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SUMMARY

We first review recent modeling approaches to spatio-temporal data. Next we introduce a model that
combines effectively two well established approaches of spatial statistics and time series — one of Kriging
in the field of spatial data and the other of the Kalman filter for time series data. We call our approach to
this spatio-temporal state space model the spatio-temporal Kalman filter. The spatial field components in
the spatio-temporal Kaiman filter may take a variety of forms, including empirical orthogonal functions
and so-called principal fields. We discuss some general properties of the model, and emphasize that the
model allows prediction in space as well as in time, and using observations at sites that may differ from
one time to the next. We emphasize the selection of, and diagnostics for, and time-evolution of the spatial
fields. Multivariate observations are accommodated through a common set of spatial fields, and a matrix
state. A simuiated example is given, to provide insight into the spatio-temporal Kalman filter.

1 Introduction

Many examples exist of data that can be viewed as spatial and temporal processes. For example in
meteorology sets of rainfall measurements are available from a number of sites over a period of time.
Estimation of variables at unsampled times or unsampled spatiai locations requires the extension of existing
techniques into the space-time domain. Such work dates back at least to the 1860’s when, as Haslett (1989)
points out, Francis Galton (1863) collected data on weather from stations throughout Europe, from which
he was able to conclude that the atmosphere is dominated by vast, coherent weather systems. We give here
a brief review of the topic from the modeling point of view. For excellent recent overviews we refer the
readers to Haslett (1989), to Rouhani and Myers (1990), and to Guttorp and Sampson (1994).

In some instances the extension into the space-time domain has been avoided. If the time component
were integrated out then we are left with the problem of interpolation and prediction in space only, for
which the method of kriging is appropriate. Similarly the spatial dependence could be removed, leading
to the use of time series methods. Neither approach is entirely satisfactory. In particular it should be
established whether spatial or temporal dependence is dominant before one is removed.

Another solution is to consider the spatio-temporal phenomenon as a realization of a random function
in d + 1 dimensions (d dimensions in space plus one for time). Although in appearance straightforward,
this presents both theoretical and practical problems as there are major differences between temporal and
spatial phenomena (see, e.g., Rouhani and Myers (1990)):

1. Onedimensional temporal data is ordered, contrary to spatial data. Also, space and time are measured
on two different scales which cannot be compared.

2. The locations available are often sparse, whereas the time series associated with each are long. Or

infrequent synoptic coverage (images) may be available. The accuracies of estimated temporal and
spatial structures are likely to be quite different.

3. Space-time data can often exhibit temporal periodicity and spatial non-stationarity.
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In response to these problems Rouhani and Wackernagel (1990) took the time series ar each measurement
point as separate, but correlated. Thus they focussed on the dimension richest in information, which
allows backwards and forwards forecasting, but not spatial prediction. When considering environmental
monitoring data, one can remove the effect of time and, then view the data as repeated measurements in
space (see Loader and Switzer (1992), Sampson and Guttorp (1992), and Mardia and Goodall (1993)).
Random effects can also be included, as in the analysis of longitudinal data with either lemporai correlation
(Zeger and Diggle (1994) and Donnelly, Laird and Ware (1993)), or spatial correlation (Donnelly, Ware
and Laird (1994)). For an interesting state space view of longitudinal modeling, see Jones (1993). The
reader is also referred to related papers in Patil and Rao (1993), and also Haslett er a/ (1991).

A general approach is taken by Mardia and Goodall (1993) who write down an (nTm x nT'm ) covariance
matrix ¥, where n is the number of sites, T' the number of time points, and m the dimensionality of
the observation at each site and time. This matrix is then simplified in stages, first to a Kronecker
product that separates out the temporal part, T = Eg -: Eypr, and then to a Kronecker of three matrices
L=¥n " Zr  Em,where L1 isT x T, Eypm isnm x nm, Ly isn x n, and Eps is m x m. Oelhert
{1993) also uses a factored covariance model. While the factorization appears very general, there is a
possibly significant drawback associated with the factored structure, namely extra symmetries, e.g.

Eu'k“‘rjfkf = Ellj’k,l’jk' G ( l 1 )

Consider a spatio-temporal field X(s,t), where s is the location within the geographical domain of
interest, DD, and ¢ indexes time. A variety of models for X have been considered. The simplest model, see
for example Rouhani and Myers (1990), would be

X(s,t) = Z(s) + U(t) or X{s,1) = Z(s)U(t) | (1.2) |

where Z(s) and U(t) are assumed independent, or at least uncorrelated. Rouhani and Myers (1990)
highlight the special cases where one component or the other is deterministic, and give examples of such
models from the literature. Haslett (1989) reviews various methods, including the method of optimal
statistical objective analysis (OSOA), closely related to kriging, in which

X(s,t) = P(s,t) + ¢(s, t). (1.3)

P(s,t) is a numerical prediction (‘first guess’) based on past values of X (s,t); €(s,t) is the first guess
error. Given the differences between the observations and the first guess predictions, together with a first
guess at a new site so, the objective is to predict e(so, t). The prediction is then used to obtain a refined
estimate of X(so,t). Haslett’s emphasis is on spatial, not temporal, structure.

Mardia and Goodall (1993), among others, consider modets for a multivariate response in which

X(s,t}) = pu{s,t) + efs, 1) {1.4)

with E{X(s, t)] = u(s, t) the set of trend surfaces, and € a vector-valued mean zero second-order stationary
temporal-spatiai Gaussian process with covariance . Together with the possible factorizations of T noted
above, other semiparametric strategies are considered to remove the effect of time and thus view the data
as repeated measurements in space. -

Hest et al (1994) utilize the decomposition

X(s,1) = (s, 8) + S(s,)U(s, 1) (13)
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where u, S and U are spatio-temporai random fields representing mean, standard deviation and residual
respectively, taken to be mutually independent. p and S are further decomposed as sum and product
respectively, as in equation {1.4). The aim is to obtain more accurate representation of spatial interpolation
errors,

Some of the ingredients in modeling spatial temporal multivariate monitoring and image data are the
following,

L. A spatial model, which may be second-order stationary or intrinsic stationary.

2. A temporal model, which, unlike the spatial model, is not reversible.

3. A multivariate model.

4. A model for images.
These are interrelated in potentially complicated ways. For example, an expression for the cross-
covariogram and cross variograms have been written down for multivariate data (Cressie (1993)), and
simultaneous ARMA modeling in space and time (STARMA) has been investigated (e.g. Pfeifer and
Deutsch 1980a,b). A general model should allow for the following, in addition to points 1-4 above.

5. Data sampled at different sites at different times, as with the interieaved hexagonal subgrids envisaged

in the design of EMAP (Environmental Monitoring and Assessment Program) (Overton et al, 1990).

Synoptic coverage (images), most likely at infrequent intervals

Prediction at arbitrary spatial locations at arbitrary, possibly future times

The possibility that data occur at irregular intervals of time

Short series of data, ¢.g. annual samples over 5 years, and medium length sequences, e.g. monthly
monitoring over 5 years, and long sequences, ¢.g. daily monitoring.

Here we begin to develop and to investigate a general structure for handling such data. Fundamentally,
the approach is to model each data source as a linear combination of spatial fields, that are either fixed or
are slowly changing in time. The linear combination is the state of the system, and its changes with time
is modeled according to a general state space model. This resembles a random effects model (the linear
combination is random), with the errors uncorrelated from time to time, but not, in general, uncorrelated
in space. The overall broad objectives of this approach are as follows:

() Spatial prediction at a time for which data are available,

(b) Spatial-temporal prediction — typically at a future time,
(c) Network design, including design in both space and time, and
(d) Data description and summary through model fitting,

e N,

2 The Kalman filter for spatio-tempqral data

Kriging has proved to be an effective tool in spatial statistics whereas the Kalman filter has proved itself

as an established technique in time series analysis. We incorporate both these in our approach to spatio-

temporal data and call it the spatial-temporal Kaiman filter. Green and Titterington (1988) have introduced

a Kalman filter for restoring sequences of images, but their model, discussed below, is complementary in

the sense that their state vector is a spatial field unlike in our formulation. A method closely related to the

spatio-temporal Kalman filter is used in numerical weather prediction, as pointed out by Haslett (1989).
We decompose the data into trend and carrelated error components:

X(s,t) = p(s,t) +e(s,0). (2.1)



The covariance cov(e(s,t), (s',t')) might take one of several forms, involving all four arguments,
5(s,s’,t,t'), or differences (error stationary in space and time), £(s’ — s, t' — t). Here we assume that
#(s, t)} contains all the temporal association — the error covariance is then (s, s'), or just £(s' — s) in the
spatial stationary case of no time dependence. We might also assume that the £(s, t) are pure measurement
error, and are uncorrelated.

The trend component must accommodate various types of changing pattern with time.

i. Periodic fluctuations.

ii. Steady change in a pattern,

ili. Innovation, transformation, migration, and removal of features.
Periodic fluctuation immediately points to a multivariate time series mode!, which can be expressed as
an instance of the general state space model, and hence approached using the Kalman filter, Additional

flexibility is usefully provided by the extended, or nonlinear, Kalman filter. We start with the extended
setup, and write the trend surface as a sum of p products

H(s,t) = hy(s, tya(t) + hao(s, t)oa(t) + ... + hy(s, t)a,(t) = h(s, t)Ta(?), (2.2)

say. Each component (s, t)oi(¢) includes a slowly changing factor (s, ¢), and a more rapidly chan ging
factor, a;(t), which has no dependence on space.

For example, in monthly data, h inay have two components, (s, t) containing typical winter pattern
and h(s, t) containing typical summer pattern. The quantities & (¢) and a»(t) follow annual cycles, 180°
out of phase — from winter to summer ., {t) decreases while e,(t) increases. Changes in ky and k. reflect
longer term evolution, spanning several years. If a pattern other than hy(s, t) and k,(s,t) were to occur
but not persist, then that pattern would be subsumed in the noise (s, t). Or, if the pattern recurs, perhaps
sporadically, then a third field hs(s, ) may be introduced.

The formula

X(s,t) = h(s, t)Ta(t) + (s, t) (2.3)

provides a (linear) low-dimensional summary of the trend part of the random field X(s,t). However, a
finite linear combination of fields A;(s, ¢} cannat always be found. In the case of image sequences, a typical
test problem (Hainsworth and Mardia (1992), Sutherland and Titterington (1994)) is the rotation of a black
rectangle against & white background, with noise added. For that, a spatial mapping is used, €.g.

F(S’ t) = ho(S,t) + h:(ga(t)(s), t) (24)

where ot} contains the parameters of an affine transformation, s ~— gacey(s). as in Hainsworth and
Mardia. Or a(t) may specify a realization of a deformable template & (a(t); . ):

#(s’ t) = ho(s, t) + kl(a(t); 5, t) ' (25)

as in Sutherland and Titterington.

A second example of the use of equation (2.2) is in modeling deseasonalised data, where hi(s,t} might
be a mean field, and h,(s, t) differences from the mean. The coefficients aat) may fluctuate among both
negative and positive values. A systematic trend in time in X(s, t) might be captured in the slow evolution
of hy(s, t), or in the sequence {(o(t), ax(t)}), t = 1,...,T}.

A Bayesian perspective on the Kalman filter is well known, see ¢.g. Meinhold and Singpurwalla
(1983). The general probability model for the extended Kalman filter in equation (2.2) may be approached
as follows. Let x(t) denote the vector of observations at time t. Let x(< t) denote the collection of
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such vectors of observations {x(¢') : t' = 1,...,t}. Let A(¢) denote the state space event at time ¢,
A(t) = {h(s,t), x(t) : s € D} for spatial domain D. Then

PLA() [ x(<8), A(0) ] & P[x(t)] A(t)] PLA(t) | At-1)] P A(t-1) | x(<t-1), A(0) . (2.6)

This equation makes explicit the time dependent structure of the observed x(t). The entire p-vector of
states ae(t), and the entire p-vector of spatial fields enter into the equation for the probability model. Using
a Markov random field structure for spatial dependence, there may be some simplification. A Monte Carlo
Markov chain is one type of approach suitable also for image sequence problems, such as for deformable
templates.

Alternatively, with distributional structure, the extended Kalman filter is a recursion for estimating the
a(t) and h(s,t) in this setting, and also for predicting a(t) and h(s, t) at future times. The extended
Kalman filter for this setup can be written with two sets of state equations (for a synopsis on the observation
and state equations of the general state space model, see Section 2.2):

a(t) Paft—1) + n(t) (2.7)
h(s,t) = @Qh(s,t -1) + ((s,t), '

or these might be combined into a single state equation. The extended Kalman filter may include also state
equations for the covariance, or the coefficients of a variogram or covariogram. More general forms of the
(linear) Kalman filter, to include multivariate and image data are noted below.

A solution might be attempted by alternating between two (linear) Kalman filters, one for h(s, ¢) and the
other for ar(t). There are two issues concerning the identification of h;(s, ¢) and a;(t) in each product. The
simpler issue is the relative magnitudes of h(s, t) and (). We might constrain each field k,(s, t) 1o have
mean one integrated over the spatial domain D at each occasion ¢. The more complex issue is to establish
the usefulness of ar(t). The key is that h(s, t) should be slowly varying. One possibility is to bound the
coefficient of variation of h(s, ¢). A second is to ‘smooth’ h(s, t) in time more heavily — this is typically
done by appending h(s,t — 1), h(s,¢ — 2), .. ., etc. to the state vector; the full version is used in the state
equations, but h(s, t) appears in the observation equation. In some cases a third possibility, that o(t) has

defined periodicity (12 months say), can be used: for a related technique in seasonal decomposition of
time series see Cleveland and Devlin (1982).

2.1 The Katman filter for h{s, t) only

The ordinary, or linear, Kalman filter provides best linear unbiased predictions when either h(s, t) or a(t)
is treated as fixed, non-time varying. For image sequences, Green and Titterington (1988) set p = 1,
a; = 1, and k(s, t) to be the true scene, with the state equations

h(s,t) = > Q(s,s')A(s’,t — 1) + {(s) (2.8)
s'eT

where the summation is over all pixels in the image 7, and @ is a transition matrix that, in the sth row,
typically gives greatest weight to the neighbours s’ of s . Neighbourhood structure is initially introduced'
into h(s, to) through a Markov random field prior on A(s, ¢5). As an alternative to maximum a posteriori
(MAP) estimation, a series of simulations from the prior on h(s, {,) can be used, and followed through the

Kalman filter recursions.
A major concern in this approach — see also Tisterington (1990) — is computational; Green and
Titterington (1988) give some algorithms that appear computationally feasible, aithough still to be thor-
oughly explored in practical applications. Approgches that put greater structure into the images, e.g.



deformable templates (Sutherland and Titterington (1994), Phillips and Smith (1994)), are promising both
computationally and from the modeling stand point.

Neighbourhood dependence is introduced in A(s, {o) and (possibly) maintained through Q. Titterington
(personal communication) has suggested an additional penalty term {in equation (2.6)) to reinforce neigh-
bourhood dependence at each step. A different approach is that of Mardia er af (1992), Hainsworth &
Mardia (1993) whose & — IC M algorithm uses a space-time neighbourhood. For space-time simoothing
of regular and irregular data, see Goodali and Phelan {1990).

2.2 The spatio-temporai Kalman filter

We turn now to the Kalman filter for a(2) only. In our setting of (multivariate) spatial-temporal dats, it is
most natural, and practicable, to fix the k; to be functions of space only, h; = h(s), and then to model the
state vector a(t) by a set of state equations. Measurement errors must be independent in time, but may
be correlated in space. One major practical advantage is that there is no requirement that data is obtained
at the same sites at all times. A challenge is to find a set of suitable h;(s). We address that challenge
in Section 3, after first reviewing here the general state space model. Qur notation is that of Janacek and
Swift (1993). :
In the general state space model the observation, or measurement, equation for a scalar is

X(t) = Ha{t) + ¢(t), (2.9)

where the measurement errors €(t) are NID(0, o2), the elements of o{t) : p x 1 are the state variables at
time ¢, and H isa | x p matrix (row vector) of parameters. The state, or system equation is

alt) = Pa(t — 1)+ Kn(t), (2.10)

where P : p x p is the transition matrix, K : p x ¢ is the state noise coefficient matrix, and n(t) : p = 1
is the state noise, or innovation vector, 77(t) ~ NID(0, T, ). Generally, some but not ail of the parameters
H,o? P, K, and L, are known. For example, we might assume a specific structural or ARMA model
~— more often, we would do model selection in a class of such models — in which case P and K are
given, and ¥, simplifies. There is also a problem of identification, which may be resolved by selection of
a canonical form (see, e.g., Janacek and Swift (1993)).

A vector version (vector X(¢)) of this model would be sufficient for monitoring station data, considered
to be n correlated time series, but ignoring spatial relationships and in particular unmonitored locations.
To remedy this, we replace the parameter vector A by a p-vector of spatial fields, h(s). The observation
equation becomes

X(s,t) = h(s)Ta(t) + (s, t). (2.11)

X(s,?) is infinite-dimensional, indexed by location s in the spatial domain D, and (s, t) is a spatial-
correlated error process,

cov{e(s,t),e(s’,t)} = Z.(s,s'). {2.12)

By definition, the state vector contains all the temporal covariance, cov (&(s, t), e(s',t')) = 0 whenever
t# ¢

The spatio-temporal Kalman filter is a technique for obtaining predictions in this spatio-temporal state
space model defined through equations (2.11),(2.12). and (2.10). The extended spatio-temporal Kalman
filter is a technique for obtaining predictions in the nonlinear spatio-temporal state space model defined
throngh eqnations (2.1),(2.2), and (2.7).



Three methods for specifying the p spatial fields 4,(s) of h(s) are discussed in the next section, (These
choices resolve much of the identification issue in the general state space model.) A traditional, systematic,
but infeasible, approach would be maximum likelihood estimation of unknown parameters, including the
hi(s).i =1,...,p. Tofix ideas, suppose observations are available at a fixed set of sites s,, . . ., s, at each
timet = 1,...,T. Maximum likelihood estimates of the states a{¢) may be obtained using the Kalman
filter, while further nonlinear minimization is used to estimate the unknown parameters. Each of the n x p
entries in the matrix A, with ith row h(s)7, coutd be considered a parameter. Or the h;(s) may be specified
by a smail number of parameters, e.g. certain variogram parameters as in Section 3.3. We can estimate
h(s), Z.. and I, (or sets of parameters that specify these respective quantities), following Mardia and
Marshall (1984).

For a time series of data, prediction and updating follow from the usual Kalman filter equations. Let (as
above) x(t) denote the vector of observations at time ¢. Let a(t) be an estimate of a(2) at time ¢, and let
C'(t) be an estimate of its variance. Then the one-step predictions are

a(tlt—-1) = Elaft)]x(1),x(2),...,x(t = 1)} = Pa(t - 1) (2.13)

C(tlt—1) = cov(a(t)-a(tlt —1)) = PC(t-1)PT + KTK7 (2.14)

X(s,tlt—1) = h(s)TPa(t—1). (2.15)

Suppose at time ¢ the vector x(t) comprises observations at sites 51, . . ., s,. Let H be the associated n x P
matrix with :th row h(s,). The updating equations of the Kalman filter are

a(t) = a(t|t — 1)+ C(t|t — VHTFP(t) Y (x(t) - Ha(t|t — 1)) (2.16)

C(t)y = C(tit—1)—C(tlt — DVHTF() " HC (¢t - 1) (2.17)

CF(t) = HC(t|t-1)HT + %, , (2.18)

Spatial prediction at so and time ¢ given observations at time ¢ is considered in Section 4.1,

A key feature of this spatio-temporal Kalman filter is that spatial locations are associated through the
hi(s) and the (¢ ), common to all spatial locations. Thus the sites and quantity of data may differ from one
time to the next, making the model particularly suited to data coliected on interleaved (EMAP) grids, or
to accommodate less frequent synoptic coverage -— cf. the goals of Section 1. The model is very general,
and while it is related to other approaches in the literature, it is envisaged that a prolonged, multi-year
program of research is required to develop the various aspects.

3 Some choices of spatial fields

In the spatio-temporal Kalman filter, the state vector describes a linear combination of one or more trend
components. That linear combination /s the trend at each time. Thus, in choosing the number of spatial
fields p, the £,(s), and the state space model (defined by P and K), the principal objective is to capture
all the temporal correlation in the trend component. A priori there is then no reason to suppose that the
errors (s, ¢ ) are uncorrelated across space. However, in kriging a richer, or more carefully chosen (Cressie
(1993)) model for trend can often remove spatial dependency; thus it is not unreasonable to analyze the
spatial dependency, and to incorporate it dircctiv into the trend.

Three different approaches are proposed here. The first is empirical orthogonal functions, which, through
the singular value decomposition of the T » n matrix of observations X, are associated with invariant
patterns of temporal variation (left singular vectors) and of spatial variation (right singular vectors).
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The second approach, and the one we emphasize here, is via kriging. The data at each time ¢ is regarded
as observations from a surface z(s,¢) that is a realization of a Gaussian random field X(s,t). These
surfaces are correlated through the state equation; the spatial pattern of this correlation is contained in the
spatial fields A;(s). One or more standard choices of h;(s) may be considered — e.g. the constant surface
of ordinary kriging, or the linear, or quadratic surfaces common in universal kriging. Beyond that, the
spatial pattern should be recovered from the data — that is, from the variogram after fitting an intrinsic
model to the data.

The third approach is mentioned only briefly here, but appears very promising. Rodriguez-Iturbe er al
(1986, 1988) and Cox and Isham (1988), and others, develop the use of a marked point process mode! for
sequences of rainfall fields. Each point is random in space and time, and the mark specifies the spatial
extent and amplitude of a Gaussian-shaped kernel representing a rain cell; the amplitude is multiplied by
a factor that decays exponentially with time. Goodall and Phelan (1990) and Phelan and Goodail (1990)
fit an explicit realization of a this model to a short sequence of images of rainfall intensity. Our suggestion
here is to replace the exponential model for the amplitude factor by an entry in the state vector. A given
kernel will appear and disappear from the state vector; the palette of possible kernels might be enhanced
by introducing non-Gaussian shaped kernels.

3.1  Empirical orthogonal functions

Cohen and Jones (1969) and Preisendorfer (1988) discuss construction of random fields, or empirical
orthogonal functions (EOF), using the Karhunen-Logve or singular value decomposition of a matrix
X T xnof T observations at » sites. For repeated measures data, the first p (out of n) EOFs provide a
best summary of the available data. Thus one approach (example below) is to take p = 2, and h; = hmean,
the mean field and 2y = Ay, the first EOF of the centered X comprising ‘typical’ differences across time.

Cohen and Jones (1969) describe how the principal components can be interpolated between sites to
give a spatial field — see also the excellent overview of Guttorp and Sampson (1994). One ingredient is
the introduction of weights proportianal to the area around each point. Note that the general state space
mode! may require particular choices of h — for example, if we were using a basic structural model, then
h would include an intercept {mean field), slope (trend field), and seasonal component.

3.2 Principal components (‘warps’) of Kriging

We call a vector of spatial fields h principal fields when they are obtained from an eigendecomposition of
the ‘kriging’ matrix, as follows. Let X denote the random vector of values of a random field at » sites, s,,
82, ... Sn. Define L to be the (n + ¢) x (n + q) ‘“kriging’ matrix

E FT '
L:(FD ) (3.1)

where £ : n x q hasath row f; comprising polynomial termsin the s;, e.g. f; = (1{sT), or some other known
functions of s; and alternative covariates. The f; specify the usual trend surface of kriging, which we call
the kriging trend. The trend for our spatial temporal model may include the kriging trend, pius additional
spatial fields (the principal fields) obtained from the residual variation after removing the kriging trend.
£ : n x n contains ‘estimates’ of the covariance of X(s,t) and X(s’,t), or ‘estimates’ of the variance
of X(s,t) — X{(s',t). Three different choices of ‘estimates’ are possible, reflecting progressively greater
specificity in the model.
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I. Empirical *estimates’ obtained after we remove the kriging trend, ¢.g. a linear or a quadratic
surface is removed at each time. (Detrending and deseasonalising the data does not appear
advisable here, as it is most important to include the temporail dependence in the spatial ficlds.)

II. A parametric covariogram or variogram fit to the empirical estimates.

IIL. - A predetermined variogram (or covariogram) that does not depend on the data, for example
the matrix loss function for thin-plate splines (Green and Silverman (1994), Kent and Mardia
(1994)), where, for a pair of sites at distance r, the correspondingentry in E is E(r) = r’logr®
when there are two spatial dimensions, and E(r) = » when three spatial dimensions.

Consider first the formulation in terms of covariances. We write

T
L;(f,g ) (3.2)

For an additional location, s, write @ = a(s) for cov (X, X(s)), and f = f (s) for the vector of carriers at
s. For a realization x of X, the kriging predicior at s is

-1
X)= (o7 fr)(fz”f’") (;) (3.3)

Note that if s = s;, one of the given sites, then X(s;) = X(s,), so that the surface is interpolating,
The n x n upper left submatrix of L™ may be written, assuming T is nonsinguiar,

K=3"'-g'RFTe'F)-1FTg? (3.4)
and the p » n lower left submatrix of L~! may be written
G =(FTS'py1pTg-t, (3.5)
Then
X(s) = o(s)"Kx + f(s)TCx. (3.6)

Note that Gx is the coefficients in the generalized least squares regression, with covariance T, of x on F,
and that K F = 0 and GF = [.

The quantities K'x and Gx depend only on the set of sites s, ..., s,. and the vector x. Letting s vary
determines a prediction surface, which is the sum of a linear combination Gx of the trend functions f (s)and
a linear combination Kx of the covariance functions o(s). This is the general formulation for thin-plate
splines (see, for example, Wahba (1990)).

The matrix K is the partial information matrix. K is not in general invertible. Consider the quadratic
form, or weighted norm of x,

m(x) = x"Kx = x" (87! = ST F(FTS™ P) ' FTE Y x. (3.7)

This is the norm of x defined using K or, in other words, the population Mahalanobis distance of x from 0
relative to the partial information K, or, equivalently, the Mahalanobis distance of r = (I — P)x relative
to the covariance I, where 7 is projection onto the trend surface defined by F. The quantity xTK(x is
the natural generalisation of the bending energy found in formulating thin-plate splines, as in Bookstein
(1989). The following development of principal fields parallels Bookstein’s (1989) description of principal
warps, interpreted as deformations, for pairs of biva;iate thin-plate splines.



Let the spectral decomposition of K be
K =UDUT, {3.8)

where D is diagonal with diagonal elements the eigenvalues d; > dy > ... 2 duy > dpogr =

.= d, = 0. In general, q of the eigenvalues of K are zero, which follows from KF = 0. Also,
UTU = UUT = I,. Let u; be the ith eigenvector of K, that is, the ith column of U. Setting x = u,
yields Mahalanobis distance d;. Bookstein (1989) associates the monotone sequence of eigenvalues with a
progression from eigenvectors (of residuals) that tend to differ for closely spaced sites s, — for such sites,
the corresponding entries in T are farge, to eigenvectors for wiich the largest differences in residuals are
between widely separated sites. .

Let y = UTx, that is x = Uy so that x is the linear combination y of the eigenvectors u;. The
Mahalanobis distance of x is just .

m{x) = Z diy?. (3.9)
i=1

There are two cases to consider: (1) the regression case, as above, in which the spatial random field has
covariance ¥, and is typically second-order stationary with trend, and (2) the intrinsic random field case,
in which the spatial random field typically possesses intrinsic stationarity, and polynomial trend of some
order is annihilated. An analysis analogous to that given above applies for intrinsic random processes also.
Bookstein's {1989) analysis is a special case of a self-similar intrinsic field, with E(7) = »? log? in his
case (see Mardia ¢! af (1994)).

3.3 Principal fields

If there is no trend — the mean pu(s,t) of the spatial process is zero — then the best unbiased linear
predictor is given, from first principles, by

o(s)To!x. (3.10)

Eliminating trend implies replacing &-! by K. Hence, heuristically, the ‘best unbiased linear predictor’,
omitting a trend term, is

o(s)TKx. (3.11)
These expressions follow also from equations (3.4) and (3.6). Now for x = u,, the ith eigenvector of K,
we have the predictor
o(s)T Ku; = o(s)Tdu; = o(s)T i, say, (3.12)
where ui; is the normalized v;.
We call hi(8) the :1h principal field. where

hi(s) = a(s)Tu;, (3.13)

forv=1,...,n. We firther define g kriging trend fields using f(s).
Since K'F' = 0, the eigenvectors U, _q41,. - ., U, are linear combinations of the columns of F. Thus at
51,....,5n q Of these spatial fields are redundant, and the total is just n. However, considering additional

sites s, f(s) is prescribed in advance, while the h,(s) (i > n — ¢) are defined by the second order structure.
These sets of fields will span different subspaces in general,
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4 Practical choices and multivariate data

4.1 Design sites and non-design sites

In practice we may start with the simpiest case, when the trend surface is a constant (g = 1). We may also
attempt to use only a subset of the principal fields. A different possibility is to use all the principal fields,
but to construct the principal fields using a restricted set of sites, called the design sites, that are fewer in
number than the sites where data are gathered. In fact, there need be no observations ar the design sites.

These n design sites s,, ..., s, are chosen at the start of model building. They, together with the choice
of E and the kriging trend f(s), determine the principal fields k,(s). In the second part of a two-stage
procedure, observations at time ¢ comprising a set of n*(¢) sites sj(¢),. .. +S5+(5y(t) are modeled using the
set of p = n + q principal fields and kriging trend fields that together are components of the trend surface.
The n*(t) observations at time ¢ are kriged with trend surface defined by the n + ¢ spatial fields and the
appropriate second-order structure — which may not be the same as the E used to define the ,(s). In place
of the usual generalized least-squares estimate of the trend surface coefficients, the estimated state vector
a(t) is used. Elsewhere we consider in detail such a two stage approach, in which one spatial prediction
problem (with n observations) is used to define a family of trend surfaces for a second spatial prediction
problem (with n* observations).

The choice of design sites is akin to knot selection in splining — the knots may be most dense where
there is most rapid variation in the ‘signal’ component in the data. The adaptive function of an adaptive
bandwidth smoother may prove useful in assessing the scale of an apparent *signal’, or trend.

We might take the number of design sites to be a small proportion of the number of sites for which
observations are available. The design sites may be ‘representative locations’ from among the sites, or may
be chosen at intermediate locations. For example, the Utility Acid Precipitation Study Program (UAPSP)
monitoring data comprise measurements at n = 18 sites in the Bastern USA of three pollution variables,
hydrogen, sulphate (5O,) and nitrate (NO,) deposition. Up to 79 observations are available, at 28-day
intervals; some data are of poor quality and therefore missing. Given these 18 sites we might choose 4-5
design sites, using one of the site-selection criteria described by Mardia and Goodall (1993).

A detailed development of the Kalman filter model for the UAPSP monitoring data is in preparation for
presentation. We investigate (1) the simple aiternative of using mean and difference fields, hme, and Agy
(Section 3.1), (2) the use of principal spatial fields with ¢ = 1 and 4-5 design sites, (3) the use of principal

spatial fields with ¢ = 1 and n = 18 design sites at the monitoring station locations, and (4) principal
spatial fields with more elaborate trend surfaces.

4.2 Diagnostics for the h;(s)

The position and number of design sites may vary relatively slowly with time. A large number of design
sites allows for complicated spatial fields. As time develops, and new patterns of pollution emerge, the
set of design sites may be varied. Techniques used in determining monitoring station location, referred to
above, may be useful.

We may also monitor the population Mahalanobis distance m(x(t)) to assess the adequacy of the
spatial fields. A marked increase in the criterion suggests the need for more design sites. A location-
specific version of m helps indicate where these sites should be positioned. Let b(r) be a kernel function
that is a monotone decreasing function of distance r, and let b(s) be the n-vector with ith element

11



b( \ﬂs, ~ 8)7(s; — s)). Define the spatial diagnostic field at time ¢

m(x(t),s) = (b(s) * x{£})T K (b(s) * x(t)) (4.1)

where '+’ denotes elementwise multiplication of the two vectors. We may visually monitor the sequence
of diagnostic fields m(x(t), s), and either adjust the locations of individual design sites, or introduce new
design sites. Special care is needed with these criteria when the number and positions of the sites vary
with time.

Changes in the choice of design sites must be accommodated into the state vector. (The more general
problem is identifiability in the extended Kalman filter when the mean field is #(s,t) = h(s, t)Ta(t), as
in equation (2.2).) A heuristic approach is the foilowing. Let h(s, ¢) and h(s, ¢ + 1) denote two (different)
vectors of spatial fields at times ¢ and ¢ + 1 respectively. The state vector or(t) may be updated to a(t)
according to the regression of h(s, t)7a(t) on h(s, t 4 1), specifically, the regression coefficients are c(t)'.
Then the data at time ¢ + 1 are used to update a(¢)' to a(t + 1). In practice, if the changes from h(s, t) to
h(s,t + 1) are slight, the regression may be almost trivial, a(t) = aft).

A further concern (Mardia and Goodalil (1993)) is non-stationarity in the spatial covariance structure.
If after a single geographic deformation the data are stationary in the deformed space (Sampson (1986),
Sampson & Guttorp (1992), Monestiez & Switzer (1991)), then the entire model can be constiucted in the
deformed space. Additional complications emerge when the geographic deformations vary with time also.

4.3 Modeling multivariate data and images

For multivariate data, the observation equation is
X(s,t) = A(t)h{s) + (s, t) (4.2)

and the state equation is unchanged from equation (2.10), with o(t) = vec A(t). Images may be included
also. Let § index a pixel centered at s, and A,(3) be the integral of k;(s) over the pixel 5. For a vector of
images 1(3, ) at time ¢ the observation equation is

I(5,t) = B(t)h(8) + £(5,1). (4.3)

The state vector including multivariate and image data is

a(t)T = (vec A(t))T  (vec B(t))T (4.4)

Appropriate distributions for the measurement errors and innovation vectors may be formulated.

5 A simulation experiment

To gain insight into the model we are developing 2 graded series of examples using simulated and real

data. We describe the aims of the various examples, but give the details of only one example here —

the other examples are presented elsewhere. The example presented here is simulation of a sequence of

vector-valued observations, using the specialization of the general state space model to a random walk

plus noise (see Janacek and Swift (1993)) for which p = 2. This simple example illustrates how empirical

orthogonal functions, inter alia the right singular vectors of the T' x n data matrix X corresponding to
12



the p largest singular values, can be used to recover a basis for the p columns of the matrix H, where H
comprises the h(s,t) ats,,...,s,. We also show that the Kalman filter can recover the time sequence of
states very well.

Given a set of general state space equations, with observational error covariance Z., and innovation
covariance Z,, two key points must be made concerning estimating H from the EOFs of X. First, £, must
be large enough relative to ¥, so that the signal is sufficiently strong — a precise statement must take
into account the parameter matrix P and the initial state ag. Second, if H is to be estimated unbiasedly,
the subspace spanned by the columns of H must be an invariant subspace of I, (see Preisendorfer, 1988,
p195). A series of modifications to the first example illustrates these points.

The use of spatial fields unifies observations at different sites into a single model, analyzed using the
spatio-temporal Kalman filter. Our second example in the graded series illustrates this most important
feature through a simulation in which the hi(s) comprise a basis for several realizations of a Gaussian
random field with specified covariance. Observations at a set of n sites are used to estitnate the marrix H
and thus to predict the spatial field at additional sites and times. Two error models are considered: the first
where errors are (uncorrelated) pure measurement error, the second where errors are corretated and satisfy
the invariant subspace condition. This second alternative requires a two stage, ‘conditional simulation’
model, as the original realization of H determines some features of the subsequent observational error at
each time step.

Our third example is an analysis of nitrate deposition in the eastern United States, with data from the
UAPSP study.

5.1 Random waik plus noise

We set the parameters of the general state space model as follows. The matrix H has dimension n x p =
16 « 2. The columns are orthonormal, with first column (spatial field) proportional to the constant —
each entry is 1/v/10 — and second column obtained by linear transformation of a vector of independent
Gaussian random variates. The errors e(t) in the observation equation are taken to be independent normal
with variance 1/100 times the 10 x 10 identity matrix. The parameter matrix P in the state equation is
the multiple & of the identity matrix, with & = 0.5 and k = 1. The system is stable with k£ = 0.5, but is
not stable with & = 1. The error variance of the innovations 7j(t) is 2 x 2 diagonal with non-zero entries
1/100 (associated with the constant field), and 1/10 (associated with the second field). This model was
simulated for T = 100 time steps, beginning with state vector a(0) = (1,0)7.

A typical simulation with k = 0.5 is shown in Figure 1. To avoid clutter, only representative time series
of the simulated observations are shown the upper panel; the ‘4’ symbols at the right hand side indicate
the relative positions of all 10 entries in the second column of H {with no noise added). The time series
of the simulated states are shown in the lower panel. The state associated with the constant field has the
smailer variability of the two. The sequences of ‘0’s and ‘4+’s show respectively the estimates of the states
using the Kalman filter. The initial state vector for the simulation, a(0) = (1,0)T, were also used to
initiglize the Kalman filter, but the sequences were insensitive to other choices of initial state vector, e.g.
with o(0) = (100, —100)7, the e(t) converged in very few iterations.

The components in the T x n matrix X parallel to the columns of H (the spatial fields) are measured
by the eigendecomposition of H*XTXH. In a typical simulation, the eigenvalues are 12.97 and 1.87
respectively, which sum to 14.84. The eigenvector is a rotation through —87.62°, that is, very close to
—90° which corresponds to the fact that the second component of a(t) is the larger of the two on the
average. Because several conditions are met — the innovations have unequal variance, H is column-
orthonormal, and P, T,, and Z, are all diagonal — the expectation of H* XTX H is a diagonal matrix,
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Fig. 1 (upper): 3 of 10 selected time series of observations
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Fig. 1 (lower): time series of state and state estimates
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with entries as follows. Ignoring initial conditions, for innovations with variance o2, and measurement
error o2, the corresponding entry equals

T — k*(1 - k*T) T
. ngz ag-f-Tafz-l-—_-—EEoﬁJrTaf. (5.1)

With & = 0.5, and T" = 100, the two diagonal entries are 2,33 (observed, 1.87) and 14.33 (observed, 12.97)
respectively. The ratio of the two eigenvalues is 6.14 (observed, 6.05).

A second diagnostic is to measure the correspondence between the linear subspaces spanned by the
two columns of H, h, and h, respectively, and by the first two right singular vectors, v, and v,, of X
respectively. We obtain related information by regressing each column of H in turn on the first two right
singular vectors (with no constant term in the regression). The results are

hy = —0.0425v, — 0.8852v, R® = 18.5% (5.2)
h, = +0.9953v; — 0.0459v, R® = 99.3%. (5.3)

The second column of H is better estimated than the first column.

When & = 1 expectations can still be calculated, but there is considerably greater variability — and
dependence on initial conditions. The matrix of eigenvectors is nos diagonal.
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