
MATH2022 Groups and vector spaces

EXERCISES II Examples of groups; subgroups

Hand in your solutions on October 18th

1. Draw up the group tables for the following groups:
(i) {1, 2, 3, 4, 5, 6} under × mod 7. List all the inverses of elements of G,

and find an element of G such that every member of G is a power of that
element.

(ii) the groupD4 of symmetries of a square, D4 = {I, R,R2, R3, H, V,D,D′}
where I is the identity, R is a clockwise rotation through π/2, H and V are
reflections in the horizontal and vertical, and D, D′ are reflections in the di-
agonals y = x and y = −x respectively. (Hint: don’t do 64 calculations! First
fill in the first row and column. The top left-hand 4× 4 corner, and the main
diagonal, are also quite easy. Then choose two or three other entries to do,
and fill in the rest using the ‘Latin square’ property.)

2. Which of the following are groups? For those which are not groups,
explain why not (it is enough to find one axiom that fails); for those which
are, state the identity and inverses:

(i) Q under ×,
(ii) {q ∈ Q : q > 0} under ×,
(iii) {q ∈ Q : q > 0} under ÷,
(iv) {1, 2, 3, 4, 5, 6, 7} under × mod 8,
(v) {1, 3, 5, 7} under × mod 8,
(vi) {2, 4, 6, 8, 10, 12} under × mod 14,

(vii) 2×2 real matrices of the form

(
a −b
b a

)
under matrix multiplication,

with a and b not both 0,
(viii) The set {0, 1, 2, 3, 4, 5} under the operation x ◦ y = |x+ y − 5|.

3. Let G be a group of order 3 and identity e. If the other elements are a
and b, use the ‘Latin square’ property to draw up the group table for G, and
deduce that a3 = e.



4. Consider the frieze
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Suppose that one of the triangles has vertices at coordinates (0, 0), (1, 0) and
(0, 1). The isometries of the plane preserving the frieze are translations Tn
(n ∈ Z) which shift the diagram n periods to the right, and glide reflections
Gn (n ∈ Z) which reflect the frieze in the x-axis and then shift n+ 1

2
periods to

the right (the 1
2

being to make it line up again). Find the formulae for Tn(x, y)
and Gn(x, y). Hence find the multiplication table for the frieze group.

5. Prove that the set

H =

{(
a b
0 c

)
: a, c ∈ R∗, b ∈ R

}
is a subgroup of GL2(R).

6. Which of the following are subgroups of the group Z∗11 ?
(i) {1, 3, 4, 5, 9}, (ii) {1, 3, 5, 7, 8}, (iii) {1, 8}, (iv) {1, 10} (v) {1, 3, 10}.

(Reminder: to check that H is a subgroup see (i) if it is closed under the group
operation, (ii) whether the identity lies in H, (iii) whether the inverses of all
elements of H lie in H.)

7. Find the orders of all elements of the group D4 of question 1, and
determine all its subgroups.
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