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Abstract We present results of a linear stability analysis of non-axisymmetric thermally driven flows in the
classical model of the rotating cylindrical gap of fluid with a horizontal temperature gradient [inner (outer)
sidewall cool (warm)] and a sloping bottom endwall configuration where fluid depth increases with radius.
For comparison, results of a flat-bottomed endwall case study are also discussed. In both cases, the model
setup has a free top surface. The analysis is carried out numerically using a Fourier–Legendre spectral element
method (in azimuth and in the meridional plane, respectively) well suited to handle the axisymmetry of the
fluid container. We find significant differences between the neutral stability curve for the sloping and the
flat-bottomed endwall configuration. In case of a sloping bottom endwall, the wave flow regime is extended to
lower rotation rates, that is, the transition curve is shifted systematically to lower Taylor numbers. Moreover,
in the sloping bottom endwall case, a sharp reversal of the instability curve is found in its upper part, that is,
at large temperature differences, whereas the instability line becomes almost horizontal in the flat-bottomed
endwall case. The linear onset of instability is then almost independent of the rotation rate.

Keywords Linear stability analysis · Baroclinic instability · Fourier–Legendre spectral element code ·
Sloping bottom endwall · Thermally driven rotating flows

1 Introduction

Since the pioneering investigations by Hide starting in the fifties of the last century, see e.g., [15], the
differentially heated, rotating cylindrical gap of fluid is generally accepted as an elegant model setup for
studying – among other things – principles of the baroclinic instability mechanism of the atmosphere, for
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Fig. 1 Sketch of the model setup with a as the inner radius, b as the outer radius, d as the fluid depth and γ as the angle of
inclination of the sloping bottom endwall. Also shown is an exemplary drawing of a baroclinic wave pattern, the meandering
jet with ridges at the outer sidewall and troughs at the inner sidewall, with wave number m = 4. The flow pattern propagates
prograde at the free top surface, and the meandering jet transports heat and momentum from the warmer (outer) sidewall to the
cooler (inner) sidewall. Outside the jet, vortices with cyclonic (anticyclonic) flow toward the inner (outer) sidewall do exist

example, [13]. Through this instability, large-scale baroclinic wave flows can develop, so-called due to the
underlying instability mechanism, which are known to play a key role in the midlatitude transport processes
of heat and momentum from the equator to the polar regions.

The model setup (Fig. 1) typically consists of a cylindrical gap, which rotates uniformly around its vertical
axis of symmetry, with a radial temperature difference between its inner and outer vertical sidewalls. The
model can be provided either with a free top surface or a rigid top lid.

Full 3D wavy flow patterns evolve from the release of potential energy through baroclinic instability that
occurs due to the temperature gradient and rotation. A vertically and horizontally sheared mean flow develops
from which regular and complex wave flows of different wave number can then emerge.

For given fluid properties in a fixed geometry, the flow regimes that develop in the annulus depend mainly
on two forcing parameters, that is, on the temperature difference, ΔT, and on the angular velocity, Ω . The
Taylor number and the thermal Rossby number are often used to express these two forcing parameters in
a nondimensional form, see Sect. 2. The Prandtl number is also a key parameter, but previous studies have
revealed that the Prandtl number does not significantly affect the occurrence of regular waves, which just
depends on a critical value of the thermal Rossby number (e.g., [6,9]).

The linear perturbation theory of baroclinic instability was first described by Eady [4]. Hide [16] extended
this work, and Ekman layers as well as sloping upper and lower endwalls were considered. Since the sixties, and
still recently, the Hide setup was adopted for theoretical (e.g., [25]), numerical (e.g., [26,29]), and laboratory
studies (e.g., [1,5,19,30]). A number of experiments were performed using a rigid lid (cf. the review article
by Hide and Mason [17], as well as [31]), but less studies made use of a free top surface (e.g., [14,33]), and
most studies were concerned with a flat-bottomed endwall. Recent studies focused to a greater extent on the
underlying kinematics and physics of the observed (complex) wavy flows, e.g., [43].

A sloping bottom endwall configuration allows one to mimic the β-effect, which, with respect to terrestrial
conditions, characterizes the variation of the Coriolis parameter with latitude due to the earth’s spherical shape
(cf. [27,38]). Indeed, using a configuration in which the fluid depth, d , increases with the radial coordinate, s,
so that ∂d

∂s > 0, and in which the temperature gradient is chosen such that ∂T
∂s > 0, that is, Tinner < Touter, with

Tinner,outer as the temperature at the inner (outer) sidewall, respectively, reflects the conditions in the Earth’s
atmosphere.

As explained in [19] and in more detail in [16], sloping endwalls are the dynamical equivalent to a plan-
etary vorticity gradient in a homogeneous (barotropic) fluid. Even if this is not exactly given in case of a
baroclinic fluid, the dependence of depth on the radial coordinate leads to dispersion among the baroclinic
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unstable waves. Based on Hide’s theoretical work, [28] showed experimentally that sloping endwalls have a
(de-)stabilizing effect on the wavy flows in distinct ways depending (a) on whether or not the boundaries are
in parallel arrangement and (b) on the orientation of the temperature gradient.

The rotating annulus, though being subject to detailed investigations for more than four decades, is still of
interest not only in recent experimental research with respect to atmospheric sciences but also in the devel-
opment of new numerical models where it then can be used as reference for the validation of new concepts.
For this purpose, the setup might be particularly suited due to its relative simple geometry as well as due to
the well definable forcing parameters. On the other hand, a rich flow behavior is found that is either steady or
time-dependent (e.g., [11,32,34]). The latter one, for example, undergoes changes in the wave amplitude or
shape and also more types of complex flow patterns are known to exist, driven by, for example, wave–wave
interactions and wave–mean flow interactions, and geostrophic turbulence, that is, the irregular flow regime at
high rotation rates, is generally found at high rotation rates.

Our study presented here is concerned with the influence of the bottom endwall configuration on the onset
of linear instability of baroclinic waves. For this purpose, we compute the instability curve denoting the tran-
sition from the basic flow to the wave flow regime, where small perturbations of the axisymmetric basic flow
can grow and baroclinic waves of different wave number can then develop. Surprisingly, not so much efforts
were made, as far as the authors are aware, on determining the onset of instability for sloping bottom endwalls.

It is worth to note that our numerical model is based on a laboratory setup, described in detail in [39], that
is one of only few exclusive reference experiments within the German priority program ”Multiple Scales in
Fluid Mechanics and Meteorology” (MetStröm) that focus on the development of appropriate spatiotemporal,
multiple scales numerical model concepts (see http://metstroem.mi.fu-berlin.de). To give an idea of the exper-
imental setup constraints, the gap width is (b − a) = 75 mm and the fluid depth is d = 135 mm in the wide
gap configuration. With that, the aspect ratio is Γ = 1.8 and the radius ratio is η = 0.38. In our numerical
study, the model parameters are chosen such that they conform with the laboratory experiment that enables
us to verify the results of our numerical study in future experimental works. In the sloping bottom endwall
case (see Fig. 1), the bottom has an angle γ = 35◦ to the horizontal, with ∂d

∂s > 0. In the scaling and in the
nondimensional parameters, d is the maximum depth of the fluid at the outer sidewall.

The governing equations as well as the boundary conditions are described in the following section, and the
results are presented in Sect. 3. The paper is then concluded with concluding remarks (Sect. 4).

2 Governing equations, parameters, and boundary conditions

In their nondimensional form, the governing equations in the cylindrical coordinate system (s, φ, z) are

∂t U + U · ∇U + √
T a êz × U = −∇ p + ∇2U + Ra

1

Pr
Θ êz + Ra′Θsês, (1)

∂tΘ + U · ∇Θ = 1

Pr
∇2Θ (2)

together with the incompressibility condition ∇ · U = 0. Length has been scaled by the gap width (b − a),
time by the viscous diffusion time (b−a)2/ν , U by ν/(b−a), and T by ΔT . The Navier–Stokes equation has been
written in the Boussinesq approximation, in which variations in density are included only in the buoyancy
terms Ra Pr−1Θ êz and Ra′Θsês (see also below).

The nondimensional parameters are, first, the Prandtl number

Pr = ν

κ
, (3)

measuring material properties of the fluid, specifically the ratio of the fluid’s viscosity ν to its thermal diffu-
sivity κ . We will fix Pr = 7.16, the value appropriate for water, as in the experiment of von Larcher et al.
[39]. There is next the Taylor number

T a = 4Ω2(b − a)4

ν2 , (4)

measuring the solid-body rotation rate Ω of the entire system with respect to the viscous effect. Finally, there
are the two Rayleigh numbers

Ra = αΔT g(b − a)3

νκ
, Ra′ = αΔT T a

4
, (5)

http://metstroem.mi.fu-berlin.de
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where α is the fluid’s volumetric expansion coefficient and g is gravity. Ra is the familiar Rayleigh number that
also arises in non-rotating convection. Ra′ only exists in rotating systems (note the factor of T a) and comes
about due to the centrifugal acceleration Ω2s, which can generate buoyancy effects just as the gravitational
acceleration g does (cf. [37]).

Note also that Ra′ is a genuinely independent parameter and cannot be expressed simply in terms of T a
and Ra, that is, by varying (b − a), Ω , and ΔT , it would be possible to build different experimental setups
that have the same T a and Ra, but different values for Ra′. In the von Larcher et al. [39] setup, Ω2s � g
holds true even at the highest rotation rates. We therefore set Ra′ = 0 for almost all the results presented in
this work. A few calculations were also done at the appropriate nonzero values and confirm that centrifugal
effects do not play an important role for this setup, except at those points at very high Taylor numbers. (In a
different setup, though [24] found that centrifugal effects can become significant at sufficiently high rotation
rates, in accordance with this result that Ra′ is an independent parameter.)

Leaving aside Ra′, we are left therefore with Pr , T a, and Ra. These three numbers, together with the
three geometrical parameters defining the shape of the container, that is, the radius ratio η = a/b, the aspect
ratio Γ = d/(b−a), and the bottom angle γ , specify the problem.

Note also that for historical reasons, studies on the thermally driven rotating annulus usually do not
deal with the Rayleigh number directly, but rather with a parameter known as the thermal Rossby number,
defined as

Ro = 4RaΓ

PrT a
. (6)

Also, the Taylor number (Eq. 4) is often modified in this research field as

˜T a = T a × 1

Γ
, (7)

thereby including the aspect ratio Γ . We emphasize though that Ro and ˜T a are not new parameters. While the
latter might be considered as a rescaled version of the Taylor number, the thermal Rossby number corresponds
to the ratio of buoyancy and Coriolis terms, therefore indicating a thermal stratification of the flow. Instead, the
Rayleigh number gives a measure of the buoyancy term only. Even though the calculations were done using a
Rayleigh number, as in Eq. 1, we will present our results in terms of Ro and T a, but not ˜T a.

The boundary conditions associated with Eqs. 1 and 2 are

U = 0, Θ = 0 (8)

U = 0, Θ = 1 (9)

at the inner and outer sidewalls, respectively.
The boundary conditions at the top endwall are potentially more complicated and depend first of all on

whether the top is free or a rigid lid. We will take it to be free, as in [39]. In principle, there is then also the
deflection of the free surface by the centrifugal force to form a paraboloid rather than a flat surface. Also, [14],
who use the same experimental setup as von Larcher et al. [39], make an identical comment considering the
importance of the free surface deformation. In [39], and also in [14], however, there was never any notice-
able deviation from a flat upper surface—in agreement with our previous assertion that centrifugal effects are
negligible in this setup. We therefore take the top boundary to be free but flat, in which case the appropriate
boundary conditions are

Uz = 0, ∂zUs = 0, ∂zUΦ = 0, ∂zΘ = 0. (10)

Finally, the boundary conditions on the – either flat or sloping – bottom endwall boundary are

U = 0, ∂nΘ = 0, (11)

where n is the direction normal to the boundary (and thus depends on the bottom angle γ ).
These equations and associated boundary conditions are solved using the finite spectral element code

developed by Fournier et al., see [7] and [8], respectively, designed to cope with any axisymmetric container,
as our annulus here is.

The axial symmetry of the container is first used to expand field variables into Fourier modes in longitude
φ; this breaks any initial three-dimensional problem into a collection of two-dimensional problems to solve in
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Fig. 2 Meridional SEM grid with 1 element of polynomial order 48 for the flat-bottomed (left) and inclined bottom case (right).
Note that the redefined radius and aspect ratio is used as abscissa and ordinate

Table 1 Test of minimal grid resolution at T a = 7.71 × 106, Ra = 1.78 × 105, Ro = 0.023 (flat-bottomed case)

Polynomial order mcrit σ

16 5 0.0225
32 5 0.0416
48 5 0.0412
64 5 0.0415
80 5 0.0417
96 5 0.0416

Growth rate σ vs. polynomial order. Note, that the wave number of the critical mode mcrit does not change

the meridional plane, one for each wave number m. (In a nonlinear situation, nonlinear terms would be treated
in the φ direction using a standard pseudo-spectral approach.) Each meridional problem is next solved using
the spectral element method. This method is a special case of Galerkin methods (which deal with the weak
form of the set of equations in hand). Unlike the more common finite element method, its finite dimensional
space of trial/test functions is made of continuous piecewise images of polynomials of high degree N on each
element of a partition of the computational domain (consult for instance [3], chapter 3, for further details).

In this study, the simplicity of the geometry of the computational meridional domain prompted us to use
a single spectral element in order to capitalize on the spectral convergence properties of the method. Figure 2
shows an example of a mesh in the flat and sloping bottom cases, for N = 48. Note the clustering of the grid
points near the side, top, and bottom boundaries, which allows for an efficient resolution of the boundary lay-
ers. These grid points are the images of the Gauss–Lobatto–Legendre (GLL) quadrature nodes we resort to in
order to evaluate the various integrals originating from the weak form of the equations. For a two-dimensional
problem, these integrals are indeed mapped back into a reference square where a tensorized GLL quadrature
rule is used for their numerical evaluation. This tensorized GLL grid is mapped from the reference square
into the physical domain, yielding meshes such as the ones shown in Fig. 2. In the reference square, the field
variables are expanded upon the tensorized basis of Lagrange interpolants defined over the GLL points. The
basis functions in the computational domain are the images of these polynomials by the mapping. For a given
polynomial order N , (N +1)2 such functions are therefore used to approximate a scalar field in the meridional
domain.

The highest resolution used in this study corresponds to N = 64. The convergence of each result was
carefully checked, to within the typical accuracy shown in Table 1 for a case at fairly low thermal Rossby
number. A similar convergence analysis but for a high thermal Rossby number case is shown in Table 2.

The Fourier decomposition in φ is particularly convenient for problems of the type considered here, where
one has an axisymmetric state and then wishes to consider the onset of non-axisymmetric instabilities. To
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Table 2 Test of minimal grid resolution at T a = 1.11 × 106, Ra = 4.50 × 106, Ro = 4.063 (sloping bottom case)

Polynomial order mcrit σ

32 2 0.1994
48 2 0.1515
64 2 0.1420
80 2 0.1550

Growth rate σ vs. polynomial order. Note, that the wave number of the critical mode mcrit does not change

compute the basic axisymmetric (m = 0) state corresponding to a given set of parameters, we time-stepped
Eqs. (1)–(2) until a steady, equilibrated state was reached (including only the m = 0 mode in the Fourier
expansion in longitude). We next took the linearized version of Eqs. (1)–(2) about this basic state to study the
onset of non-axisymmetric instabilities. This comes down to solving a series of independent 2D problems, one
for each wave number m. The critical parameters for the onset were again determined using a time-stepping
version of the code (the time scheme that we use is second-order accurate, please consult [8] for further details).
Starting from an initial condition comprising the basic state and a small perturbation of wave number m, the
growth rate was estimated by monitoring the evolution of the kinetic energy of the mode under scrutiny. The
critical values of the control parameters were then determined iteratively in order to reach a marginally stable
situation.

3 Results

In the following, we give the results of our present study. We will start with a description of the regime diagrams
for the sloping and the flat-bottomed endwall configuration, and will then discuss particular parameter points
for both cases.

3.1 The regime diagram for the sloping and for the flat-bottomed endwall boundary

Figure 3 shows the two lines of instability, which were determined from the computations of 20 (28) critical
parameter points for the flat (sloping) bottom endwall case.

The computations for the sloping bottom case reveal the anvil shape of the wavy flow regime that is already
well known for the flat-bottomed case. The wave regime is bounded by the lower and upper symmetric regime,
where the basic flow is stable due to the decay of any wave perturbation of the axisymmetric flow. The min-
imum critical wave number – denoted by the numbers in Fig. 3 – is determined to m = 2 in both cases, and

Fig. 3 Regime diagram for the flat (blue) and the sloping bottom case (green). Numbers denote the critical wave number, i.e.
waves of largest growth rate σ . Capital letters A–H mark particular parameter points that are discussed in Sect. 3. Lines of constant
temperature difference (dashed) are drawn, according to Table 3 (color figure online)
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Table 3 Parameters for the points A–D (E–H ) for the flat (sloping) bottom endwall case as marked in the regime diagram

Point Taylor number th. Rossby number ΔT [K ] mcrit Bottom b.c.

A 9.825 × 106 1.535 2.485 2 Flat
B 4.390 × 105 0.211 0.015 4 Flat
C 3.000 × 106 0.041 0.020 5 Flat
D 1.565 × 108 0.007 0.182 8 Flat
E 1.113 × 106 4.063 0.745 2 Sloping
F 1.100 × 105 0.274 0.005 3 Sloping
G 7.710 × 106 0.012 0.015 7 Sloping
H 4.100 × 108 0.0027 0.182 12 Sloping

following the line of instability to the lowest thermal Rossby number, the critical wave number increases to
m = 12 (10) in the sloping (flat) bottom case.

Obviously, the sloping bottom endwall leads to a further destabilization of the basic flow. The flow becomes
not only unstable at lower thermal Rossby numbers with respect to the flat-bottomed case but also is still unsta-
ble at larger thermal Rossby numbers, that is, the instability curve for the sloping bottom case envelopes that
of the flat-bottomed case.

Furthermore, the instability curves are not only shifted against each other but show also different character-
istics. While their trend is similar along the transition to the lower symmetric regime for Taylor numbers larger
than about 106, the wavy flow regime in the sloping bottom endwall case is significant extended to lower Taylor
numbers. The lowest rotation rate at which the flow becomes unstable is determined to T acrit = 8.50 × 104

(T acrit = 3.84 × 105) for the sloping (flat) bottom case.
The sharp reversal of the transition curve at Ro = 2.57 in the sloping bottom endwall configuration is a sig-

nificant feature of the regime diagram. A narrow region can be identified (about 8.0×105 ≤ T a ≤ 1.2×106),
where – when the thermal Rossby number is stepwise increased while T a is kept fixed – the flow is stabilized
first, but becomes unstable again. In contrast, the upper part of the instability curve for the flat-bottomed
endwall case becomes almost horizontal for large Taylor numbers, that is obviously not the case in the sloping
bottom endwall configuration, where the axisymmetric flow also is unstable for large thermal Rossby numbers.

3.2 Computations at particular parameter points

We now focus on the results at particular parameter points, which are marked as A–D (E–H ) for the flat
(sloping) bottom endwall case in the regime diagram (Fig. 3) for the readers convenience. Table 3 displays
the parameters (T a, Ro, mcrit) for each point A–H . We will start with an analysis of the basic flow results,
computed by solving the nonlinear equations for the axisymmetric solution, and will then consider the critical
wave flow solutions.

We would like to point out that the following figures contain s-z cross-section diagrams of variables with
the redefined radius and aspect ratio as abscissa and ordinate, with the cool inner side wall on the left-hand
side and the warm outer side wall on the right-hand side. In addition, horizontal s-φ slices of variables taken
at different depth d are shown.

As noted, the aspect ratio as well as the radius ratio of the sloping bottom endwall case is consistent to that
of the flat-bottomed endwall case.

3.2.1 Basic flow solutions

To start with the sloping bottom case first, Fig. 4 shows cross-sections of the temperature, the stream function,
and of the azimuthal velocity component for the basic flow, computed at the largest thermal Rossby number
(Ro = 4.063) (point E) and following along the instability curve to the lowest one (Ro = 0.0027) (point
H ). For the sake of completeness, s-φ slices of the temperature and the three velocity components are also
displayed.

The isotherms obviously tend to be almost vertical in the fluid interior (F–H ), except at E , where the
temperature contours are sloped in the fluid interior while they become nearly vertical within the boundary
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Fig. 4 Normalized temperature (Θ), stream function (Ψ ) and azimuthal velocity component (Uφ) of the basic flow in the s-z
cross-section for the four parameter points E–H as marked in the regime diagram. The redefined radius and aspect ratio is used
as abscissa and ordinate, the contour interval is 0.05. Red (bold) line marks the 0-line. Right column: exemplary horizontal (s-φ)
slices of temperature (Θ), and of azimuthal, radial and vertical velocity component (Uφ, Us , Uz) at mid-depth for point G (color
figure online)
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layers of the sidewalls. Especially, the temperature profile at very low Ro (G, H ) reminds one of a pure con-
ductive state where they would then be exactly parallel to the sidewalls. Small-scale features—wobble-like
structures—are identified close to the inner sidewall boundary layer at E . Those patterns are also observed in
the appropriate streamfunction diagram.

Regarding the streamfunction patterns, the convective flow across the fluid is well organized in one single
convective cell at E and F . Here, the convection is largely defined by circulation through the Stewartson layers
at the sidewalls and the lower Ekman layer. In contrast, the flow is largely concentrated in two separate cell
patterns, one at each sidewall, at G and H . These findings are consistent with a decrease in the stratification at
lower thermal Rossby numbers which inhibits the vertical motion in the fluid interior at higher thermal Rossby
numbers.

Furthermore, the pictures show that the bottom Ekman layer, in which the outward flow across the fluid
moves cold fluid to the outer (warmer) wall on the right, is significantly broadened at lower Taylor numbers
compared to the Ekman layer at rapid rotation. A quantitative analysis of the bottom Ekman layer thickness,

δ, in the sloping bottom endwall case shows that it roughly follows δ = 2.0
√

( ν
Ω

). This result is in fairly good

agreement with the well-known relation δ ∝ √
Ek L , Ek as the Ekman number, and L as a characteristic

length scale, where Ek = ν
Ω L2 and hence Ek = 2√

T a
.

The upper half of the azimuthal flow (second column from right in Fig. 4) appears to remain largely unaf-
fected by the forcing parameters. The strength of the jet increases along the upward z-axis with its maximum
at the free top surface close to the inner side wall. About two-thirds of the cross-section are dominated by a
prograde flow component, while the flow is retrograde in the lower part close to the bottom endwall. While the
region of retrograde flow is slightly broadened with decreasing Taylor number (E–F), its extent is significantly
reduced when the Taylor number is increased (G–H ). Moreover, for very large Taylor numbers, the region of
prograde flow is extended almost to the bottom in the fluid interior, while the retrograde flow is then confined
to the left and right corner at the bottom endwall.

To make the physical processes more obvious, Fig. 5 shows overlays of the temperature and of the stream-
function (Θ , Ψ ), Fig. 5a–c, as well as overlays of the streamfunction and of the azimuthal velocity component
(Ψ , UΦ ), (Fig. 5d–f). The upper left panel (Fig. 5a), point E , shows that the center with the strongest temper-
ature gradient (where color changes from blue to purple) is linked to a strong inward flow component—the
flow toward the inner cylinder that is on the left-hand side—from the lower right to the upper left of the gap.
The lower left (Uφ , Ψ )-panel, Fig. 5d, shows that the core of the azimuthal jet also appears to be linked to the
location of that inward flow component, too, that is, it follows the strongest variation of the streamfunction.
These observations reflect the thermal wind relation that describes the vertical shear of a fluid flow due to a
horizontal density gradient.

As described above, at point H (panel f ), two cores of retrograde azimuthal flow exist in the bottom region
close the left and right sidewall, whereas the azimuthal flow component is almost zero at mid radius close to
the bottom region. The radial extent of these two centers of retrograde flow is confined to the radial extent
of the narrow convective cell patterns at the sidewalls which mark the Stewartson layers. Instead, at point E
(panel d) and also at point F (panel e), one broad core of retrograde azimuthal flow exists at the bottom area
that is bounded to the radial outward flow which is confined to the bottom Ekman layer. That observation is in
agreement with the influence of the Coriolis force that—in our configuration of dT

ds > 0—deflects the inward
directed flow to a prograde azimuthal velocity component while the outward directed flow is deflected to its
retrograde one.

Even if the instability curve for the sloping bottom endwall configuration shows significant differences to
the flat-bottomed endwall configuration, particularly in the region of lower Taylor numbers as described above,
the computations reveal similar solutions for the axisymmetric basic flow and are therefore summarized only.

Figure 6 shows series of contours of the temperature, the streamfunction, and of the azimuthal velocity
component as well as horizontal slices as above for the basic flow at parameter points A–D, that is, in the
flat-bottomed endwall case. As in the sloping bottom case, the isotherms (left column of this figure) are shifted
toward the vertical at lower thermal Rossby numbers. Also, the streamfunction plots reveal one large-scale
convection cell pattern at A, that is less developed at B, and two convection cells appear at large Taylor numbers
(C and D).

The azimuthal flow again shows the prograde jet with its maximum at the free upper surface that breaks
through to the bottom at high rotation rates, while the retrograde flow is then bounded to a limited area close
to the bottom.
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(a) (b) (c)

(d) (e) (f)

Fig. 5 Overlay of the normalized temperature (shaded surface) and the streamfunction (contour lines) (subfigure a–c), and of
the azimuthal velocity component (shaded surface) and the streamfunction (contour lines) (subfigure d–f) of the basic flow field
in the s-z cross-section for three parameter points as marked in the regime diagram. (a, d): point E , (b, e): point F , (c, f): point
H . The redefined radius and aspect ratio is used as abscissa and ordinate, the contour interval is 0.05

3.2.2 Wave flow solutions

This section describes the wave flow solutions for both endwall configurations. We start with a description of
the pure instability solution only, that is, the solution without the basic flow solution, and then describe the full
wave flow solution where the basic flow and the instability solution are combined.
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Fig. 6 Normalized temperature (Θ), stream function (Ψ ) and azimuthal velocity component (Uφ) of the basic flow in the s-z
cross-section for the four parameter points A–D as marked in the regime diagram. The redefined radius and aspect ratio is used
as abscissa and ordinate, the contour interval is 0.05. Red (bold) line marks the 0-line. Right column: exemplary horizontal (s-φ)
slices of temperature (Θ), and of azimuthal, radial and vertical velocity component (Uφ, Us , Uz) at mid-depth for point B (color
figure online)
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Figure 7 shows s-z cross-section plots of the wavy flow instability solutions at the given parameter points
E–H , that is, the sloping bottom endwall configuration, and the solutions for the parameter points A–D (the
flat-bottomed endwall case) are given in Fig. 8. While the left columns show sections of Θ and UΦ at an
azimuthal angle where the integral UΦd S is maximal and therefore represents the peak of the wave, the right
columns show sections where the integral equals 0 representing the zero-point of the wave.

As for the basic flow solutions described above, the instability solutions show similar results for both
bottom endwall configurations. Considering the sloping bottom endwall case, both sections at the highest
thermal Rossby number (point E) show a number of localized features which disrupt the overall pattern of a
global convection cell. Most of these small-scale features are located in or near the boundary layers. These
features are not seen for any other case, where the flow is characterized by a set of azimuthal jets which
become progressively confined in the radial direction as the thermal Rossby number decreases and the Taylor
number increases. Compared to these more regular patterns, point E—and also point A but to a much lesser
extent—displays more irregular behavior instead. Comparing Figs. 7 and 8, it appears that the localized struc-
tures found in E are unique to the sloping endwall configuration, whereas the other cases (F , G, H ) have
clear correspondence with B, C , and D, respectively. The effect of the sloping endwall on the structure of
the instability solution appears that the lower jet nearer the inner wall is either fully replaced by the lower
boundary (during integral UΦd S = max ; left columns in Figs. 7 and 8, respectively) or reduced in magnitude
(right panels). The flat-bottomed case A, corresponding to case E in location in the parameter space, appears
to be a continuation of the main features found in B–D in Fig. 8.

In addition to the s-z cross-sections of the instability solutions, horizontal (s-φ) slices of wave flow solu-
tions for the parameters points E–H are displayed separately in Fig. 9, 10, 11, and 12. It is worth to mention
that the diagrams displayed there combine the basic flow solution with the instability solution, and the dia-
grams show therefore the complete wave flow solution for the respective variables. In contrast, Figs. 7 and
8 show the instability solutions only. Furthermore, the data have to be interpolated for the preparation of
horizontal slices due to the non-horizontal radial grid run in the sloping bottom endwall configuration, see
Fig. 2.

The wavy flow patterns of the particular critical azimuthal wave numbers (m = 2, 3, 7, 12 from E to H )
are clearly visible in the appropriate figures. Especially, for point F (Fig. 10), the diagrams reveal an apparent
regular wavy flow behavior, whereas the diagrams indicate cellular-like flow patterns rather than a gap-filling
wave flow structure at high rotation rates, at point H (Fig. 12). These patterns appear to be strongest near
the inner wall, whereas the outer part of the gap flow remains mainly unaffected. This is consistent with the
analysis of the s-z cross-sections in Fig. 7 which show only small gradients in the outer part of the gap flow
for point H , whereas strong gradients are dominant at its inner part. Instead, wavy flow patterns at moderate
Taylor numbers, for example, point F , tend to fill the gap completely. We mention here that these higher wave
number cellular-like flow patterns are still waves, and their radial structure is constrained by the tendency of
saturated baroclinic waves toward a ”square-like” shape. With this, point G (Fig. 11) can be considered as
being located in a transition between gap-filling wavy flows and these cellular-like wave flows of higher wave
number that are limited in their radial extent.

The analysis of the wave flow solutions for the flat-bottomed endwall case, point A–D, (diagrams not
shown) reveals similar features. A pure wave flow, gap filling in radial direction, is found at point B (m = 4),
whereas the flow patterns at larger Taylor numbers, for example, at point D (m = 8), obviously are dominated
by the tendency of square-like wave patterns at higher wave number flows.

4 Concluding remarks

We have presented a numerical study on the influence of bottom topography on the linear stability of baro-
clinic wave flow in the differentially heated, rotating annulus of fluid with a free upper surface and a positive
temperature gradient ( ∂T

∂s > 0). In the sloping bottom endwall case, the bottom has a slope of 35◦ to the
horizontal, so that ∂d

∂s > 0. The numerical code is based on a Fourier–Legendre spectral element approach
to compute effectively the critical wave number, which denotes the wave perturbation with the largest—but
minimal positive—growth rate. Results for two particular bottom endwall boundaries, a sloping and a horizontal
bottom endwall, were presented.

The sloping bottom leads to a destabilization of the basic flow, and its instability curve shows significant
differences with respect to the flat-bottomed endwall case, with the sharp reversal at large thermal Rossby
numbers as its most remarkable feature. In contrast, well known in the past, the instability curve with respect
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Fig. 7 Normalized temperature contours (Θ) and azimuthal velocity component (Uφ) of the wave flow instability solution in the
s-z cross-section, where

∫

Uφd S = max (left columns) and
∫

Uφd S = 0 (right columns), resp., for parameter points E–H as
marked in the regime diagram. The redefined radius and aspect ratio is used as abscissa and ordinate and the contour interval is
0.05. Red (bold) line marks the 0-line
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Fig. 8 Normalized temperature contours (Θ) and azimuthal velocity component (Uφ) of the wave flow instability solution in the
s-z cross-section where

∫

Uφd S = max (left columns) and
∫

Uφd S = 0 (right columns), resp., for parameter points A–D as
marked in the regime diagram. The redefined radius and aspect ratio is used as abscissa and ordinate, the contour interval is 0.05.
Red (bold) line marks the 0-line (color figure online)
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Fig. 9 Wave flow solution for parameter point E (m = 2): horizontal (s-φ) slices of normalized temperature (Θ), azimuthal and
radial velocity component (Uφ , Us ) (left to right) at different height d (top to bottom). At d = 0.4, the slope of the bottom endwall
leads to a reduced gap width of about 0.6 in terms of redefined radius (cf. Fig. 2). Note the different scaling of each figure

Fig. 10 Wave flow solution for parameter point F (m = 3): horizontal (s-φ) slices of normalized temperature (Θ), azimuthal
and radial velocity component (Uφ , Us ) (left to right) at different height d (top to bottom). At d = 0.4, the slope of the bottom
endwall leads to a reduced gap width of about 0.6 in terms of redefined radius (cf. Fig. 2). Note the different scaling of each figure
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Fig. 11 Wave flow solution for parameter point G (m = 7): horizontal (s-φ) slices of normalized temperature (Θ), azimuthal
and radial velocity component (Uφ , Us ) (left to right) at different height d (top to bottom). At d = 0.4, the slope of the bottom
endwall leads to a reduced gap width of about 0.6 in terms of redefined radius (cf. Fig. 2). Note the different scaling of each figure

Fig. 12 Wave flow solution for parameter point H (m = 12): horizontal (s-φ) slices of normalized temperature (Θ), azimuthal
and radial velocity component (Uφ , Us ) (left to right) at different height d (top to bottom). At d = 0.4, the slope of the bottom
endwall leads to a reduced gap width of about 0.6 in terms of redefined radius (cf. Fig. 2). Note the different scaling of each figure
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to the flat-bottomed endwall boundary becomes almost horizontal at high thermal Rossby numbers and is
therefore nearly independent from the rotation rate for large Ro.

We interpret the reversal of the instability curve as a transition point between two different types of insta-
bility. Above the reversal, the instability is dominated by the strong radial temperature gradient and rotation
becomes less important here. That interpretation is supported by the fact that the critical Taylor number becomes
smaller at higher thermal Rossby numbers. Instead, below the reversal, the instability is determined by the
two forcing parameters, that is, it depends on both, the rotation rate and the temperature difference. In this
context, the turning point denotes the transition between these two kinds of instability. However, even for the
parameter points above the reversal, rotation still plays a role as it appears strong enough to set up the bottom
and sidewall boundary layers.

The presence of weak instabilities in the upper branch of the instability line is reported by a number
of authors, for example, [18,23]. In particular, figure 9 in [23] shows that weak instabilities can be found
in a wedge within the upper symmetric regime. This finding appears consistent with the reversal found in
our sloping bottom endwall study and should be considered in future work carefully. Also, future work on
the occurrence of weak instabilities should have a focus on the upper branch of the instability curve for the
flat-bottomed endwall case, where such patterns have not (yet) been found in our study.

The analysis of flow patterns at particular parameter points—distributed along both transition curves—
reveals similar features in both configurations. Moreover, the basic flow solutions appear to be almost inde-
pendent of the bottom endwall configuration, except the small-scale wobble structure that is found at point E .
Though these wobbles are not that manifest, they are clearly evident in the temperature plot as well as in the
streamfunction plot (see Fig. 4) and are also observed at parameter points just below the turning point but tend
to diminish quasi-stepwise with decreasing thermal Rossby number. To be more precise, they are found for
Ro ≥ 1.06 only and therefore appear to be linked to the reversal of the neutral stability line. Moreover, while
these wobbles appear regularly distributed along the inner sidewall for Ro > 1.32, they are observed only in
the upper part of the inner sidewall for 1.06 ≤ Ro ≤ 1.32.

Even if we are not able to identify explicitly the physical process leading to these small-scale patterns
here, it seems obvious that they occur due to the strong boundary layer at the inner sidewall at large Ro.
[10] describes the occurrence of small-scale fluctuations in a rapidly rotating annulus filled with air due to a
reflection of a warm/cold radial jet at the sidewall that sets off small-scale features within the thermal boundary
layer which then radiate into the fluid interior. Whether or not a similar mechanism might be responsible also
for the occurrence of the wobbles found here will be the scope of future work.

Remarkably, neither those small-scale features (the wobbles) nor a reversal of the upper instability curve
is observed in the flat-bottomed endwall case. This could be an indication that there is a strong relationship
between both features. On the other hand, in the appropriate leg of the Taylor number, the largest thermal
Rossby number is noticeably less in the flat-bottomed endwall configuration than it is in the sloping bottom
case, which might be the reason for the absence of both patterns. However, this is naturally speculative at this
point.

In the flat-bottomed endwall case, the contour diagrams for the axisymmetric basic flow show qualitatively
good agreement with previous nonlinear computations, for example, [41,42,40]. In particular, the contours
for rapid rotation are qualitatively similar to those of Miller and Gall [29]. In contrast to a rigid upper surface,
the free surface causes an extension of the prograde component of the azimuthal flow to deeper levels of the
annulus, and in turn reduces the retrograde flow region to a smaller extent.

Centrifugal buoyancy is in general clearly of minor importance at low rotation rates but it becomes of more
relevance at moderate and large rotation rates.1 The impact of the centrifugal force effect is recently discussed
in a paper of [24]. Among other results, they found that centrifugal buoyancy shifts the neutral stability line to
lower Ro for moderate and large Taylor numbers but no effects were observed at low Taylor numbers. Own
computations with and without centrifugal buoyancy (not shown) confirm that the instability curve is only
slightly deflected – compared to the original curve with centrifugal buoyancy considered – at Taylor numbers
above 5.00 × 107.

However, it is well known from previous studies that the flow becomes irregular (but still wavy) at higher
Taylor numbers. Moreover, it appears that the triple point, which separates the steady wave flow regime, the
irregular wave regime, and the lower symmetric regime, is usually connected with a slope of the stability line
toward higher temperature differences (e.g., [5,18]). A strong deflection toward an increase in temperature
difference might therefore be seen as an indicator for the transition to the irregular wave regime.

1 At very high rotation rates, centrifugal buoyancy becomes the dominating force. It might then be considered as radial gravity.
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We should expect also in our study that the flow at very high Taylor numbers behaves generally more
irregular than steady, and that there is indeed a triple point at some parameter point along the stability curve.
Considering the lower symmetric regime diagrams found in our study (Fig. 3), the slope of the stability curves
is parallel to the isolines of temperature difference in the vicinity of the knee, but the slope changes toward
higher Taylor numbers. Even speculative, a rough estimate indicates the location of a possible triple point
about T a = 2 × 107 for the flat-bottomed case, with the maximum wave number m = 5 then.

The instability curves for the sloping and for the flat-bottomed endwall cases show significant deviations.
The former displays a sharp reversal at strong temperature gradients, that is, at large Ro, while the latter one
becomes almost horizontal there, and therefore is nearly independent from the rotation rate for large Ro, that
means, that thermal stratification becomes so strong that it inhibits the development of baroclinic wave flows
even if the Taylor number is increased.

As already mentioned, no significant differences of the flow patterns, except the small-scale wobble struc-
tures at the inner sidewall in case of the sloping bottom endwall, are observed. This apparent independence
from the endwall geometry reminds one of the barotropic Stewartson shear layer problem (see [35,36]). Here,
the fluid flow in a spherical shell (e.g., [2,21,22]) or in a cylindrical gap (e.g., [20,12]), respectively, which
is in differentially rapid rotation, becomes unstable at sufficient large differential rotation rates. The initially
axisymmetric basic state is relatively insensitive to the precise geometry, but important aspects of the insta-
bilities depend crucially on it. This is similar to our problem, where the instabilities also sense the differing
geometries more than the basic states do.

Our study presented here is implemented in the efforts of the authors and colleagues to gain the knowledge
of the variability of the flow regimes observed in this research cavity. Our findings described above should be
validated in future experimental and numerical work. In particular, the reversal of the instability curve and the
small-scale features observed around the reversal should be under consideration in the next steps. It should
particularly be proved, whether weak instabilities reported in a number of studies arise from related physical
processes of the small-scale features observed in our study.

As described above, our numerical model setup is consistent with a laboratory setup, which allows one
to study the flow instabilities in the sloping bottom endwall configurations as well. Appropriate experimen-
tal studies are momentary under consideration which then would help to validate our results. In particu-
lar, the dynamic processes in the upper branch of the axisymmetric regime can be investigated very well
since the parameters are relatively easy to establish in this experimental setup. In addition, we intend to extent
the numerical work to 3D computations and will then also focus on fully developed baroclinic waves of
complex types in the supercritical wave regime.
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