7" Lecture: Central Limit Theorem — Another Proof

1. Theorem Let X, X,,... are IIDRV’s with EX; = 0, var(X;) = o2 €
(0,00), Sp = > p_; Xg. Then,

S, /Vno? = N(0,1) (1)

2. Proof (not compulsory): Hint-1. It suffices to show convergence

Eg(S,/vVno?) — Eg(Z) (Z ~N(0,1)) (2)

for g € C% — twice continuously differentiable and bounded with two derivatives,
such that the second derivative is uniformly continuous. Also, it suffices to
assume o2 = 1.

3. Hint-2. Let Z1, Zs, ...~ IIDRV’s ~ N(0, 1), also independent from X;’s. Then
Sh_y Zi/v/n ~N(0,1), and it suffices to show

Eg(n~Y28,) — Eg(n™/? > Z) — 0, n— oo. (3)
k=1

4. Hint-3. To prove (3), we use Taylor’s expansion up to the second order:

Eg(n='2 30 Xy.) — Eg(n™ 20, Z1) (4)
={Egn 2 X,1+ ...+ X)) — Eg(n™ V2 X1 4+ ...+ X1 + 7))}
HEgn Y2 X+ . 4+ X+ Z,) = Egn V(X + o+ X+ Z))

All n terms here are considered similarly, and we restrict ourselves to the
first one. Due to Taylor’s expansion (twice apply the First Theorem of the
Calculus for composite functions, g(z)—g(y) = fy ¢'(azx+(1—a)y)(z—y) da)
at n=1/28, 4:

g 2K 4+ X)) = g(n (X X + Z)

:g(n—l/QSn_l) +gl(n—1/28n_l)n—1/2Xn



+ /01 /01 g"(n"Y28, 1 + afn 12X, )an T X 2dad3
—g(nV28, 1) — ¢ (0728, _)n" V22,
- /01 /01 g"(n7V2S,_y + afn Y2 Z,)an " X2 dod
= g(n 128, _1) 4+ ¢'(n" Y28, )n"V2X, + (1/2)¢" (n"V2S,_ )n Tt X2
+ /01 /Ol(g”(n_l/QSn_l +afn V2X,) = ¢"(n"V2S,_1))an X 2dad
9072 800) = g/ (07 Sy )n ™22 = (1/2)g" (0 S )7 2
— /01 /Ol(g”(n_l/25n_1 +apnV?2,) — ¢"(n V%8, _1))an ' X2dads.
Take expectation using EX,, = EZ, = 0 u EX? =1 = EZ2. All integrals
are cancelled out except two:
Egn™Y2(X1+ ...+ X,) — Egn™ VA Xy + ...+ X 1+ Z))
= E/ol /Ol(g”(n_l/zsn_l +afn?X,) — ¢"(n"V2S,_1))an" ' X2dadg

1 1
—E/ / (¢"(n 28,1 + apn?Z,) — ¢"(n"Y2S,1))an~ ' Z2dadp.
o Jo

. Let us show that both integrals are of the order o(1/n). Denote p(u) =
sup,, supy, <, (9" (r + v) — ¢"(x)) — the modulus of continuity for g”. The
function p is increasing, continuous, bounded, and p(0) = 0.

It can be shown that Ep(n~'/2X,)X2 — 0, n — oo [follows from the
Theorem “on bounded convergence under the integral” (Lebesgue); if additionally
assume E|X;|> < oo and take g € C3, then p(u) < C|ul, so that Ep(n~/2X,) X2 <
n~12E| X — 0, n — oc]. Thus,

|Eg(n™Y2(X1+ ...+ X)) — Egn Y3 Xy + ...+ X1 + Z))|
1 1
< E/ / plafn Y2 X, an 1 X2dadg
0 JO

+F /01 /01 plafn 2 Z)an"  Z2dadB = n"to(1).
Since all other terms are estimated similarly, we finally get,
|Eg(n ™ Y3(X, +...4+ X)) — Egn V(2,4 ...+ Z,))| = o(1), n — o0,
which shows (3).



