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ABSTRACT

The paper gives a new optimal property of the classical
method of multi-dimensional scaling when the distance matrix
is non-Euclidean. We also examine robustness of the method
under a linear model. A technique to estimate missing values

is also given.

1. INTRODUCTION

Let D = (dij) be an nxn distance matrix (i.e. dii =0,
>

4., =d__
ij i
consists of obtaining a configuration of n points in p

o). The multi-dimensional scaling (MDS) solution

dimensional Euclidean space. The classical method of
Torgerson (1952,1958) can be constructed from the following
theorem.

Theorem 1.1. Let

[++]
]

HAH |, (1.1)

where

— ~1 \] - = 1
? = In n 11, é (aij)’ aij Ed .o (1.2)

Suppose that B is positive semi-definite (p.s.d.) with rank
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1)
B with corresponding eigenvectors

P (psn=-1). Let A ...,Ap be the p non-zero eigenvalues of

! = vees X , k=1,... 1.3
X k) (xlk,ka. ) nk) Py (1.3)
normalized by
' = =1,... . 1.4
Xota = Mk KL .o
- ' =
Then the points Pi with co-ordinates fi (xil,...,xip),
i=1,...,n constitute an MDS solution in p-dimensional space.

Further, the centre of gravity of the points Pi is at the

origin. Conversely, if D 1is Euclidean (i.e.
P -
d2 = I (x

2
1 ) then B is positive semi-definite (p.s.d.)
k=1

ik T3k 0
For a proof see Gower (1966). Also see Schoenberg (1935)
and Young and Householder (1938). These co-ordinates xi,

are called principal co-ordinates in p-dimensions.

2. A NEW OPTIMAL PROPERTY

Let B be p.s.d. with rank B = p so that we can obtain

principal co-ordinates X, i=1,...,n from Theorem 1.1. We

have the following optimal property when D is Euclidean

(Gower, 1966). Let X i=1l,...,n be a projection of Xy
- " ~
onto an r-dimensional subspace, r<p, and let dij be the

Euclidean distance between the ith and jt projected points.

Then

2 *2
ZE(dy -4, )

is a minimum when the co-ordinates are the rows of (x(l),...,x(r)

i.e. the co-ordinates are principal co-ordinates in r-dimensions.

),

However, if D is not Euclidean, it is still possible to find an

optimality property in terms of B.

Consider B = HAH to be a symmetric matrix (not necessarily

p.s.d.) with eigenvalues Xlz...akn. Fix r, 1gr<n. We propose
* *
to find a p.s.d. matrix B = (b,.) of rank at most r such that

ij
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* 2 * 2 ) .
LI(b, .~b, ) =tr (B-B ) (2.1)
ij ij - o~

*2 * * *

is a minimum, Note that d.,. = b, . +b, . -2b, . for the resulting
1) 1 ) 1]

configuration.

* * *
Let Ala...akn be the eigenvalues of B . Following

Eckart and Young (1936), it can be shown that

* 2 n * 2
mintr (B-B ) = min I (A, =X )" , (2.2)
- - kK 'k
k=1
*
where the minimum on the RHS is taken over non-negative Ai's
for which at least n-r of them are zero. In general this

minimum is given by

*

M

max(kk, o, k=1i,...,r,
=0, k=r+l,...,n.

Thus if there are r positive eigenvalues in B, we have

x*
Xk = Ak for k=1,...,r. Further, if B 1is p.s.d. of rank

pzr, then under this optimisation, only the first r principal
co-ordinates are to be used.

The minimum value of (2.1) defines a measure of distortion

of B from r-dimensional Euclidean space and in this case is

given by
P2
z Ak . (2.3)
k=r+l
Linear Model. Lingoes (1971) has shown that given any real
symmetric C, there exists a Euclidean representation in
- *
r<n-2 dimensions with interpoint distances dij' such that
4.2 =2 i
15 (cij a), i#J,
= 0, i=j, (2.4
b4 1 mb Th < impli dm2<d"l2 d
:; some real number a. us cij ckl mplies 135%%1 an
d, is a linear function of c_,. Hence the method preserves

i ij
the rank order. :
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To see how Lingoes' method works on an empirical distance

1.2

matrix D = (d with A = ( -Edij)’ let a be a real number

ij)
and define

* 14*2) = p-a(1-g
f = ( -3 1J) = ~-n(_--) )
which implies
*2 _ 2
diJ = diJ 2a, 1#j,
=0, i=j. (2.5
* *
Define also B = HA H so that
x »
B =HAH =HAH -« aH = B - aH . (2.6)

It Ala...akn are the eigenvalues of B, they can be rewritten

as Alz...akr>OaAi2...ZA; with corresponding eigenvectors

ul,...,ur, 1, vl,...,vs, say.
Lingoes' choice for a is a = A;. The eigenvectors of
x
B and B remain the same, but with a change of order,. Note

~ *
that Ai = 0 maps into 'Xi = 0 with eigenvector 1,

*
whilst the remaining eigenvalues of B become

=ATZLL002A =SATIANSATS, L3R At a
Al AS, Ar As> 1 As As-l As O and consequently all the

*
eigenvalues of B are non-negative, Hence we have the
eigenvectors ul,...,ur, vl,...,vs, 1, corresponding to the
i A=At e A=A, A=A L L A =X, 0, 0.
eigenvalues 1R ALTAL s AyTAg Aa_17h 0,0 .
Let D denote a general distance matrix. For a<An, D

will be a Euclidean distance matrix and from (2.2) the distortion
is
* 2 2
tr (B~B ) =tr (aH)2 = (n-1)a

It An<0 then the distortion from the Lingoes class of models
is minimal for a = An and equals (n-l)kn. Similarly, if all
the eigenvalues are non-negative then no distortion results by
taking a = 0 and using the full Torgersdn solution.

Note that if Ala...axraOaA'

1

a...al;, the distortion s
resulting from the r-dimensional Torgerson solution is z Ai ,
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which is in general considerably less than the Lingoes
distortion, (n—l)li. Thué, we conclude that the Lingoes
transformation (if used as a method) gives an exact Euclidean fit
to the data at the cost of increased distortion and increased
dimension. The Torgerson solution based on the positive
eigenvalues of B 1is to be preferred.

Measures of Agreement. Agafn suppose D to be a general distance

matrix and let r be the number of positive eigenvalues of B,

For kgr two possible agreement measures for the 'proportion of

D explained' by the k-dimensional Torgerson solution are
k n
2 2
= (Z XZ/ z XZ)éXIOO%.

n
z IAZ|)x100%,
I=1 I=1

=1

Q

[ 283

=z |rl/ a
1,k 7=1 A 7 2,k

* *
%1% %2 k
used in the denominators of al,k and uz’k,
as a measure has already been

We write and when only positive eigenvalues are

respectively.

A justification for a2 Kk
’

described. Possible measures of the 'Euclideanness' of D are
=a = a . Note that

1 1,r’ B2 2,r

g. = B, = 100% when there is no distortion.
1 2

obtained by taking k=r, B

3. LINEAR MODEL

The Torgerson method is expected to be sensitive to extreme
distortions, but the question arises whether the resulting
configurations from this method remain robust under monotone
transformations of the distances. We now study the effect on

the configuration under the model

dfz = d2 -2a, i#j , (3.1)
ij ij
where a is small so that dfj-ZaZO for all i#j. Let f(nXp)
and Y(nxp) be two matrices with centre of gravity zero, whose
TOowsS ;re the estimated coordinates of an unknown configuration.
A measure of the differences in the configurations (SchBnemann

and Carroll, 1970; Gower, 1971) is given by

m2 =trXX' +trYy' - 2tr (X'YY']'{)é

-~ -
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We will consider the case when the configuration of interest

is 2-dimensional but the method can easily be extended. Let
X = x and Y = be the principal coordinates
X = (x1y %2y’ Y= Oy Yy princip

under 2a=0 and (3.1) respectively in two dimensions, and let

(Al,kz) and (ul,uz) be the corresponding eigenvalues of B

for the two cases. Then we have

(1) u, =i -a, i=1,2;

i
A,-a t
y = (.i_.—) x x' X = )\ yny - x -a
(1) Ai 21 )T i’ lili i

(i1)

Hence, it can be shown that

2

n” = 2(A1+A2-a) - 2[{A1(A1-a)}é + (Az(lz-a)}é1

For Al,A2>>a, we have
2
2 « = (%— . )‘i) . (3.2)
1 2

Hence a small value of a does not alter the configuration

much, Further, if a is distributed as N(O,cz) with o very

*
small so that d 2 = d2-2a >0 with probability near 1, we have

2 2

4n NO(%*H;—]XZ
1 21

This result can be easily extended.

In the general case, note that if the non-negative eigen-

values of ? under a=0 are Al,...,xp, with the remaining n-p
zero, the corresponding (unstandardised) eigenvectors being
Yk' k=1l,...,p and Yk' k=p+1,...,n-1, then under (3.1) the
eigenvalues of ? are Ak-a, k=1,...,p, =-a repeated n-p-1
times, and zero,with corresponding eigenvectors Yk’ k=1,...,p,
Yk’ k=p+1,...,0-1 and Yn = }. Thus the noise can produce
negative eigenvalues.

One possible way to choose a is now described. Let

bij(a) be the (i,j)th inner product with the transformation
(3.1). The residual after fitting r dimensions is
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n-1
* 2
ZZ{bi.(a) - bi.(a)} = T (Xk-a)2 , (3.3)
J J k=r+1
where the eigenvalues of B wunder a=0 are Ala...akn_l and
kn = 0 corresponds to the eigenvector 1. Then (3.3) is
minimised by
N n-1
a_ = L A, /(n-r-1) (3.4)
r k=r+l1 k
provided that
. . 2 .
a_ § min dij : (3.5)
i#j

-

Let r be the smallest r for which (3.4) satisfies (3.5) and

set a = a_.
r

We applied this procedure to the colour data of Ekman (1954).
First the data is transformed from similarity s to distance d2
by d2 = 2(1-8). The modified transformation by the above
method is d2 = 2(1-s-a) where a=0.133.

4, MISSING VALUES

We now consider the case when some elements of D are

missing. Let us assume that d is missing but configurations

PI’P3""

deleting the second row and column, and the first row and first

12
,Pn and Qz""'Qn can be found in p dimensions after

column of D respectively. Then a rotation can be found sending
Qi
as desired. We only illustrate the method for n>p+2 where d12

~

to Qi = Pi, i=3,.,n, and Pl,Qé,Ps,..,Pn is a configuration

can be recovered uniquely. (For ngp+2, d12 is not unique but

can be made so by making d12 take its largest possible value.)

Explicitly, let fl’f3""fn and zz,ga,..,gn be the
position vectors of Pl'Pa""'Pn and Qz,Q3,...,Qn respectively.
Let X and Y be the (n-1)xp matrices with rows xi+£:§x1,
i=3,..,n and yi+£%§ 2,1=3,..,n respectively. Then it can be

shown that the required rotation P for X = YP is given by

- ~ ~

P= v lyx .
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The required configuration is then

1
T e DI Ty

3’ n

Generally, there will not be an exact representation in

p-dimensions from D, In this case, one should match P3,...,Pn
and Q3,...,Qn from the Torgerson solution by procrustes
rotation

%

P= (Y'X)(X'YY'X) 2 .

~ o~

This work can easily be extended when more than one value is

missing under certain conditions.
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