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1 Introduction

A trivariate von Mises distribution is used to model gamma turns, which are three–residue
chains that serve to reverse the direction of a protein. Parameter estimation for the model
is achieved using a pseudolikelihood approach. Goodness–of–fit is briefly explored, and the
model is seen to fit the data reasonably well. Two hypothesis tests for the φ angles of the
gamma turns are performed and discussed.

2 Gamma Turn Data

Definition: A Gamma turn is a three–residue chain defined by the existence of a hydrogen bond
between CO of residue i and NH of residue i + 2. In addition, the φ and ψ angles of residue
i + 1 fall in the ranges φi+1 ∈ [35◦, 115◦] = [0.61, 2.00] radians and ψi+1 ∈ [−104◦,−24◦] =
[−1.82,−0.42] radians, respectively.

The data to be analysed comprise the φ and ψ triplets of 497 (classic) Gamma turns. As an ex-
ploratory analysis, a univariate von Mises distribution with mean direction µ and concentration
parameter κ is fitted separately to each of φi and ψi, i = 1, 2, 3. Maximum likelihood estimates
of µ and κ are displayed in Figure 1.

φ1 φ2 φ3 ψ1 ψ2 ψ3

µ̂ -1.64 1.20 -1.76 1.58 -1.02 1.03
κ̂ 1.58 31.46 1.67 0.44 8.19 0.31

Table 1: MLE’s of µ and κ for gamma turn data

3 Fitting a trivariate von Mises distribution

For random angles θ1, θ2 and θ3, the probability density function of the trivariate von Mises
distribution to be studied has the form

C exp

{

3
∑

i=1

κi cos(θi − µi) + 2

2
∑

i=1

3
∑

j=i+1

λij sin(θi − µi) sin(θj − µj)

}

, (1)

where C is an unknown normalizing constant, −π < θi, µi ≤ π, κi ≥ 0 and −∞ < λij < ∞.
The model is a special case of one proposed by Mardia (1975), and an extension of Singh et al.
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(2002). Since the normalizing constant C in (1) is unknown, numerical maximum likelihood
estimation of the parameters would involve a trivariate integration at each iteration of the search.
An alternative method is therefore needed. It can be shown that each of (θ1|θ2, θ3), (θ2|θ1, θ3)
and (θ3|θ1, θ2) follows a univariate von Mises distribution with known normalizing constant.
We therefore utilise the pseudolikelihood

f(θ1|θ2, θ3)f(θ2|θ1, θ3)f(θ3|θ1, θ2) (2)

for parameter estimation.

We use the pseudolikelihood approach to fit the trivariate von Mises distribution (1) to the φ
and ψ angles, separately, of the Gamma turn data, the results of which are shown in the left half
of Figure 2. The maximisation is done using the nlm (non-linear minimisation) function in R.
Standard errors of estimates are shown in brackets, and are calculated from the Hessian matrix
obtained by the nlm function.

Gamma turn data Simulated data
φ ψ φ ψ

κ1 1.60 (0.09) 0.44 (0.07) 1.65 (0.10) 0.52 (0.07)
κ2 31.73 (1.99) 8.87 (0.53) 33.25 (2.08) 7.75 (0.46)
κ3 1.69 (0.10) 0.31 (0.07) 1.77 (0.10) 0.33 (0.07)
λ12 0.32 (0.16) 0.08 (0.07) 0.52 (0.15) 0.03 (0.07)
λ13 0.20 (0.05) -0.16 (0.03) 0.23 (0.04) -0.24 (0.03)
λ23 -0.39 (0.15) 0.57 (0.07) -0.33 (0.15) 0.47 (0.07)
µ1 -1.63 (0.05) 1.46 (0.12) -1.66 (0.05) 1.49 (0.09)
µ2 1.20 (0.01) -1.02 (0.02) 1.18 (0.01) -1.02 (0.02)
µ3 -1.73 (0.04) 1.27 (0.10) -1.64 (0.04) 1.29 (0.09)

Table 2: Maximum pseudo likelihood estimates (MPLE’s) (and their standard errors) for φ and
ψ angles of Gamma turn data and for data simulated using these estimates.

Comparing Table 1 and the left half of Table 2, we see that the marginal MLE’s for the µ and
κ parameters are very similar to the MPLE’s in the trivariate case, with a possible tendency for
the univariate κ estimates to be slightly smaller. Moreover, the λ estimates are generally quite
close to zero, although most also have small standard errors relative to their magnitude.

As an assessment of the goodness–of–fit of the model, two sets of trivariate data (corresponding
to φ, ψ) are simulated with true parameters equal to the MPLE’s of the original gamma turn data.
Comparison of the original data with the simulated data reveals a good degree of similarity. Re-
estimating the parameters based on the simulated data gives the results in the right half of Table
2, and again we observe comparable results with those displayed in the left half of the table,
indicating reasonable goodness–of–fit.

4 Hypothesis Testing

An important part of fitting statistical models is the formulation and testing of hypotheses. In
this section we compare likelihood ratio test statistics based on substituting maximum pseudo-
likelihood estimates into a trivariate Normal approximation, into the full trivariate von Mises
likelihood and into the pseudo likeihood itself.
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Since Gamma turns serve to reverse the direction of a polypeptide, it may be hypothesised that
µ1 = µ3 for the φ and ψ angles of such a turn. A test of independence of φ1, φ2 and φ3 is
equivalent to testing that all λ values are equal to zero.

We first consider using a Normal approximation to the von Mises distribution in order to test
the above hypotheses. For highly concentrated data, the trivariate von Mises distribution ap-
proximates a trivariate normal distribution. Although κ values for angles 1 and 3 of both φ and
ψ are reasonably small, the trivariate Normal distribution

(Θ1,Θ2,Θ3) ∼ N3(µΘ,ΣΘ), (3)

where (Σ−1

Θ
)ii = κi, (Σ−1

Θ
)ij = −2λij and i 6= j, will be used to test the hypothesis µ1 = µ3. In

(3), Θ is to be replaced by Φ or Ψ, depending on the variable of interest, whilst µΘ is the vector
comprising the mean directions of Θ1, Θ2 and Θ3. For µ̂φ and µ̂ψ we take the parameters of the
maximised pseudolikelihood. The covariance matrices obtained for φ and ψ, based on MPLE’s,
are as follows:

Σ̂ψ =





−6.28 1.43 12.06
1.43 −0.11 −1.96

12.06 −1.96 −16.98



 Σ̂φ =





0.67 0.01 0.15
0.01 0.03 −0.01
0.15 −0.01 0.63



 (4)

The matrix Σ̂ψ is not positive definite. Therefore the hypotheses described will be carried out
for the φ angles only.

Test1: µ1 = µ3

The test statistic, which is approximately χ2
1 distributed under the null hypothesis and for large

κ values, is S = 2(lfull − lred), where lfull is the log–likelihood of the distribution (3) with mean
vector and covariance matrix µ̂φ and µ̂φ respectively. lred is the corresponding value when the
pseudolikelihood estimates are calculated for the reduced model in which µ1 = µ3. We get
S = 2.91, with a p–value of 0.093. We therefore accept the null hypothesis that the means are
equal.

Test2: λ12 = λ13 = λ23 = 0
Under this test of independence Σ̂

−1

φ for the reduced model is diag(κ̂), where κ̂ is the MPLE of
(κ1, κ2, κ3) subject to all λ values being equal to zero. κ̂ is calculated to be (1.59, 31.46, 1.67)
(values that correspond almost exactly with those in Table 1, as expected if the pseudo likelihood
approach is effective), and the resulting test statistic is 119.8 on three degrees of freedom. Again
this value is highly significant, although perhaps not surprisingly so, given the small magnitude
of the standard errors of the λ estimates relative to the magnitude of the estimates themselves.

As an alternative to the above test procedures, we investigate using the full (joint) trivariate
von Mises log-likelihood function to obtain the test statistics, by substituting maximum pseu-
dolikelihood estimates into the full log–likelihood function. The three dimensional integration
required for calculation of the normalizing constant C in (1) is done using the adapt function
in R.

As a final comparison, the likelihood ratio test statistic is calculated based on substituting the
MPLE’s into the log–pseudolikelihood function. Table 3 displays all the results for compari-
son. The left part of the table gives log–likelihood values, at the maximum pseudolikelihood
estimates, for the full and reduced models and for each of the three approaches: Normal ap-
proximation, full (joint) von Mises likelihood and von Mises pseudolikelihood. The right part
of the table displays the likelihood ratio test statistics based on the values in the left part of the
table. As can be seen from the table, the same conclusions are reached regarding the acceptance
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or rejection of the null hypothesis in each case, namely that the hypothesis µ1 = µ3 is accepted,
whilst the hypothesis λ12 = λ13 = λ23 = 0 is rejected (using a 5% significance level).

Log-likelihood Test statistic
Normal vM joint vM pseudo Normal vM joint vM pseudo

Full -1857.21 -1233.66 -1225.46
Test 1 -1858.66 -1235.34 -1227.04 2.91 3.35 3.17
Test 2 -1917.13 -1238.88 -1238.88 119.84 10.43 26.85

Table 3: Log-likelihood values at MPLE’s, and test statistics based on these values.

Of more interest, however, is comparison of log–likelihood values for the different methods, and
the resulting differences in the test statistics. In particular, the log–pseudolikelihood appears to
underestimate the full log–likelihood slightly (in absolute value) in the first two rows of Table 3.
In each case, however, the size of the underestimation is similar, resulting in little difference in
the test statistics for test 1. In the case λ = 0 (row 3 of the table), the full likelihood and pseudo
likelihood values are the same. This is to be expected, since in this case each is the product of
the same three independently distributed von Mises distributions. The effect is an inflated test
statistic when the test is based on the pseudolikelihood.

5 Conclusions

The trivariate von Mises distribution considered appears to be a reasonable fit to the gamma
turn data analysed. Although correlation (λ) parameter estimates for the φ angles are small,
hypothesis tests indicate that they are not all equal to zero, and therefore that the trivariate
model outuperforms simple univariate von Mises models for these data.

The pseudolikelihood described provides a computationally quick estimation procedure for the
model, whereas full likelihood estimation is hindered by an unknown normalizing constant. It
can be shown that this pseudolikelihood is fully efficient for the trivariate normal distribution,
which distribution the trivariate von Mises approximates for highly concentrated data.
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