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1 Introduction

Problems in protein bioinformatics have led to various lgmagjes in statistics. Here we focus
basically on a few problems related to shape analysis aedttinal statistics.

Random rotations have been reappearing recently in vapimidems. In Section 2, we summa-
rize some key points for the Fisher matrix distribution whis the most plausible distribution
for random rotations. It requires a treatment of Haar mesasthich in practice needs a coordi-
nate system. Eulerian angles are natural but the choice ismgue and neither is the Jacobian
simple. We deal with the three dimensional case in detailvatgd by applications in protein
structure. Eulerian angles also appear in the registrafiborm (ie. when rigid tranformations
are filtered out), and a Bookstein type registration is giweBection 3. This is important in
matching two protein backbones. These sections involverisudngles of one type or another.

Another important problem is how to make inference for dite@l models, especially where
the normalizing constant is intractable. Section 5 givescemt approach to the saddlepoint
approximation to directional distributions. Another pler is how to sample such distribu-
tions efficiently (especially when the number of parametgeslarge). One approach which
seems to fit well in directional statistics is importance phing, and we describe a simple case
which would make a building block. Bayesian analysis foediional distributions is becoming
popular and we comment on the current trend in Section 6. \Weéhenpaper with a discussion.

2 Random Rotations and the M atrix Fisher Distribution

2.1 Introduction

Distributions on rotations are becoming increasingly imgat and we give a brief overview
(with some new results) of the most common distributions atations, namely the Fisher
matrix distribution studied by Downs (1972) and Khatri andrifia (1977). Since then Green
and Mardia (2006) and Mardia (2009) have given some furtheeaties.

Let X be ap x p rotation matrix so that

XX =XX"=1, XeSO(p) (1)
with | X'| = 1 and/ is the identity matrix. We will write the uniform distribwth onSO(p) as
[dX], X € SO(p) (2)

which is the Haar measure scaled to have unit mass. The rikéhgr distribution on a rotation
X (Downs, 1974; Khatri and Mardia, 1977) has probability digrfsinction (pdf)

a(F)exp{tr FT X}[dX], X € SO(p), (3)
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whereF' is ap x p parameter matrix. Note that (3) is usually defined for theegaihcase of
Stiefel manifold, and here we are dealing with a special .ca#dso the same distribution is
applicable toX € O(p). For further details, see also Mardia and Jupp (2000). Fothan
model, see Leodn et al (2006).

2.2 Uniform Distributions

The Haar measure is well known in multivariate analysis,(f@eexample, Muirhead, 1982)
but in practice we need to express this uniform distributioth respesct to a particular pa-
rameterization. Khatri and Mardia (1977) have provided ateEtype representation for any
dimensions. We will consider first the general Euler paramizdtion. Let us defing(p — 1) /2
Eulerian angles foX as

0i,i<ji=1,...,p, (4)

where
1 1 , .
—W§6i7i+1§ﬂ', —§7T§6ij§§ﬂ', Z:1,2,...,p; ]:Z+2,...,p .

Thus forp = 3, we have the three Eulerian angtgs, 6,5 andf,3 where

1 1
- < 612,623 < and — 571' < 913 < 571'. (5)

Let H;;(6;;) be an orthogonal matrix such that in the diagonal placese thes unities except
at (¢, 7)th and(y, j)th places in which there isos 6;;, and in the off-diagonal places, there are
zeros except afi, j)th and(y, i)th places in which there are sin 6,; andsin 6,; respectively

(j > ). Define

HY) = H;_1j(0;-1;) ... Hi(01;), H=HPH" _H®. (6)

The matrix H then gives a general rotation matrix in terms of Euler anglé&e can have
different forms of orthogonal matrices which can be obtdibg permuting the orders of multi-

plications mentioned in (6). There are &(cﬁpg—l))! different orthogonal matrices which will
give different (or same) Jacobian of transformations. Alge can permute unities i (.).

Suppose we select the independent elemenis a$

{hij<0ij)7 i<j7 .]:277]7} (7)

Further letH;; be the sub-matrix obtained froff by taking the first rows and columns. Then
Khatri and Mardia (1977) have shown that the Haar measuté (@spect tdldf;;) becomes

[dH]zw‘%pz{Fp( )} 1T {6, /dew}/H|H“|+, ®)

1<j=1

where |H,,| = |H| =1, and

1 p
Fp<2 )—7?4”(” 1]1:[11“{ (p— ]+1)}
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If the independent elements &f selected in (7) are different then the tefff_, |H;;|+ needs
to be replaced by the full determinant from the Jacobian efliear transformation of the
elements of the skew symmetric matfi </ )* to the independent elements(ih7 )7 .

The most important case in practice is for= 3 (for p = 2 we have the well known uniform
distribution on circle). We now consider the casejcet 3 with the support given by (5) on the
angles. Note that there are many variations in parametienizaven in this case (see below).
First note that we have from (6)

H® = Hy5(012), a® = Ha3(023) Hiz(0hs),

H = Hys(0y3) Hi3(013) Hi2(bh2) = H (b2, 06h3,003), say, 9)
cosfiy —sinfip 0
H12(912) = sin 912 COS 612 0 s
0 0 1
cosbiz 0 —sinf3 1 0 0
H13(913) = 0 1 0 s Hgg(@gg) = O COS 823 — SiIl 823
sin 613 0 COS 613 0 sin 923 COS 623

It is found from (9) that heré{ is given by

cos 013 cos 09 — €08 013 sin 015 —sin b3
— sin fys sin 015 cos 19 + cos by sin 015 Sin Og3 sin O3 8in 019 + cos Oyg cos By — sin Ooz cos O3
c0s B3 sin 613 cos By + sin Byz cos B9 cos Oy3 8in B3 sin By + sin faz cos B9 cos Oo3 cos O3

Thus in this representation, the independent elements frypare
hlg(elg) = — COS 613 SiIl 612, h13(913) = — SiIl 913, h23(923) = — SiIl 923 COS 913. (10)

Also we can compute
hll h12
h21 h22

Substituting these in (8), we find that the pdf of the uniforistribution on (6,2, 013, 623) is
given by

Hll = |h11|7 H22 = . (11)

(87%) ! cos b;3. (12)

Indeed, this a particular case of the uniform distributieneny Stiefel manifold given in Khatri
and Mardia (1977) with Euler parameterization.

Consider now the standard Eulerian transformation witeetangles, 3, v (see for example,
Fisher et al, 1987, p.32)

Ala, B,7) = Ar(7)Az(a) A3(B) = (aij)

where
cosy siny 0 cosa 0 —sina
Ai(y) = | —siny cosy 0 |, As(a)= 0 1 0 )
0 0 1 sinae 0 cosa
cosf  sinfg 0
As(B)=| —sinf cosf 0
0 0 1
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where0 < 3,7 <27, 0< «a <. Itisseenthatd(«, 3,) is given by

cos acos (3 cosy — sin B sin vy cosasin fcosy 4+ cos fsiny  —sinacosy
—cosacos fsiny —sin fcosy —cosasin siny + cos Fcosy  sinasinvy
sin «v cos 3 sin v sin 3 cos &

Here a set of independent variables is given by
(33 = COS v, a3y = sinasin 3, agz = sinasiny. (13)
If we identify (10) with (13), then
a=913+g, B =012, v=bhs,
and the uniform pdf in (12) becomes
(87 'sina. (14)

This result was derived using a geometrical argument bys\il865). Note that the results can
be proved directly using the “conditional” Jacobians as ardifla (2009a). Now if we substitute

H(9127 9137 923) =X

into (1), we get a distribution whose conditional distribat for 6,5 given (6;3, 623) andf;;
given (62, 63) are univariate von Mises distributions but the distribotid 6,3 given (6,2, 6;3)
has the Mardia-Gadsen distributional form. However if we &5 = A(«, 3,v) then(3,)
givena has a bivariate von Mises distribution (Rivest-Mardia fjyywéh pdf proportional to

exp{A; cos Fcosy + Agsin fsiny}
but o given 5 andy has the Watson distribution (marginal) with pdf proportabto
exp{ A3 cos® a} sin .

This link given by Habeck (2009) allows a faster samplingceature since the Rivest-Mardia
distribution can be reduced to a product of two independentMises distributions. We are
investigating whether there exists another representafic = H (0, ¢, ) which may have,
for example, the Fisher distribution fo#, ¢) conditional on a circular variable whereas the
circular variable) conditional on(f, ¢) may have a von Mises distribution!

2.3 The GM algorithm and Form

We now indicate how the matrix Fisher distribution has appeéan Bayesian alignments.
Green and Mardia (2006) have aligned a pair of configuraticisg a full Bayesian aproach
for unlabelled configurations iR?. Denote thej'" point in thex configuration byz; where
j = 1,...,m. Similarly, v, denotes thé&" point in they configuration wheré: = 1,...,n.
Let A and7 denote the rotation matrix and translation vector to bgngto alignment with
x. Furthermore denote prior distributions on these parammétep(A) andp(7). We denote
the prior foro, parameterising noise in positions ferandy coordinates, by(c). The joint
posterior distribution for the model is

pOL A ) o pAp(rlple) x ] (w2

]Ji’MJk:l
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where(-) is the standard normal probability density function and 0 is a parameter repre-
senting the propensity of points to be matchéflis an unknown matrix for matching:

M;

__J 1 if z; corresponds tgy,,
"7 1 0 otherwise.

Now for the labelled case, we hawe = n; j = k = 1,...,m andM = I so that we can
rewrite (15), the joint posterior distribution for the madss

p(A, 7,0,2,y) oc p(A)p(T)p(0) (o)™ exp {—% >z — Ay, — T|I2} :

j=1

Hence we can now carry out the Bayesian inferencd onando following Green and Mardia
(2006) for example. This gives a Bayesian perspective tatmag labelled forms (cf. Habeck,
2009; Theobald and Wukkte, 2006).

3 Form Analysisand Bookstein-Type Coordinates

We indicate how Bookstein-type coordinates can be consiuor form analysis in three di-
mensions which are required in registering backbones {seexample, Killian et al, 2007).
For similarity shape, a set of Bookstein coordinates fog¢hltimensions is given in Dryden and
Mardia (1998, p.78). LeX (k x 3) be the configuration matrix with rows;, i = 1,... k.
There are six degrees of freedom and from a naive point of, utawight be thought that the
six degrees of freedom i, andz, might be sufficient to determine the six degrees of freedom
needed to specify Bookstein registration. However thioidime case as, andx, are colinear,
and planar information is required to specify the Bookstemistration. We first use the point
x1 as the origin so that

yi=mx;i—x1, 1=1,...,k. (16)

Then usey; (ie. z) to fix the colatitude and longitude of the points, ie. (&, ¢-) be the polar
coordinates ofj, (z-axis is the north pole). Then

ui:R(Qg,gbg)yi, 7 = 1,...,/{5 (17)

where
cosfcos¢p cosfsing —sinf

R(0,¢) = —sin ¢ cos ¢ 0

sinfcos¢ sinfsing cosd

Now rotate the new coordinates around the coordinaiéer x3), ie. if
ul /||us|| = (sin 63 sin ¢3, sin O3 cos ¢, cos 3).

Then the Bookstein-type coordinates for the form in thedldignensions (angles with new
xr-axis) are
Ui :S((ﬁg)ul, 1= 1,,]{7, (18)
where
1 0 0

S(@)=1| 0 <cos¢ sing |,
0 —sing coso
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andu; are given by (15) and (16). In bioinformatics, these coaths are termed bond-angle-
torsion (BAT), see for example, Killian et al (2007) and wewstelsewhere how these can be
used in matching protein backbones.

For the two dimensional case, the first two new coordinateg$(an) and(d, 0) usingx; and
T2, Namely

uz:S(¢)y2> Y, = T; — X1, 7::1,...,71,
where nowsS(¢) is a2 x 2 rotation matrix

S(¢):[ cos ¢ singb}’

—sing cos ¢

such that
uy = (lzg — x1],0) = (|32, 0). (19)
The construction extends to any dimenion.

4 Saddlepoint Approximations

We consider the simple example of calculating the normradizionstant for the von Mises
distribution. The pdf of the von Mises distribution for zer@an is given by

{e(k)} texp{rcosf}, 0<6<2n, (20)

wherek is the concentration parameter ¢ 0). The normalizing constant is complicated,
namely, we have
c(k) =2mly(kK), (21)

wherel,(-) is a Bessel function. This difficulty is more complex for thaltivariate directional
distributions on the torus, sphere, etc, see, for exampéedM et. al. (2008). However, we
can derive a saddlepoint approximation from Kume and Wo00%2as a particular case of the
Fisher-Bingham distribution. Here we give a direct dervatof their approximation for the
von Mises case to get insight into their approach. We showeibroximately

(k) ~ (27)2 (1 + k)T exp{(1 + k)7 } = d(k), say. (22)
Note that it is a well known fact for smail and largex that
c(0) =27, (k) ~ (27m) 2K 2 exp(k).

Thus,
c(0)/d(0) ~ 1.084, ¢(k)/d(k) ~ 1 for large k.

Hence the approximation covers at least the extreme range.

Considerz ~ N(k,1),y ~ N(0,1) with x = rcosf,y = rsinf. Then, the conditional
distribution of) givenr = 1 with pdf

fOlr =1) = {co(r)} ' exp{k cos 6},

where now

K,2

cof) = 2mg(1) exp(’s + 5) (23)
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andg(1) is the value of the marginal pdf efatr = 1. Now, r* has non-centra\? distribution
with the non-centrality parametér= x2/2. We can now take the saddlepoint approximation
for g(r) to obtaing(1) which then leads to (22). In fact, the saddlepoint approiongor the
non-centraly3 is given by (see, for example, Casella and Goutis, 1999)

g(1) = (27 K"(t)) "2 exp{ K (t) — t}, (24)
where
t= —%(1 +r2)2, K(t) = % —log(1 —2t), K"(t)= 4(1(f_2;532t)

On substitutingx'(¢) and K (t) into (28), we find that

1—2t): 21
1( ) - exp{—2t — B —}. (25)
2(2m)2 (1 4+ K2 —2t)2 2 2

g(1) ~

Further, substituting(1) given by (25) into (23), we gei(x) given by (22). This has great
potential for carrying out inference procedure for the iwatiate directional distributions and
is currently under investigation here and elsewhere. Agrothethod for inference is using
composite likelihoods (see, for example, Mardia et al, 2009

5 Importance Sampling

Most of the common distributions in directional statistiedong to the canonical exponential
family (when at least the “location parameter” is given)u$tthe new methods to obtain MLE
or normalizing constants for the exponential family playigngicant role. Another feature of
these models is that when the “association” parametersescetlzen the marginals are easy
to handle. The simplest examples are perhaps the sine am dgariate von Mises models
(Mardia et al, 2007). Insight into such a behaviour can baiokt by considering the well
known bivariate normal distribution as shown below. Themmdea is to use importance sam-
pling as proposed by Geyer and Thompson (1992) and Geye6)18ait here we follow the
presentation of Green (1992).

Let d be a true parameter vector in the exponential density

1 T
folx) = <(0) exp{0"t(x)} (26)

and lety) be a suitable value ¢fwheref,(.) can be sampled. Then, we have

1 < 7
0) ~ — (O—v) () 27
(0) =3 e 27)
wherez,, . .., z, is a random sample frorfi,(.).

Let X be a bivariate normal with zero means, unit variances aneledionp. Here
1
c(p) = //GXP {—5@3 — 2px1m9 + 23) /(1 — Pz)} dxidxs.
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Herep = 0 is the case (two independent normal variables) where wearapls the distribution
easily. Let

ti(r) = —E(CC% +a3), ta(x) =xxy, 01 =1/(1—p%), O=p/(1—p°). (28)

2
Suppose/); = 1, ¥y = 0 (so thatp = 0). Thus from (27), we have
1 & 1 p
c(p) ~ N ;exp { (m - 1) ti(zi) + (1 — pQ) t2($i)} (29)

where the first term has the coefficiéfit — ¢, ) and the secon@, — ;). So now draw random
samples frome; ~ N(0,1) andzy, ~ N(0, 1), both independent. Note that we know here that
c(p) = 27(1 — p?)2. Hence the behaviour éfp) can be studied. Also, we can obtain the MLE
of p by this method. For some comments on general issues wittetthsique, see for example,
Robert and Casella (1999, pp210-211). Here we have cossdidetmarginal approach” but
when conditionals are easier then the Gibbs sampler is amattve (see, for example, Mardia
et al, 2007; Mardia et al, 2008). Incidentally, there are nabfems in simulating wrapped
normal distributions on the torus, for example (see, KedtMardia, 2009).

6 Conjugate Priorsfor Directional Distributions

6.1 Introduction

There has been renewed interest in directional Bayesialyssmaince the paper of Mardia
and El-Atoum (1976). One of the most recent papers on the sy Lennox et al (2009).
Consider the von Mises distribution with p.d.f.

{271y(k)}y " exp{r cos(d — u)},

where—7m < 0 < m,—m < u < wandk > 0, andly(k) is a Bessel function. Hepeis the mean
direction ands is the concentration (precision) parameter. It has beewsimMardia and EI-
Atoum (1976) that for givem:, the conjugate prior for leads to the conditional distribution
again as von Mises.

Guttorp and Lockhart (1988) have given the joint conjugaiterfpor » andx, and Mardia (2007)
has considered a slight variant. However, the distribultbork is not straightforward. Various
suggestions have appeared; for example, take the priot fodependently as a chi-square
distribution, use the non-informative prior and so on.

6.2 Bivariate Distributions

The current interest in bivariate directional distribuschas increased with their important ap-
plications in structural protein bioinformatics; Kent &2008) have recently given an overview.
A general bivariate circular model, which we call the “fuliivariate von Mises (BVM) distri-
bution, was introduced by Mardia (1975),

f(8,¢) xexp {1 cos( — p) + ko cos(¢p — v)+

[COS(@ — ), sin(f — ,u)} A [cos(gb —v), sin(¢— ,/)}T }’
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where the angle®, ¢ € (—, 7| lie on the torus, a square with opposite sides identified thed
matrix A = (a;;) is 2 x 2. This model has eight parameters and allows for dependeztaeén
the two angles. It can be shown that the conjugate priof/dor) givenx,, k, and A leads to
the posterior distribution fofy, ») of the same form as the full BVM. We have also obtained
the normalizing constant for this general case to write dtwenfull conjugate prior and the
posterior (Mardia, 2009c) but the problem is more intriceexpected.

Recently the submodels of the full BVM with 5 parameters hasen popular. We will mainly
concentrate on the sine model wheie = a5 = as; = 0, aqs = A, thatis the p.d.f. is given
by

f(0,0) x exp{ry cos(0 — p) + ko cos(¢p — v) + Asin(0 — p) sin(¢p — v)} (31)
wherex, ko, and are the precision parameters. (&t ¢;), i = 1,...,n, be arandom sample
from the sine model. Let us write

C1 =Xcost;, Sy =2Xsinb;, Cy=>cos@;, So= Xsing;,
Uy = Y cosb; cos ¢, Uy = Xsin6; cos ¢;, Upg = X cosb; sin ¢;, Uss = ¥ sin 6; sin ¢;.

Suppose that the prior fq, ) given the precision parameters is again the sine model with
parametersi, Vo, ko1, ko2, Ao)- Then after some algebra it can be shown (Mardia, 2009c) that
the posterior density fofyu, v) is given by the fullBVM distribution with the mearf., 1),
concentratior{x?, x3) and the matrix4 as defined below.

* * * . * .
K1 COS [ty = Ko1 €08 g + k1 Ch, K sin pyy = Kop sin po + K157,

Ko COS 1y = Kgg COS Vg + kaCl, Ky sin vy = Kog Sin vy + K252

A= RGDROY, Bw) = (B0 ) D= ()

d11 = )\0 sin o sin vy + )\UQQ, d12 = —()\0 Sil’l,U/o cos 1y + )\UQl),
dy; = — (Ao cos g sin vy + AUja), dag = Ag cos g cos vy + AUy .

This result is in conflict with the result given by Lennox e{2009) where the posterior density
for (i, v) is claimed to be a sine distribution.

We can work in the same way with the cosine model (Mardia &Qy7; Boomsma et al, 2008)
but now the posterior distribution of the mean is anothemmsubmodel of the full BVM but
with six parameters only. Various details will appear in Bar(2009c).

6.3 TheMultivariate von Mises Distribution

Mardia et al (2008) have given a multivariate sine model tgtpdf of 67 = (6,,...,0,) as

1
{T(k,A)} " exp{rTc(0,n) + 55(0, WA s(0,pm)}, (32)
where—m < 0; <7, —7 < p; <,k > 0,—00 < Ny < 00, kT = (K1,...,Kp),

C(ev :U’)T = (COS(91 - :ul)v R COS(HP - :up))v 5(07 M)T = (Sin(el - :ul)v s 7Sin(9p - :up))v
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and(A);; = \j = Nji, i #J, i = 0, with {T(k,A)}~! a normalizing constant. We
call this the multivariate von Mises density. Note that foe 1, this is a univariate von Mises
density and fop = 2, this density corresponds to the bivariate sine model.Hearforp > 2,
the normalizing constant is not known in any closed form. laoge concentrations we have
(1 = 0 without any loss of generality)

0 ~ Np(O, E_l), Where(E_l)“— = Ry, (E_l)ij = _)\ijv 7 §é ]

Using the conjugate prior for the mean vectofor givenx and A, then the posterior density
of p is found to belong to an extension of (32) given in Mardia aattégenaru (2005). For
k, A we can use the independent prior distribution as Wisharf fevhere (I');; = «; and
(I');; = —\;, following the proposal fop = 2 by Lennox et al (2009). Again, full details of
the results in this section will appear elsewhere (Mardi®o2).

7 Discussion

We have given here a few pointers to investigate some new ptothproblems in directional
statistics and shape analysis. This style follows in thetg@t by LASR papers such as Mardia
(2007), and Kent et al (2008). There has been a lot of aciivisyatistical protein bioinformatics
and a full review will appear elsewhere (Mardia, 2009b). Bema et al (2008) and Frellsen et
al (2009) are some of our examples of interdisciplinary warthe area but the field is moving
fast with activities at various other centres. We hope thaffield will continue to grow at the
current speed!
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