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3.1 European Call option: mathematical notations

Assume that the standard interest rate r = 0. Denote the price of our underlying
stock and our call option at time t by St and Ct (from Call) correspondingly. The
price St is given to us by the market, and it is natural to assume that it is random (cf.
www.bloomberg.com). How can the market determine a correct price for the option, Ct?
Assume that the price Ct depends on values St, K and T − t, which can be represented
in the form

Ct = F (St, K, T − t).

At expiry, T , the price CT is known given the price ST : namely, CT can be either ST−K
or zero. Indeed, if the option is expiring out-of-money, that is,

ST < K,

then the option will have no value. The underlying asset can be purchased in the market
for ST , so no option holder will exercise the right to buy the underlying asset for K.
Thus,

ST < K =⇒ CT = 0.

But, if the option expires in-the-money, that is,

ST > K,

the option will have some value. One should clearly exercise the option. One can buy
the underlying security for K and sell it for a higher price ST . The net profit will be
ST −K. In the other words,

ST > K =⇒ CT = ST −K.

A shorthand notation for both possibilities (equality included in either of them):

CT = max[ST −K, 0] = (ST −K)+.

Sometimes they also use an expression at-the-money in the case ST = K. All terms
(in-, out-, at-the-money) are also used for current option prices. It turns out that
the price, or payoff before expiration is represented by a smooth curve which
tends to (ST −K)+ as t → T .

Now, we look at this function (as function of the variable ST given K) taking into
account the we paid C0 at time 0: our profit is equal to

(ST −K)+ − C0.

(Profit = payoff – cost of the option, the cost being equal to C0.) The value
(ST −K)+ is called intrinsic value of the European call option. If one buys the option
at the moment t < T , he/she pais Ct, and at expiry gets a profit

(ST −K)+ − Ct.
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3.2 Put and call parity

It turns out that the values of call and put options with the same parameters – i.e. the
same exercise price, same expiry and same date of writing the contract (current time)
– are closely connected, so that if we know the price of the call option (and all other
parameters) then we can calculate the price of the put option by a simple formula.

Assume that the interest rate r = 0. In this case the formula reads

Ct − Pt = St −K (∀t ≤ T ).

Thus,
Pt = Ct − St + K.

If K = 50, S = 47, C = 5, we can calculate P = 50 − 47 + 5 = 8. So, we see that in
our example (compare to the previous lecture with a similar example concerning a call
option) the price $8 corresponds to the price of a call option $5 and zero interest rate
and all other parameters: current price $47, expiry July 2001, strike price $50.

The case r > 0.
It turns out that a correct formula in this case is

Ct − Pt = St − exp(−r(T − t))K. (1)

This formula is called a put and call parity.

3.3 Example

Assume r = 6% (per year). Remember that in our considerations the interest rate is
compounded continuously. So, T − t = 3/12 = 1/4 = 0.25 (year) and the put and call
parity has a form

C − P = S − exp(−0.06× 0.25)K = S − exp(−0.015)K = S − 0.98511194 K.

Thus, we can calculate,

P = C −S + 0.98511194 K = 5− 47 + 0.98511194× 50 = −42 + 49.255597 = 7.255597.

Hence, if the interest rate is taken into account, the price $8 (remind lecture 2) is not
correct. Indeed, it provides an arbitrage opportunity which is not permitted on the
“fair market”. Roughly speaking it means “free lunch”, i.e. some profit for nothing.
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