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Notes.

(A) The MATH5835M module is assessed by an exam and a practical. This is the practical for
the module. The practical is worth 20% of the final module marks (the other 80% coming
from the exam).

(B) You must hand in your solutions, electronically via Gradescope, by Friday, 16th December
2022, 2pm at the latest. Late work will be penalised at the rate of five marks per calendar
day.

(C) Your answer should be in the the form of a short report. Reports must be typed (not
hand-written) and must be clearly marked with your name and your student ID. You should
include your R programs and any explanations necessary to understand your results. I would
expect the report to be about 3–5 pages long.

(D) There are 16 marks for correctness and completeness of your answers. In addition there are
4 marks for clarity and tidiness of presentation. The total number of marks for this practical
is 16 + 4 = 20.

(E) You can discuss the questions and can share ideas with other students, but you should not
send R code (or output) to each other. Your report must be your own work.

In this practical we consider a circle in the plane, centred around the origin, together with n
random points sampled from a two-dimensional standard normal-distribution:
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Denote the number of points inside the circle by k. In the picture we have n = 10 and k = 6.

Now assume that we don’t know the positions of the points and we can’t see the circle, but we
can observe the number k. Our aim is to learn as much as possible about the radius r, using only
the value of k. We will use a Bayesian setup, as explained on the next page.
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The radius of the circle is chosen randomly, from a gamma-distribution with shape α = 2 and
rate β = 1. This distribution has density

p(r) =
1

Z
rα−1e−βr (1)

for all r ≥ 0, where Z is the normalising constant.

The points (Xi, Yi) are sampled from a two-dimensional standard normal distribution, so that

X1, . . . , Xn, Y1, . . . , Yn ∼ N (0, 1),

independently. The number K is the number of points inside the circle with radius R, i.e.

K =

n∑
i=1

1{X2
i +Y

2
i ≤R2}.

In Bayesian statistics, the density (1) is called the ‘prior density’. From this we can find the
density of the distribution of R conditioned on the observation K = k. By Bayes’ formula, this
‘posterior density’ is

p(r|k) =
p(k|r)p(r)
p(k)

, (2)

where p(k|r) = P (K = k|R = r) is called the ‘likelihood’, p(r) is the prior density from above,
and p(k) = P (K = k). Our main aim is to generate samples from the posterior density, using
rejection sampling.

Tasks.

1) Use the R function rgamma() to generate 1000 samples from the prior distribution and plot
a histogram of these samples.

2) Find a formula for the likelihood p(k|r). You can use without proof the fact that P (X2
i +Y 2

i ≤
r2) = 1− exp(−r2/2). Using this, show

p(r|k) = const ·
(
1− e−r

2/2
)k

e−(n−k)r
2/2 · rα−1e−βr.

(Hint: since k is assumed to be known, p(k) is a constant.) Finally, explain how envelope
rejection sampling can be used to generate samples from the posterior density p(r|k), using
the prior density for the proposals, and determine the required constant c.

3) Implement the rejection sampling method from the previous part in R, for n = 10 and
assuming that we have observed k = 6. Generate 1000 samples from the posterior and plot
a histogram of these samples. Compare this histogram to the one from part 1. You can use
the function dgamma() to compute the prior density.

4) Using your program from part 3, compute Monte Carlo estimates for the posterior expecta-
tion E

(
R
∣∣K = 6

)
and the posterior probability P

(
R < 1

∣∣K = 6
)
. Discuss the choice of the

Monte Carlo sample size N and the error of your estimates.
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