is
that it allows us to calculate how the elastic model changes based on experimental observations.

This energy-based analysis is promising as it allows us, assuming the system is in an equi-
librium state, to calculate the mechanical behaviour of a cell wall during branching based on the
direct visual observation of the organism and allows us to calculate the relative elastic modulus
as a function of time from a video recording of a forming branch on a frame-by-frame basis.
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