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, Voichiţa Maxim

�
, Brandon Whitcher

�
and Ed Bullmore

�
�

University of Cambridge�
GlaxoSmithKline, United Kingdom

1 Introduction

In analysis of functional magnetic resonance imaging (fMRI) data, a common approach to iden-
tifying active voxels is to threshold the voxelwise test statistics. One of the classical threshold-
ing approach for this procedure is the Bonferroni correction method. Although this procedure
controls the family-wise error rate(FWER), it is very conservative and lacks power. Due to the
large dimensionality of these datasets (for example, a standard brain image has
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voxels), and the modest signal-to-noise ratio of fMRI, development of more powerful test pro-
cedures with equivalent type I error control is an important methodological priority. For this
purpose, Hochberg and colleagues have developed multiple testing procedures to control the
false discovery rate (FDR), which also maintain FWER at some user-specified level but are
more powerful than Bonferroni or related methods.

Recently, multiscale decompositions have shown significant advantages in the representa-
tion of signals and become more popular to test multiple hypotheses for fMRI data analysis. For
example a more powerful variant of the FDR control algorithm, called enhanced false discov-
ery rate (EFDR) control, has recently been proposed by Shen et al. (2002). The basic idea of
EFDR is to reduce the number of hypothesis tests before applying a standard FDR procedure by
eliminating the most probable null hypotheses and applying the FDR procedure on the reduced
set of test statistics. In order to reduce the number of hypotheses, the use of the discrete wavelet
transform has been proposed due to the decorrelation property of the transform, i.e. the most of
the signal energy concentrates on the small number of coefficients.

Also Shen et al. used a test statistic which was informed by a local neighborhood of wavelet
coefficients in order to take advantage of anticipated dependencies between neighboring wavelet
coefficients, and defined the reduced set of hypotheses to go forward to testing by the FDR
algorithm using the generalized degrees of freedom. It has been shown that EFDR inherits the
desirable type I error control properties of FDR, i.e., it also controls the family-wise error, but
is more powerful by virtue of testing a smaller number of hypotheses.

However, the computational complexity is one of the major drawback of the EFDR algo-
rithm. Basically, the optimal number of hypotheses to be tested, �� , is estimated by minimizing
a cost function, ������������� , with respect to � using an optimization algorithm. (Simple search
method over � can also be used). Since the calculation of the optimal quadratic cost function
is not feasible, the optimal estimator of the cost function is chosen among members of cost
functions with certain structure penalizing an increase in the number of hypotheses tested with
controlling the degree of penalization. For this purpose, a quantity called generalized degree of
freedom (GDF) needs to be computed, and an approximate value for an unbiased estimator of
the GDF can be calculated by an integration which is not feasible analytically.

Therefore, an approximate solution is proposed using a Monte Carlo numerical integration
method, and a reasonable number of Monte carlo simulations is required for each � in order
to compute the cost function accurately. (The recommended number is 200 simulations). As a
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result, the computational complexity depends on the optimization algorithm and the number of
Monte Carlo simulations. For example, if we use a simple minimization procedure searching all
possible � values with � Monte Carlo simulations, the EFDR algorithm requires ��� � standard
FDR procedure computations. (

��� � ��� � � 

size fMRI data with 200 simulations requires��� � ��� � � 
 � ����� standard FDR computations).

Our main goal in this paper is to improve the power of testing procedure with equivalent type
I error control while reducing the computational complexity. For this purpose, a wavelet-based
denoising scheme via bivariate shrinkage exploiting the dependencies between coefficients will
be used in order to reduce the number of hypotheses. Compared to alternative algorithms for
EFDR, the use of the proposed wavelet-based denoising is attractively flexible, simple and
computationally expedient providing more powerful test procedures with equivalent type I error
control.

2 Enhanced FDR via Wavelet-Based Denoising
One of the well-known properties of wavelets is that they provide sparse representation of the
spatial signals, and therefore are a good choice in order to reduce the number of hypotheses.
Therefore the new wavelet-based testing algorithms can be developed with to use the logic
behind EFDR, i.e. first reduce the number of hypotheses, then apply FDR.

The wavelet based denoising algorithms concentrate on keeping the coefficients which be-
long to the spatial signals and try to suppress the coefficients due to the noise. Therefore,
reducing the number of individual hypothesis tests can be achieved by wavelet-based denoising
algorithms since the most probable null hypotheses (noise) are automatically eliminated by a
denoising algorithm.

Therefore this paper proposes to use wavelet-based denoising approaches in order to reduce
the number of hypotheses to test. The general selection of hypothesis tests in the wavelet domain
can be made using denoising algorithms in the following way:

� Calculate the wavelet transform coefficients of the image statistic.

� Estimate the coefficients using the specified wavelet based denoising algorithm.

� The number of individual hypotheses the number of non-zero estimated coefficients.

� Reduce the hypotheses by keeping the wavelet coefficients of image statistics correspond-
ing to the location of non-zero wavelet coefficients after the denoising operation and re-
move the other coefficients of image statistics from the testing procedure.

� Apply the standard FDR procedure to the reduced hypotheses.

� Estimate the signal using the estimated coefficients that survive FDR correction.

Fig. 1-a illustrates the general block diagram of the algorithm. The whole process can be
thought as a two stage hypotheses testing approach. The first stage reduces the number of hy-
potheses using wavelet-based denoising without considering controlling FDR or FWER rates.
The second stage provides a controlling mechanism for type I error by applying a testing pro-
cedure on the reduced hypotheses.

3 Denoising via Bivariate Shrinkage

This section presents our choice of denoising algorithm based on bivariate shrinkage. Before
going further, let’s summarize the desirable properties of the denoising algorithm:follows:
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Figure 1: a-Block diagram of the proposed enhanced FDR procedure, b-The bivariate shrinkage
function specified by Eq. (2)..

� It should be computationally simple : Every step of any fMRI application requires com-
plex computations due to the large dimensionality of the data. Therefore computational
efficiency is a highly desirable property.

� It should be effective : Eliminating the hypotheses corresponding to the noise component
effectively is the main purpose. In other words, the coefficients most likely due to signal
should be tested in the second stage. The desired algorithms taking the signal character-
istics into account can achieve better performance.

Recently, Şendur and Selesnick (2002a) proposed a new simple non-Gaussian bivariate
probability distribution function to model the bivariate statistics of wavelet coefficients of nat-
ural images . The model captures the dependence between a wavelet coefficient and its parent.
Using Bayesian estimation theory we derive from this model a simple non-linear shrinkage
function for wavelet denoising, which generalizes the classical soft thresholding approach. The
new shrinkage function, which depends on both the coefficient and its parent, yields improved
results for wavelet-based image denoising.

Let � � represent the parent of � ��� ( � � is the wavelet coefficient at the same position as the
wavelet coefficient, � ��� , but at the next coarser scale.) We formulate the problem in the wavelet
domain as � ��� � �	��
 � and � ��� � ���
 � to take into account the statistical dependencies
between a coefficient and its parent. � � and � � are noisy observations of � � and � � ; and 
 �
and 
 � are noise samples. We can write � ��������� where ��� ��� ��� � � � , � � ��� ��� � � � and��� � 
 ����
 � � �

The proposed non-Gaussian bivariate pdf for the coefficient and its parent can be written as��� � � � � �
�! #" �%$'&�(*) +-,/. �"10 � � � � � ���2 � (1)

Using Bayesian estimation theory, the MAP estimator of � � is derived to be:3� �	� ��4 � �� � � �� ,65 798;:<8 �>=4 � �� � � �� $ � � (2)

which can be interpreted as a bivariate shrinkage function. Fig. 1-b illustrates the plot of this
bivariate shrinkage function.

Şendur and Selesnick (2002b) also developed a simple, computationally efficient yet very
effective image denoising algorithm using the bivariate shrinkage function. Besides the inter-
scale dependency, this algorithm also takes the intrascale dependencies into account by local
variance estimation. The basic idea is to estimate a threshold value for each coefficient using
the neighbor coefficients.thresholding. The coefficients are modified using the bivariate shrink-
age rule described above with this threshold estimate. We call the proposed testing method
using this denoising algorithm EFDR-bishrink.
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4 Simulation Results and Conclusion

In this experiment, we add simulated signals alternating between 10 time points to the biological
fMRI noise at the highlighted voxels illustrated in Fig. 2-a. Then we fit a GLM model and
calculate the corresponding statistics. Finally, we apply the proposed method and compare with
the common approaches; see Fig. 2 for an illustration.

This paper deals with the multiple hypothesis testing problem and proposes a new strategy
to reduce the number of hypotheses to test via wavelet based denoising. The proposed methods
controlling both the FDR and FWER at certain level � are simple, low complexity yet very
effective and powerful. We compared our methods with the standard methodologies in the
literature and the proposed algorithm outperforms the others.

True Activation Clusters Noisy Test Statistics Bonferroni

Standard FDR EFDR Proposed (orthogonal DWT)

Figure 2: Bonferroni, Standard FDR, EFDR Shen et al. (2002) and proposed EFDR-bishrink
algorithms.
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