MATH3733
Additional handout

Solving PDE via SDE: linear coefficients — 3

Consider a PDE with coefficients o%22/2 and bx, and a “potential” (—ru), and a right
hand side (—1),

2,2

1
g + 50 T U +bru, —ru = —1, w(T,z) = g(x). (1)

Consider a solution to SDE
dXt = O'Xtth -+ bXtdt, XO =x.

Suppose u(t, x) is a solution to (1). Apply the It6 formula to exp(—rt)u(t, X;):
1
dexp(—rt)u(t, X;) = exp(—rt)[u(t, X;) + 502Xt2um(t, Xy) + bXyu,(t, Xy) — ru(t, X;] dt
+oXpu,(t, Xi) dWy = exp(—rt)[—1] dt + exp(—rt)o Xyu,(t, X¢) dWs.

Hence, in the integral form,

T T

exp(—rT)u(T, X7) —u(0,2) = —/ exp(—rs)ds —I—/ exp(—rs)oXu,(s, X) dWy,
0 0

and, therefore, after taking expectation,

T

1
exp(—rT) E, g(X7) — u(0,z) = _|_; exp(—rs) .

or, equivalently,

‘u(O, z) = exp(—rT) E, g(X7) + L [1 — exp(—rT)]. ‘




It6’s formula applied to complex valued functions

Let (W, t > 0) be a Wiener process, and (f(z), z € R') be some complex valued
function, that is,

f(x) = A(z) +1iB(z).

Let us assume that functions A and B have two continuous derivatives. Then, we can
apply It6’s formula to A(W;) and to B(W,):

dAGW,) = A/ (W) dW, + ;A”(Wt) dt.

and
1
dB(Wt) - B/(Wt) th —|‘ §B”(Wt) dt

In the integral form, equivalently, we have,
t t1
AW = AO) = [ AW aw, + [ arw,)ds,
0 0

and

B(W,) — B(0) = /Dt B'(W,) dWs+/0t;B”(Ws)ds.

Hence, multiplying the latter line by ¢ = v/—1 and taking a sum, we get the following
version of [t0’s formula:

A(W)+i BOW,)=A(0)=i B(0) = [ C(A(W,) + iB/(W,)) dW,+ / ATV B (1) ds.

Equivalently,

FOW) = £(0) = i f/(Wy) dW, + J5 3 f"(W,) ds.




