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This exercise sheet will be discussed in the tutorials of the week beginning 4th March.

During the tutorial.

(1) The test statistic for the z-test is |z|, where

z =
1√
n

n∑
i=1

xi − µ0

σ
=
√
n
x̄− µ0

σ

Discuss how z can be found, if data is given in binned form, e.g. if we have

range 0–1 1–2 2–3 3–4 4–5
count 17 83 127 55 20.

Assuming σ2 = 1, perform a z-test for the hypothesis H0 : µ = 2.2.

(2) In lectures we have considered one-sided z-tests. Assume that we have observed samples
x1, . . . , xnx

and y1, . . . , yny
, which we can describe using the model X1, . . . , Xnx

∼ N (µx, σ
2
x) i.i.d.

and Y1, . . . , Yny
∼ N (µy, σ

2
y) i.i.d., where the variances σ2

x and σ2
y are known. Following the same

steps we used for other variants of the z-test, derive tests for the hypotheses H0 : µx ≤ µy and
H0 : µx ≥ µy, respectively.

(3)The following table lists (1− α)-quantiles of N (0, 1), commonly used in hypothesis tests:

α 10% 5% 2.5% 1%
qα 1.282 1.645 1.960 2.326

These values were obtained using the qnorm() function in R. Test the following hypotheses at 5%
level, assuming that the data are normally distributed with the given variances:

a) σ2 = 4, n = 16, x̄ = 2.9, H0 : µ = 2.

b) σ2 = 4, n = 16, x̄ = 2.9, H0 : µ ≤ 2.

c) σ2
x = 2, nx = 10, x̄ = −0.3
σ2
y = 3, ny = 20, ȳ = 0.2
H0 : µx = µy.

d) σ2
x = 2, nx = 10, x̄ = −0.3
σ2
y = 3, ny = 20, ȳ = 0.2
H0 : µx ≤ µy.

p.t.o.
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Homework questions. Your solutions to these questions contribute towards your final mark for
the module. Please hand in your solutions to your tutor via the silver pigeon holes (down the
stairs from the maths reception) by Wednesday, 13th March, 2pm.

a) Clearly mark your solution with your name, your student ID, and your tutor’s name.

b) Staple the sheets of your solution together. Do not use plastic sleeves etc.

c) Write clearly and legibly, and leave margins for the marker to write comments in.

d) Write complete sentences, including correct punctuation.

e) Explain how you obtained your solution. Just giving the final answer is not enough, all
intermediate steps are also required.

Exercise 12. Let X,Y, Z ∼ N (0, 1) be independent. Determine the distribution, expectation
and variance of the following random variables:

a) X + Y + Z

b) X2 + Y 2 + Z2

Exercise 13. Let X1, . . . , Xn ∼ N (µx, σ
2) i.i.d. and Y1, . . . , Yn ∼ N (µy, σ

2) i.i.d. We assume
that for each i the random variables Xi and Yi are correlated, with Corr(Xi, Yi) = 1/2. Define
Di = Xi− Yi for all i ∈ {1, . . . , n}. Finally, let X̄, Ȳ and D̄ be the averages of the Xi, Yi and Di,
respectively.

a) Show that Cov(Xi, Yi) = σ2/2.

b) Determine E(Di) and Var(Di).

c) Consider the test for H0 : µx = µy which uses the test statistic

Z =
√
n
D̄

σ
.

and which rejects H0, if and only if |Z| > 1.96. Show that P (type I error) = 5%.

d) In two or three sentences, discuss the differences between the test from part (c) on the one
hand, and the non-paired test for comparing the means of two populations from lectures on
the other hand.

Exercise 14. LetX1, X2, X3 be independent Bernoulli trials, i.e. theXi are i.i.d. random variables
with P (Xi = 1) = p and P (Xi = 0) = 1−p. We want to make inference about p, from observations
x1, x2, x3 ∈ {0, 1}.
Assume we already know that either p = 0.3 or p = 0.8, and other values of p are not possible. In
this case we want to decide whether the hypothesis H0 : p = 0.3 or the alternative H1 : p = 0.8 is
true. Consider the test which rejects H0 if and only if s :=

∑3
i=1 xi ≥ 2. For this test, determine

the probabilities of type I and type II errors.
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