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ABSTRACT

In simple kriging, various models are fitted at present by some ad-hoc methods. We explore
the maximum likelihood estimators for fitting the parameters when the stochastic process is Gaus-—
sian. First, we deal with isotropic models, and estimate the nugget effect, sill and range. A set
of unbiased estimators of the nugget effect and sill are also given when the range is infinite or
known. Tests for important hypotheses such as no-nugget effect, etc. are developed. Secondly, we
deal with the fitting of anisotropic models under geometric anisotropy, and in particular, the ma-
ximum likelihood estimator of the anisotropy parameter is given. Various tests of the hypothesis
of isotropy are developed. Particular cases such as the spherical scheme, doubly geometric scheme

are described. Their numerical applications are given elsewhere.

RESUME

Quelques problémes d'inférence statistique dans le krigeage II : théorie

Pour la mise en oeuvre du Krigeage, il est nécessaire de connaitre le variogramme théorique.
En pratique celui-ci est choisi parmi divers mod&les simples i partir du variogramme expérimental.
Dans cet article, nous explorons les estimateurs basés sur le maximum de vraisemblance, pour dé-
terminer les paramétres du variogramme théorique lorsque le processus stochastique est Gaussien.
Dans un premier temps, nous &valuons l'effet de pépite, le palier et la portée pour un modéle iso—
trope. Différents estimateurs de 1'effet de pépite et du palier sont proposés lorsque la portée
est infinie ou connue. Un test est proposé pour des hypothéses importantes comme les modéles “sans
pépite". Ensuite, nous donnons un estimateur de 1'anisotropie maximum pour les moddles de vario-
grammes d anisotropie g@ométrique ainsi qu'un test pour 1'hypothése de "modéle isotrope'. Les cal-

culs sont développés pour le cas du modéle sphérique et du moddle 3 anisotropie géométrique.

ZUSAMMENFASSUNG

Einige Probleme in der statistischen Folgerung in der Krigung II : Theorie

In der einfachen Krigung sind heutzutage verschiedene Modelle mit einigen ad hoc Methoden
angepasst. Wir folgern die Hochstwahrscheinlichkeitsschiatzung fir die Parameteranpassung, wo der
Prozess gaussisch ist. Erstens befassen wir ums mit isotropischen Modellen und der Schitzung der
Klumpenwirkung, dem Lagergang und der Reichweite. Es wird auch eine Menge der Schitzungen der
Klumpenwirkung und des Lagerganges frei von systematischen Fehlern gegeben, wo die Reichweite un-
begrenzt oder bekannt ist. Proben fur wichtige Hypothesen, wie die nicht-Klumpenwirkung, u.s.w.

sind entwickelt. Zweitens befassen wir uns mit der Anpassung der anisotropischen Modelle unter
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geometrischer Anisotropie und im besonderen geben wir die HEchstwahrscheinlichkeitsschﬁtzung der
Anisotropieparameter. Wir entwickeln verschiedene Proben der Isotropiehypothese. Besondere Fille,
wie das spharische Schema, das doppelgeometrische Schema, sind beschrieben. Ihre numerischen An-

wendungen sind anderswo gegeben.

A — INTRODUCTION

Al
tice, these points may be on a line or a plane. The vector z 1s a 'stacked' vector. Suppose that

z v N(ul,z).

Let %' = (zl,...,zn) be a single realization. The location of 2 is at =X xeRp. In prac-

We assume that

£ = (0550, 05 = 02,

T

i c(dij),

where dij = (§i = ¥j)' Q(gi = %j)’ A>0.

For this paper, we assume that the form of o(.) is known but it contains unknown parameters,
(We replace the Mahalanobis distance by the L; distance for the doubly geometric process). For

A = I we have the case of isotropy.

Note that if

2 *
I=@-F +vl,
* 2
where E is a correlation matrix, then ¥ is called the nugget term and ¢ 1is the sill. Further, if
g(.) = 0 for h>a but a(.) + 0 for h<a then a is called the range. If the range isknown to be infi-
nite then there are only two parameters c? and y to be estimated. Note that the common notation

in geostatistics for o2, ¥ and o is C + Co’ Co and a respectively.

A simple departure from isotropy in two dimensions can be indicated by

1 0
A= » A2 = 1-¢, ¢<1,
0

where A is called the anisotropy ratio (commonly denoted by k), X0 and ¢ will be called the ani-
sotropy parameter.

In general, the preferred direction is known, and therefore this model is adequate for most
practical situations, e.g. it is expected that there will be more variability in the vertical di-
rection than in the horizontal direction. We discuss some aspects of the overall model. In parti-

cular, we may write

Q = diag {Al,Az),
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and consider o2, X1 and A, as parameters. Its extension to p = 3 is also indicated.

Note that the spherical scheme is
3
o = 2 (1-3 B Il .
a ) 3
a
We also discuss the following particular schemes for two dimensions.

(i) Gaussian scheme :

2 2
a(h,k) = o2 &, §,%,

(ii) Doubly geometric scheme :

o(h,k) = Uzlihi kaI

This can be generated by z,, = A + v

. : . BT ;s inde; -
i3 zl_l,J szl"l,J—l £y 40 where 8gs are indepen

i1
dently distributed.

Note that

B =

w=Q'Z2/QE D).

For our discussion we shall assume p = 0, since if % is known then u is known.

B — THE ISOTROPIC CASE

1 — ESTIMATION

We first assume that the range is infinite or known, and there are only two parameters, o2

and ¢, which need estimating. Let us write e2 = U/o? as the nugget coefficient. We thus have

i = o2{ (1-e2) E* + 22%}, (2.1)

*
where z is known from the form of o(.). For example, we assume that o is known for the spherica.

scheme. Note that (2.1) is related to the usual Factor Model but with a single observation.

a — MAXIMUM LIKELIHOOD ESTIMATORS

If ¢=0, we obviously have Gyp2 as the m.l.e. of o2 as

.5 RE F (2.2)
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The log likelihood for ¢$0 is

%
log L = const.- % log o2 - % log |£ | -4 1og [%-222|

- 1 -y
z' (I-e2D) lr g (2.3)
N 4 " N N
202
x 1
where D = I-I
" oy

Consider the spectral decomposition of 2 by

—_ T
R AT

where { = diag (yi) and é is an orthogonal matrix. We then have

n

log L = const.- % log o2 - + I log (l-e2v.)

i=1 *

2
n u.<(1=-vy.)
. = (2.4)
262 i=1 (l—szYi)
where u = é%.

Hence the m.l. equations for o2 and €2 are

2
n u.< (l-vy.)
o2=1 1 1 = (2.5)
X 2
i=1 (1-e Yi)
2 =
2 v a % Yiov)
a2 § — = 3z s (2.6)
o - 2 3 -
i=1 (l-e Ti) i=1 (1-¢ Yi)
We can solve (2.5) and (2.6) by iteraticn. However, on eliminating o2, we have
2 2
n  u,“(i-y.) n Y- n  ou.%y.(l-y.)
%_{ T i iy {5 i Y= 1 11 &
i=l  (1-e?y,) =1 (=e?yy) i=1 (1-e27i)2 2.7)
Asymptotically, (52, £2) is bivariate normal with mean vector (62, €?) and the
covariance matrix
20" 2 —— 2 “1}
o |t {D?(I-¢ D) b, o2 tr {33(3-5 D) ; (2.8)
a8
0.1}
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=2 i 2
where t(e) = n tr {D2(I-e2D) 1} - {tr D(I-e2D) } .
v a2 v NNy .

For € = 0, we have

var(§2) = 20" tr 32/1(0),
var (g2) = 2n/t(0), (2.9)
cov(g2, 82) = 202 tr 2/1(0),

where 1(0) = n tr 32 - {tr E}z (2.10)

In general, tr E = 0(n). Hence t(g) is of order n2.

Note that the asymptotic var () can be written down from
var () = o var(g?) + " var(g?) + 202e? cov(G?, g2).

L

On expanding the terms in the likelihood to order ef, we obtain

~
~

T 1
A -~ ERIR -, BRR (2.11)

j=]
o]
=]

Further, to the same order or approximation

z'Ujz — (txr' D) 2'U =z
n'b mlm ( m) nou0ny

2 . ; (2.12)
[{tr D2-(tr D)2}2'U z + (n+l)(tr D) 2'Uyz-2n z'U,z]
u N N Lo L L VR VRV v mzu
r %1 1
where U =D I
NE oA A
=p" -0, =01, ..
These expansions will be valid if tr D < 1. We can use these as initial estimators in itera-
Ny
tion.
Example
For the linear Markov process
* esid
E - It [v]<1,
we have
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-y 2y  =1....0
b=
N ].""(2 2"{ “1
v
Hence, o2 and €2 can be obtalned from (2.5) and (2.7) and approximately from (2.11) and

(2.12). For e=0, from (2.9) (c s EZ) is asymptotic normal with mean (¢2,0) and covariance matrix

given by
" 20" (1+2y2) & (1-y2)2
var(o2) = ————— , var(e?) = ——
n 2
ny
- - —202(1—72)
and cov(dz, ez) s e

n
As y+0, var(e?)+= which confirms the intuitive feeling when only nugget effect is present. As

y+1, var (e2)=0 showing that strong dependence can predict the nugget term.
Further, for €=0,
-~ Uh(l_Y2)2
var(y) = ——m . (2.13)
ny2
b — UNBIASED ESTIMATORS

It can be shown that

w* = (z2'Dz)/(tr D)

"RV AV v

and
g*¥2 = z'z/n
NN

are unbiased estimators of ¢ and o? respectively. For the doubly geometric process, it can be

shown that

(1-y2)o" $2(3n-4)

*
var(y )

= +
(n-1)y? (n-1)2
b
(02-9)2 (1-y2) {ny2" (+y2-y2"" ) + y27*2)
+
y*(n-1)2
(1-y2)o* | ¥2
-— A (2.14)
ny n
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Hence for y = 0, its asymptotic relati effiel v from (2.13) is 1 - yz, which shows the

efficiency decreases with large values of vy.

2 — HYPOTHESIS OF NO N’ 7GEI EFFECT

We can test the hypothesis

against
Hy : e % 0.
We can easily write the likelihood ratio text. For small £2, we have

=2 ].oge A=n loge(clzldoz) - g2{tr D+ e? tr p?}

A 3

-~ -~

where 002 is given by (2.2 ) and 012 and e2 are given by (2.11) and(2.12) respectively.

An alternative test is to use

¥~ N(O, 2n/1(0)),

where 1(0) is given by (2.10). For the doubly geometric process, T(0) = 2n2y2/(1-y2)2. This me -
thod can easily be extended for the doubly geometric process with y, o2 and £2 as the parameters

to be estimated, i.e. y is the m.l.e. of y in (o). (See § 3.3 on isotropy).

3 — FINITE RANGE

*
If the range o is finite and unknown, & will be a function of o. However, we assume in (2.1)

that o2 and % do not involve a. We can simplify the likelihood (2.3) slightly by using
log |I-e? D| = - §
" "
(I-2p) ! = Je2F p T,
" " Y]

By neglecting e® and higher powers, we can write down the maximum likelihood equation for «,

and proceed as in (2.11) and (2.12). However, even for ¢ = 0, we can only make progress numerical- .

ly. It is useful to note that

3z ! 3L
I N !
3a e da v



In general 3L /3a can be computed.
")

Example :

Consider only two points zy and Zy, unit distance apart, from the spherical scheme

3 3
o) =1-= 2+ B o,
2 @ 293
=0 , h>a.
We have
-2 log L = 212 + 222, for a<l
and
1
-2 log L =2 log(l—oz) = ————————A{212—2p2122+222}, for azl,
2(1-p2)

where p = ¢(1). The m.l.e. of g for @zl is a solution of a cubic. (For known value of 0, @ can
be obtained from p = o(1) which is again a cubic). Hence, even for this sample case, we cannot

make much analytical progress.
C — GEOMETRIC ANISOTROPY

Under geometric anisotropy, we have

*
I= (02-y) T + y I, (3.1)
") N v

where the correlogram is given by

Thus

a(h) = a(h'An), o(0) = 1, (3.2)
N LI VAV
and A is a pxp symmetric matrix.
A
o= ol —x. Y e, <x. )]
Ty TR A% g

The parameters to be estimated are 0%, Y and A, i.e. 2 + Bigill-in all. We will concentra-
L

te here on the case for p = 2 but the method can be generalised. We initially take ¢2 =1, ¢ = 0,

and

! A= (3.3)
v
| 0 1-¢

where ¢ will be called the anisotropy parameter ; the larger is ¢, the greater is the anisotropy.
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I — ANISOTROPY PARAMETER

Let us write,

2 2: 2
d ij = (xi_xj) + (Yi'Yj) 3

where (xi,yi) is the location of z;.

n
Further,
2
% = (o(d ij))' (3.4)
We have

* 2 2
L = (U{d ij - ¢(YL_YJ) }) = El say.

v

Using Taylor's expansion, we have to order ¢2

1 o
-1 2
E (%; + QHI ¢ Hz); (3.5)
where
-1 2 =¥
Wi=¥1 Zo 5 Wo= (V2 - Vi) Lo » (3.6)
with
o | -l
V) = ZU Uy, Vo = Lo Ug,
N n LY

U; = ((yi—yj)2 0'(d2ij)),

1
U2 =; ((Yi——y:j)h Utr(dzij))!

where ¢', o'' are the first and second derivatives of o(h) with respect to dzij'

We also have to the order of ¢2
1Z1] = |zo] [1-¢ tr v, + %¢2 {2 tr Vo + (tr V1)2 - tr v ?}] 3.7)
ny Ny n LY Ny
Using (3.6) and (3.7) in the likelihood function for z from N(0, Z;), we obtain
"N ~

¢ = b;/2by . (3.8)

where
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by = tr V; - z'Wz,
Yy LTI TR V)

by = tr V, - %-tr V12 - z'W,z.
N v LRV

: ¢ F£0) is given‘by

Further, the likelihood ratio test of isotropy (Hy : ¢ = 0, H;

-2 log A = b;2/4by (3.9)

which is asymptotically distributed as X12-

Example :

We consider z's on a 2 x 2 grid with unit distances, i.e.

z = (211, 212, 221, 232) with
vl

2 = Z
o(h,k) = g T(mIKT

where B is known. The answer remains the same for the 2 x 2 case with
Blhl +(l“¢)ikl E]

i.e. after replacing h? + (1-¢)k? by |h| + (1-¢)|k| in the above discussion. We find that

by (2_&5';_ [28(1—32)2 - BMpg + (1+82) Mg+ 2g2 Mip - B(1+32)(M11+M1, -1 |,
1-84) -

—?
by = —2 8 [48(1—82)2 - 28(1+82)Mgo + (1+682+8%)My;
(1-g2y4

482(1482)My; - B(1+682+8M) (M1 1+M),-1) } >

+

m n
where a = - log B, M = z E Zi . Z...
e rs W et | i-r,j=s"1ij

Since bj and b, contain B, it is mnot easy

-~

to interpret either ¢ or the likelihood ratio test.

2 — EXTENSION

We now consider a slightly extended problem. Let us assume
o(h) = oA 2+ Ak2)
N

=0{A(h24(1-¢) Kk2)}. (3.10)
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If A is small, we can use the idea of expansion as above, i.e. Taylor series expansion in

Ay and Ay will lead to an approximative estimator.

We now illustrate this idea by the doubly geometric series,

LIS

a(h) = o2 A Y s
N

which is a reparameterisation of (3.10).
Under Hy : A = v = y, say,
Hl H A + V,

2

where ¢“ is unknown, it is found that the likelihood ratio test for an m X n grid is

=2 log A = n log (1-A2) + m log (1-v2) - (m*n) log (l-v2)

~

+ mn log (op?

- 012) ~ Xlzs

~ -~ - -~ ~

where A, v, ¥y, 002, 012 are the m.l.e's given by the following equations.

-~ Bs—v33+v235
A wem=—— 3.11)
Bg~2VB,+v2B7

% B,-AB3+AZB, (3.12)
v ——MmM v
Bg~2ABg+AZBy
Y is the solution of the cubic equation
3
2B7y - 3(By+Bg)y? + (2B3+Bs+Bg)y-(Bo+Bg) = O, (3.13)
- 1 -
0g? = o [B1-2(Bz+Ba)Y+(233“35”33)Y2—2(3u+35)v3+B7Y“:| ' (3.14)
012 =_1 By—2vBy+2VAB3=2vA2B,+v2B5-2v2 B +v2) 2B,
mn
-2XBg+AZBg :| s (3.15)
where By = Mg, By = My, By = Mj.—y *+ Mpg,
By = MDI_MI'(I)-Mm‘(l)’ Bg = MUU_M'I-M_H’ .

DN RN ST 2,7 247 2 .o 2
Ef Moo Ml. Mm. M.l M.n ® & +zln Zml * Zmn

and Bg, Bg, Bg are defined by symmetry.
n | 5

Finally, M. = A
i §u1 i]
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n
i = £. . B .
M. (1) j=>:2 i,i Zi5-10 ete

It is found that an asymptotic test after variance stabilisation is given by

= S ;
(sin 1;\ - sin v} Vmm ~ N(0,2) (3.16)

For large m, n we find that

-~ (1+U2) Tip — v(rll + rl,“l), (3.17)

1-2vrgp+v?

- (1+3%)rgy - A(ryy+r;,-1)
i e = (3.18)
1"2Ar10+A2

where 1. = Mij/Mgg. These equations can be iterated with

-~ -~

Ap = Tigs Vg = Tg1-

Similarly, y satisfies for large m, n the equation

2y3 =3(rjo+rg1) Y2+2(1+r , =141 1) y=(r1g+rg1) = O. (3.19)

~ ~ -~

For large m and n, and for small A, v and ¥, it is found that

mn(ryg-rp1)? [ (r10-rp1)? 2(r g+rg1)?
-2 log A 2 — 1+ + (3.20)
(I-ry 1-ri,=1) (A=%y =151) @4 ryytey,—3).

or approximately, -2 log A = mn (rjg = rp1)2/(l-r1,-1).

It may be.noted that for m=n=2,

2
4(rip-rg1)? 2(rg1-r10)
“2log A= — | 1+
1-2(ry1+r1,-1) []-2(r11+r1,—1)]

4(rg1+r1p)?
" (3.21)
[l+2(rll+r1,—1)]

~ ~

Hence, -2 log A measures the discrepancy between A and v or rather Mgy and My, the correla-
tion in the x- and y- directions, i.e. the variogram in the x- and y- directions. The results are

2
similar for the covariogram Uzdlhzﬁzk when ) and §; are small. However, the work is not as easy.
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