
D
ow

nl
oa

de
d 

B
y:

 [U
ni

ve
rs

ity
 o

f L
ee

ds
] A

t: 
14

:1
1 

5 
O

ct
ob

er
 2

00
7 

COM?ILIN. STATIST.-THEOR. METH., A7(13) ,  1233-1241 (1978) 

SOME PROPERTIES OF CLASSICAL 
MULTI-DIMENSIONAL SCALING 

K.V. Mardia 

University of Leeds , 
. Leeds, U.K. 

.?eg ;lords & Phrases: classical solution, principal coordinates, 
Euclidean representation, linear model, 
missing values. 

ABSTRACT 

The paper gives a new optimal property of the classical 

method of multi-dimensional scaling when the distance matrix 

is non-Euclidean. We also examine robustness of the method 

under a linear model, A technique to estimate missing values 

is also given. 

1. INTRODUCTION 

Let D = (d..) be an nxn distance matrix (i.e. dii = 0, 
1 J 

d = d.. 5 0). The multi-dimensional scaling (MDS) solution 
ij J 1  

consists of obtaining a configuration of n points in p 

dimensional Euclidean space. The classical method of 

Torgerson (1952,1958) can be constructed from the following 

theorem. 

Theorem 1.1. Let 

B = HAH , .. --.. 
where 

-1 1 2  H = I - n 11' , A = (a .  . ) ,  a. . = - --d - -n ..- .. 1 J  1 J  2 ij 
(1.2) 

Suppose that B is positive semi-definite (p.s.d.) with rank 
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photocopy~ng, microfilm~ng, and recording, or by any information storage and retrieval system, 
without permission in writing from the publisher. 
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p (pbn-1). Let ,I1,. .. be t h e  p non-zero e igenva lues  of  

B wi th  corresponding e i g e n v e c t o r s  

normalized by 

Then t h e  p o i n t s  Pi wi th  co-ord ina tes  x '  = ( X  i l , . . . , ~  ) ,  
, i i P 

i=l, . . . ,  n c o n s t i t u t e  an MDS s o l u t i o n  i n  p-dimensional space  

F u r t h e r ,  t h e  c e n t r e  of  g r a v i t y  of t h e  p o i n t s  P .  is  a t  t h e  

o r i g i n .  Conversely,  i f  D is Eucl idean ( i . e .  
P 

d2 = Z (xi*-x ) 2  then  B i s  p o s i t i v e  s e m i - d e f i n i t e  ( p . 3 . d .  ) 
i j  ,=, jk 

For a  proof s e e  Gower (1966).  Also s e e  Schoenberg (1935) 

and Young and Householder (1938).  These co-ord ina tes  x '  
, i '  

a r e  c a l l e d  p r i n c i p a l  co-ord ina tes  i n  p-dimensions. 

2 .  A NEW OPTIMAL PROPERTY 

Let B be p . s . d .  wi th  rank B = p s o  t h a t  we can o b t a i n  

p r i n c i p a l  co-ord ina tes  x .  i=l, . . . ,  n from Theorem 1.1. We 
-1 ' 

have t h e  fo l lowing  op t imal  p r o p e r t y  when D i s  Eucl idean 
* - 

(Cower, 1966).  Let x  i-1,. . . , n  be  a  p r o j e c t i o n  of x 
,i ' , i 

onto  an r-dimensional  subspace ,  r s p ,  and l e t  d* be t h e  
t h  i j  

Eucl idean d i s t a n c e  between t h e  i and j t h  p r o j e c t e d  p o i n t s .  

Then 

is a minimum when t h e  co-ord ina tes  a r e  t h e  rows of (:(I), . . . , X  ) ,  - ( r )  
i . e .  t h e  co-ord ina tes  a r e  p r i n c i p a l  co-ord ina tes  i n  r-dimensions. 

However, i f  D is not Eucl idean ,  i t  i s  s t i l l  p o s s i b l e  t o  f i n d  an 

o p t i m a l i t y  p r o p e r t y  i n  terms of  B. 

Consider  B = HAH t o  be a  symmetric m a t r i x  (no t  n e c e s s a r i l y  - - - -  
p . s . d . )  wi th  e igenva lues  ,I ?. . .?An.  F i x  r ,  l < r < n .  We propose 

*I * 
t o  f i n d  a  p . s . d .  m a t r i x  B = (b  ) of rank a t  most r such t h a t  

i j  
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CLASSICAL MULTI-DIMENSIONAL SCALING 

* 2 * *  * 
is a minimum. Note t h a t  d .  . = bii+b.  .-2b . f o r  t h e  r e s u l t i n g  

1 J  J J  i J  
c o n f i g u r a t i o n .  

* * * 
Let A1%.  . . ' - A n  be t h e  e igenva lues  o f  B . Following 

Eckar t  and Young (1936) , i t  can be  shown t h a t  

* 2 
n * 2 m i n t r  (B-B ) = min (Ak'Ak) , - - k= 1 

* 
where t h e  minimum on t h e  RHS is  taken  over  non-negat ive 1 , ' s  

f o r  which a t  l e a s t  n-r of  them a r e  ze ro .  I n  g e n e r a l  t h i s  

minimum is  g iven  by 

Thus i f  t h e r e  a r e  r p o s i t i v e  e igenva lues  i n  B, we have 
* 

X k  = A k  f o r  k = l ,  ..., r .  F u r t h e r ,  i f  B is p . s . d .  of rank 

p r ,  then under t h i s  o p t i m i s a t i o n ,  only t h e  f i r s t  r p r i n c i p a l  

co-ord ina tes  a r e  t o  be  used. 

The minimum v a l u e  of ( 2 . 1 )  d e f i n e s  a  measure of d i s t o r t i o n  

of B from r-dimensional  Euc l idean  space  and i n  t h i s  c a s e  is  

given by 

Linear  Model. Lingoes (1971) h a s  shown t h a t  given any r e a l  

symmetric C ,  t h e r e  e x i s t s  a  Euc l idean  r e p r e s e n t a t i o n  i n  
* 
7 

rsn-2 dimensions wi th  i n t e r p o i n t  d i s t a n c e s  d i j ,  such t h a t  

f o r  some r e a l  number a .  
Thus C i ~ < C k l  

i m p l i e s  d*2<d*2 and 
i j  k l '  

d*2 is  a l i n e a r  f u n c t i o n  o f  C i j '  
Hence t h e  method p r e s e r v e s  

1 

t h e  rank o r d e r .  
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1236 MARDIA 

To see how Lingoes' method works on an empirical distance 

b = (dij) 
1 2  

matrix with A = ( -4 ) , let a be a real number 
2 ij 

and define 

which implies 

* * 
Define also B = HA H so that - .,- - 

If A1>"..>'X are the eigenvalues of B, they can be rewritten 
n 

as X13...SX >O>,Ai>, . . .  >,A' with corresponding eigenvectors 
u ,. .. ,u 1, . . . v say. - 1 3' - -9 ' 

Lingoes' choice for a is a = A$. The eigenvectors of 
* 

B and B- remain the same, but with a change of order. Note 

;hat -hi = 0 maps into A = 0 with eigenvector 1, 
* 

whilst the remaining eigenvalues of B become - 
X1-X;S ... 5X -Av2,A;-X;>,...>,X1 -X's0 and consequently all the 

r s s-1 s 
* 

eigenvalues of B are non-negative. Hence we have the 

eigenvectors u . , l,...,v 1, corresponding to the 
- 9 '  - 

eigenvalues X -A' .,A -A' A'-A' 
1 s'" s' s . . l - '  s t  0, 0. 

Let D denote a general distance matrix. For a<X D* - n' - 
will be a Euclidean distance matrix and from (2.2) the distortion 

If h CO then the distortion from the Lingoes class of models 
2 

is minimal for a = X and equals (n-l)Xn. Similarly, if all 
n 

the eigenvalues are non-negative then no distortion results by 

taking a = 0 and using the full ~orgerson solution. 

Note that if XIS . . .  SA bO2Aib ... 21' the distortion 
9' 9 0 

resulting from the r-dimensional Torgerson solution is Z XiY, 
k= 1 
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CLASSICAL MULTI-DIMENSIONAL SCALING 

which i s  i n  g e n e r a l  cons iderab ly  l e s s  than  t h e  Lingoes 
2 

d i s t o r t i o n ,  (n - l )An.  Thus,  we conclude t h a t  t h e  Lingoes 

t r a n s f o r m a t i o n  ( i f  used a s  a  method) g i v e s  an e x a c t  Euc l idean  f i t  

t o  t h e  d a t a  a t  t h e  c o s t  of  i n c r e a s e d  d i s t o r t i o n  and i n c r e a s e d  

dimension. The Torgerson s o l u t i o n  based on t h e  p o s i t i v e  

e igenva lues  of B i s  t o  be  p r e f e r r e d .  

Measumsof Agreement. Again suppose D t o  be a  g e n e r a l  d i s t a n c e  

m a t r i x  and l e t  r be t h e  number of p o s i t i v e  e igenva lues  of B .  

For kgr  two p o s s i b l e  agreement measures f o r  t h e  ' p r o p o r t i o n  of  

D e x p l a i n e d '  by t h e  k-dimensional Torgerson s o l u t i o n  a r e  

* * 
We w r i t e  a and a when o n l y  p o s i t i v e  e i g e n v a l u e s  a r e  

1 ,k 2  ,k  
used i n  t h e  denominators of a and a  r e s p e c t i v e l y .  

1 ,k 2  , k '  
A j u s t i f i c a t i o n  f o r  a a s  a  measure has  a l r e a d y  been 

2 ,k  
d e s c r i b e d .  P o s s i b l e  measures of t h e  'Euc l ideanness '  of D a r e  

ob ta ined  by t a k i n g  k = r ,  fil = al , , ,  B2 = a  . Note t h a t  
2 , r  

B1 = B Z  = 100% when t h e r e  is no d i s t o r t i o n .  

3. LINEAR MODEL 

The Torgerson method is  expec ted  t o  be  s e n s i t i v e  t o  extreme 

d i s t o r t i o n s ,  b u t  t h e  q u e s t i o n  a r i s e s  whether  t h e  r e s u l t i n g  

c o n f i g u r a t i o n s  from t h i s  method remain r o b u s t  under monotone 

t r a n s f o r m a t i o n s  of  t h e  d i s t a n c e s .  We now s tudy  t h e  e f f e c t  on 

t h e  c o n f i g u r a t i o n  under  t h e  model 

where a  is s m a l l  s o  t h a t  d2 - 2 e 0  f o r  a l l  i f j .  Let  X(nxp) 
i .i 

and Y(nxp) b e  two m a t r i c e s  w i t h  c e n t r e  of  g r a v i t y  z e r o ,  whose 

rows a r e  t h e  e s t i m a t e d  c o o r d i n a t e s  of  an unknown c o n f i g u r a t i o n .  

A measure of t h e  d i f f e r e n c e s  i n  t h e  c o n f i g u r a t i o n s  (Schhemann 

and C a r r o l l ,  1970;  Gower, 1971) is  g iven  by 
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is 2-dimensional b u t  t h e  method can e a s i l y  be  extended.  Let 

x = I )  J and y = 
(Y (1)  ' Y  (2)  

) b e  t h e  p r i n c i p a l  c o o r d i n a t e s  

under a=O and (3.1)  r e s p e c t i v e l y  i n  two dimensions,  and l e t  

(A1,X2) and (p1,p2) be t h e  cor responding  e igenva lues  of  B 

f o r  t h e  two c a s e s .  Then we have 

Hence. i t  can be shown t h a t  

Hence a  s m a l l  va lue  of a  does not  a l t e r  t h e  c o n f i g u r a t i o n  
2 

much. F u r t h e r ,  i f  a  i s  d i s t r i b u t e d  a s  N(O,o ) with  o very 
2 

s m a l l  s o  t h a t  d*2 = d -2a 2 O with  p r o b a b i l i t y  n e a r  1 ,  we have 

This  r e s u l t  can be  e a s i l y  extended.  

I n  t h e  g e n e r a l  c a s e ,  n o t e  t h a t  i f  t h e  non-negat ive eigen-  

v a l u e s  of B under  a=O a r e  .Il, . . . , Xp, wi th  t h e  remaining n-p 

z e r o ,  t h e  cor responding  (uns tandard ised)  e i g e n v e c t o r s  be ing  

v k = l , ,  . . , p  and w k = p +  1 then  under (3 .1 )  t h e  
,k' ,k ' 
e igenva lues  of B a r e  X - a ,  k = l ,  . . . , p ,  -a  repea ted  n-p-1 

k 
t imes ,  and z e r o , w i t h  corresponding e i g e n v e c t o r s  yk, k = l ,  . . . , p ,  

w k = p + l , .  .. ,n-1 and w = 1. Thus t h e  n o i s e  can produce 
-k ' -n - 
n e g a t i v e  e i g e n v a l u e s .  

One p o s s i b l e  way t o  choose a  is now d e s c r i b e d .  Let 

bi j ( a )  be  t h e  i j th i n n e r  product  w i t h  t h e  t r a n s f o r m a t i o n  

( 3 . 1  The r e s i d u a l  a f t e r  f i t t i n g  r dimensions is 
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CLASSICAL MULTI-DLMENSIONAL SCALING 1239 

where t h e  e i g e n v a l u e s  of  B under  a=O a r e  A13 . . .  3A and 
n- 1 

A = 0 corresponds t o  t h e  e i g e n v e c t o r  1. Then (3 .3)  is  
n 

minimised by 

provided t h a t  

2  
a  6 min d 

i f j  i j  

Let  r be t h e  s m a l l e s t  r f o r  which ( 3 . 4 )  s a t i s f i e s  ( 3 . 5 )  and 

s e t  a  = a* .  r 
We a p p l i e d  t h i s  p rocedure  t o  t h e  c o l o u r  d a t a  of Ekman (1954).  

F i r s t  t h e  d a t a  is  t rans formed from s i m i l a r i t y  s t o  d i s t a n c e  d2 

by d2 = 2(l-s) . The modif ied t r a n s f o r m a t i o n  by t h e  above 
2 

method i s  d = 2(1-s-a) where a r0 .133 .  

4 .  MISSING VALUES 

We now c o n s i d e r  t h e  c a s e  when some e lements  of D a r e  

missing.  Le t  u s  assume t h a t  d12 i s  m i s s i n g  b u t  c o n f i g u r a t i o n s  

P1,P3,. . . ,P n 

d e l e t i n g  t h e  

column of D 

as d e s i r e d .  

and Q 2 , . . . , Q n  can b e  found i n  p dimensions a f t e r  

second row and column, and t h e  f i r s t  row and f i r s t  

r e s p e c t i v e l y .  Then a  r o t a t i o n  can  b e  found s e n d i n g  

Pi , 1 9 3 , .  , n ,  and P1 ,Q;,P3,. . ,Pn i s  a c o n f i g u r a t i o n  

We o n l y  i l l u s t r a t e  t h e  method f o r  n>p+2 where 
d12 

can b e  recovered  un ique ly .  (For  n,<p+2, d12 is n o t  un ique  b u t  

can be  made s o  by making 
d12 

t a k e  its l a r g e s t  p o s s i b l e  v a l u e . )  

E x p l i c i t l y ,  let . ,X -n and !P,!3,. . , Y ~  be  t h e  

p o s i t i o n  v e c t o r s  of  p1,p3, ... ,Pn and Q2,Q3,. . . ,Qn r e s p e c t i v e l y .  

L e t  X and Y b e  t h e  (n-1) xp m a t r i c e s  w i t h  rows x + A  
* ... 'I ,i n-251 

i = 3 , .  . , n  and y +IY , i = 3 , .  . , n  r e s p e c t i v e l y .  Then i t  can b e  
,i n-2-2 

shown t h a t  t h e  r e q u i r e d  r o t a t i o n  P f o r  X = YP i s  g iven  by 
* ... ."- 
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The r e q u i r e d  c o n f i g u r a t i o n  is  then 

G e n e r a l l y ,  t h e r e  w i l l  n o t  be  an e x a c t  r e p r e s e n t a t i o n  i n  

p-dimensions from D. I n  t h i s  c a s e ,  one should  match P 3 , . . .  'Pn - 
and Q3, . . . ,Qn  from t h e  Torgerson s o l u t i o n  by p r o c r u s t e s  

r o t a t i o n  

This  work can e a s i l y  be  extended when more than  one v a l u e  i s  

missing under c e r t a i n  c o n d i t i o n s .  
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