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1 Introduction

Phylogenetics is the study of evolutionary trees linking present-day groups of organisms, or
taxa. The most sophisticated methods for phylogenetic reconstruction currently depend on sim-
ple statistical models of DNA or protein sequence evolution, estimated either by maximum
likelihood or by Markov chain Monte Carlo. However, these approaches require many assump-
tions but may still risk oversimplifying complex evolutionary processes. Moreover, they do not
accommodate non-sequence data, such as phenotype or habitat, and computationally may be
infeasible for large phylogenies.

Older and simpler model-free phylogenetic methods exist, based on pairwise distances mea-
sured between species, reminiscent of agglomerative methods of cluster analysis. Such meth-
ods allow the user the flexibility of incorporating any relevant taxonomic data via a suitably
constructed distance metric. However, these methods fail to take account of uncertainty in the
initial distance matrix and in the consequent phylogenetic reconstruction, although some meth-
ods, like BioNJ(Gascuel, 1997), exploit a variance model in a limited way.

Here we introduce a new distance-based agglomerative phylogenetic approach, in which only
first and second distance moments are modelled. The approach formally synthesises distance
variances and covariances in the tree reconstruction, and allows informational ebbs and flows
to be monitored as the reconstruction proceeds.

2 Moment assumptions

Our model asserts that the observed distance Djk between a pair (j, k) of taxa measures the
amount of evolution (or divergence), djk, that has taken place between those two taxa. That is,

IE[Djk | djk] = djk, (1)

where IE[· | ·] denotes a conditional expectation. It is unreasonable to assume the stronger
condition that Djk = djk, because any measure of evolution will be subject to error. Divergences
must be tree-additive, that is, if taxon h lies on the tree path from j to k, then djk = djh +
dhk. However, in general, distances will not be tree-additive under any tree. We assume that
measurement errors are independent with constant noise variance:

Var[Djk | djk] = σ2. (2)
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Let (j ◦ k) denote the most recent common ancestor of taxa j and k, and let tj◦k denote the time
before present that this ancestor lived (the time axis running backwards from the present). We
assume that the expected amount of divergence djk is proportional to the amount of evolutionary
time (tj◦k − tj) + (tj◦k − tk) separating taxa j and k, that is

IE[djk | tjk] = 2tj◦k − tj − tk, (3)

where the proportionality constant has been arbitrarily set to unity, as we do not identify the unit
of time. Again, we avoid the stronger condition djk = 2tj◦k − tj − tk, which would be implied
by a constant ‘molecular clock’. Thus, for example, we allow for the possibility of an increased
or decreased rate of DNA base-substitution along some branches of the tree. We assume that
the variability in the rate of evolution is proportional to the elapsed time:

Var[djk | tjk] = ν(2tj◦k − tj − tk), (4)

where ν is a nonnegative constant of distortion. Assumption (4) is natural when considering
evolution as an independent increments process, since the variance of the sum of independent
increments from many small time-intervals is the sum of the variances of those increments, and
hence proportional to the length of the full interval. Note however that (4) does not adequately
model, for example, the possibility of shorter or longer generation times along some branches of
the tree, as this would imply dependent increments. An expression for the covariance between
two divergences, djk and dh`, follows naturally from the independent increments assumption:

Cov[djk, dh` | tjk] = νtjkh`, (5)

where tjkh` denotes the time-length of the intersection of the tree paths from j to k and from
h to `. Assumptions of the form of (4,5) were first proposed by Chakraborty (1977), and have
been used in a limited way in the BioNJ algorithm (Gascuel, 1997).

3 Estimation

Our task is to uncover the hidden phylogenetic tree linking m present-day taxa, based upon a set
of observed distances {Djk; 1 ≤ j < k ≤ m}. The process we adopt is agglomerative. At each
stage in the process, our task is to select a pair (j, k) of taxa to be replaced by their most recent
common ancestor, (j ◦ k). We will need to estimate the time tj◦k that taxon (j ◦ k) lived and,
to prepare for the next stage in the agglomeration, we must estimate the divergences dj◦k,h from
taxon (j ◦ k) to each of the remaining taxa, h 6∈ {j, k}. The agglomeration continues until a
single taxon remains. This process is similar to an agglomerative method of cluster analysis, the
major differences being that we must take proper account of equations (1–5), and also estimate
extant times, tj◦k.

Without loss of generality, assume that we wish to replace taxa 1 and 2 with their most recent
common ancestor, (1 ◦ 2). Equations (1–5) imply the following pair of linked regressions:

Djk = δj1(d1,1◦2 + d1◦2,k) + δj2(d2,1◦2 + d1◦2,k) + (1 − δj1δj2)djk + εjk, (6)

dh,1◦2 = t1◦2 − th + ε′h, (7)

for 1 ≤ j < k ≤ m and h = 1, 2, where δjk = 1 is the indicator function for j = k and
dh,1◦2 is the divergence along the branch from taxon h to its ancestor (1 ◦ 2). The regression
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parameters to be estimated are divergences d1,1◦2, d2,1◦2, {d1◦2,j, djk; 3 ≤ j < k ≤ m} and time
t1◦2. After the agglomeration, our regression estimates of divergences {d1◦2,j, djk; 3 ≤ j <

k ≤ m} will become the new set of distances, {D∗

jk}, to be input to the next agglomerative
stage. Note the consistency of our use of the term ‘distance’ as an estimate of an underlying
divergence. Having to estimate divergences between long-extinct taxa is unavoidable, unless
we are fortunate enough to have ancient DNA samples.

At the initial stage, before any agglomeration, the errors εjk in (6) are independent with zero
mean and variance σ2, following (2). The errors ε′h in (7) are independent with zero mean and
variance νth,1◦2, following (4). With this error structure, we can jointly estimate the regression
models (6,7) by generalized least squares (GLS). We are then ready to begin the next stage of
the agglomeration, again using regression models (6,7), but based on the new distances {D∗

jk}.

However, after the initial agglomeration, these new distances {D∗

jk}, being derived from param-
eter estimates, are now correlated. Their variances will tend to be inflated due to information
expended in the parameter estimation, but will also tend to be reduced through the assimilation
in estimate D∗

1◦2,k of both D1k and D2k. Thus the error structure of the {D∗

jk} is now more
complex than in (2), and will become increasingly complex with every agglomeration.

Fortunately, as shown in Gilks et al.(2006), this growing complexity is contained within a class
of structured and sparse variance-covariance matrices, and it is possible to write down the GLS
solutions in a recursive form. These solutions, however, involve the inversion of variance-
covariance matrices of dimension m2 and would, if computed directly, have computational
complexity of order O(m6), rendering the methodology quite impractical. However, by ex-
ploiting the algebraic structure of these matrices, Gilks et al.(2006) show that the inversions
can be reduced to O(m3). Moreover, by exploiting some further algebraic simplifications, the
full regression can be computed in O(m), making the whole process no more expensive com-
putationally than the best of the distance-matrix phylogenetic methods!
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