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Kinematic dynamo action in a spherical shell is studied with a small-scale cellular
prescribed velocity field. Three velocity fields are considered, all of which are ax-
isymmetric and have a large-scale separation between the shell size and the dominant
scale of the motion. The first flow is steady and strongly helical, so that a mean
field dynamo might be expected. We find that indeed large-scale dynamo action
is obtained at onset, but that the dynamo is of small-scale type at large magnetic
Reynolds number Rm, where advection processes dominate and the magnetic field is
generated on the scale of the cells in the flow. We study the transition between these
two dynamo processes and find a gradual transition as Rm is increased, where the
energy is slowly passed from the large scales to the small scales as the two dynamo
processes morph into one another. The second flow, a time-dependent version of the
first, produces almost identical results, but the transition appears to occur at smaller
Rm than in the steady case and there is some evidence of fast dynamo action as Rm

becomes large. The third flow, a nonhelical variant of the first flow, is also studied,
and small-scale dynamo action was found at onset in this case, with a much larger
critical value of Rm for growth of the magnetic field. C© 2012 American Institute of
Physics. [http://dx.doi.org/10.1063/1.4757661]

I. INTRODUCTION

The evolution of magnetic fields in astrophysical objects, such as stars and planets, is believed
to be governed by a dynamo process. The competition between the generation of magnetic field via
the motions of electrically-conducting fluids (such as plasma in the Sun) and dissipative processes
is studied under the framework of dynamo theory, and solution of the induction equation and
momentum equation is required to obtain a full understanding. The equations are coupled via the
Lorentz force term in the momentum equation, which describes the interaction of the magnetic and
velocity fields, and acts to saturate the magnetic field once the amplitude is large enough. Due to
the complex nature of the equations, simplifications are made such as studying only the kinematic
regime, where the amplitude of the magnetic field is too small to affect the velocity field, and the
induction equation can be solved in isolation with a prescribed velocity field.1

The last 50 years have seen significant theoretical advance in mean-field dynamo theory,2 where
a separation of scales is assumed between the scale of the system (for example, the depth of the
solar convection zone), and the dominant scales of the flow. This theory leads to an equation for the
time evolution of the large-scale magnetic field. This field is driven by the “α-effect”; the leading
order term in the series expansion of the mean electromotive force, which arises from the interaction
between the small-scale magnetic and velocity fields. The α-effect requires lack of reflectional
symmetry, and is therefore often associated with helical flows, although the relation between α and
helicity is not straightforward.3
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Under this framework, the distinction between large-scale and small-scale dynamos is well
defined as there are equations governing the large-scale (mean) and small-scale magnetic fields
independently. However, solution of the full induction equation does not lend itself to distinguish
between large-scale and small-scale dynamos easily, and this distinction often relies on the geometry
of the domain. Small-scale dynamos are defined as being ones where the energy of the magnetic
field is held in the same scale of the velocity field. For this reason, small-scale dynamos are often
studied under the framework of fast dynamo theory, i.e., in the limit where the magnetic Reynolds
number (which describes the ratio between advective and diffusive processes) Rm → ∞ and the
advection processes dominate.4

Much work on mean field dynamos has used periodic box domains. This permits the study
of the dynamo properties of spatially periodic cellular flows such as the Roberts flow5, 6 and the
Galloway-Proctor flow.7 These types of flows are guaranteed to produce small-scale dynamo action
(on the scale of the cells in the flow) particularly at large Rm, yet a large-scale dynamo is difficult to
define, since the “large scale,” obtained by averaging over the periodic domain, is actually infinite.
A spherical shell domain provides a more realistic geometry for astrophysical objects, and enables
a clear distinction between the large and small scales. Previous studies of kinematic dynamo action
from a forced small-scale helical velocity field in a spherical domain found that the magnetic field
was generated on scales larger than that of the velocity field, but not the largest possible scale.8

Extension into the nonlinear regime revealed that once the magnetic and velocity fields were able to
interact, a large-scale dynamo was obtained.9 Evidence of fast dynamo action in a spherical domain
has also been shown by studying a Galloway-Proctor type flow in a spherical shell.10, 11 In this
work though the emphasis was on achieving the largest possible Rm, which turned out to require a
relatively large-scale flow, consisting of only one long cell in θ and a few cells in r.

By setting up a scenario where a large-scale dynamo would be obtained at onset and a small-
scale dynamo would be obtained at large Rm and by prescribing the velocity field in the correct way,
it would then be possible to study the transition between these two types of dynamo processes. There
are two possibilities, either there is a discontinuous jump between different modes for the different
types of dynamo as Rm is increased, or the transition is continuous and the two processes morph into
one another as the energy is passed from the large scales to the small scales.

In order to obtain a large-scale dynamo at onset, the prescribed velocity field must be chosen so
that there is large-scale separation and the flow is helical. All the flows we choose are axisymmetric
so as to allow high resolution computations of the magnetic fields. We investigate the role of helicity
and scale separation by studying three different types of flows in a spherical shell. The first type is
steady and strongly helical, locally resembling the Roberts flow. The second is a time-dependent
version of the first, with local similarities to the Galloway-Proctor flow. Finally, we consider steady
flows with small-scale structure but with no helicity. All these flows are investigated in versions that
have different cell size, to examine the effect of changing the scale separation.

The mathematical formulation of the problem is discussed in Sec. II, where a description of the
numerical method used to solve the induction equation is given, and the prescribed velocity fields
we use are defined. Results are presented in Sec. III for each of the three flows considered, and a
discussion of the results is presented in Sec. IV.

II. MATHEMATICAL FORMULATION

Only kinematic dynamo action is considered in this paper, so we solve the induction equation
with a prescribed velocity field. The induction equation is given by

∂B
∂t

= ∇ × (u × B) + 1

Rm
∇2B. (1)

Here Rm = UL/η is the magnetic Reynolds number based on the size of the system, L (in fact the
outer radius of the spherical shell), where U is a characteristic velocity scale of the motion and
η is the magnetic diffusivity. By choosing an axisymmetric velocity field, the magnetic field can
be decomposed into the individual zonal harmonics such that B ∝ exp(imφ), where m �= 0, which
allows a two-dimensional calculation for each value of m.
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A. Numerical solution of the induction equation

The induction equation (1) is solved in a spherical shell with the inner boundary ri = 0.5 and
the outer boundary ro = 1 in dimensionless units and the characteristic lengthscale, L, is taken to be
the radius of the shell. The magnetic field is decomposed into its toroidal and poloidal components:

B = ∇ × gêr + ∇ × ∇ × hêr , (2)

where g and h are the toroidal and poloidal scalar fields, respectively, and êr is the radial unit vector.
This decomposition ensures that the magnetic field is divergence free. The poloidal and toroidal
components of the magnetic field are expanded in terms of their natural spectral expansions, namely
Legendre functions in θ and Fourier expansion in φ (although only one mode is used in this case),
such that

g =
Lmax∑
�=m

g�m(r, t)Pm
� (cos θ )eimφ, (3)

h =
Lmax∑
�=m

h�m(r, t)Pm
� (cos θ )eimφ, (4)

where Lmax represents the maximum value of � for which the sums are truncated, and m is fixed.
The radial structure of g and h is expanded in Kmax Chebyshev polynomials, and Eq. (1) was then
enforced on the familiar Chebyshev collocation points. The inner sphere and exterior of the shell are
assumed to be insulating regions, which lead to the potential field boundary conditions:

g�m = 0,

(
∂

∂r
− � + 1

r

)
h�m = 0,

at r = ri, and

g�m = 0,

(
∂

∂r
+ �

r

)
h�m = 0,

at, r = ro.
The equations for g and h are enforced on the Kmax collocation points, and are solved using a

pseudo-spectral spherical harmonic code with an adapted second order Runge-Kutta time-stepping
method to include an implicit method on the diffusion term.12

B. The prescribed velocity fields

The three prescribed flows are made up of many small, roughly square cells to ensure a large-
scale separation. As u is axisymmetric, the flows are of the form u = ∇ × (ψ(r, θ )êφ) + v(r, θ )êφ ,
where êφ is the azimuthal unit vector, and ψ and v are chosen so that they satisfy the no normal flow
conditions on the boundaries.

Flow 1 is steady and strongly helical, so that in the vicinity of the equator the cells are like the
Roberts flow.5, 6 (It is in fact possible to construct a maximally helical flow, a so-called Beltrami
flow satisfying ∇ × u = γ u, even in spherical geometry. However, such flows turn out to be too
strongly concentrated near the poles to be useful local analogs of the desired Roberts flow.) Flow 1 is
given by

ψ(r, θ ) = r√
2Nθ

sin

(
(r − ri )

(ro − ri )
Nrπ

)
sinθ cos(Nθ θ ), (5)

v(r, θ ) = sin

(
(r − ri )

(ro − ri )
Nrπ

)
sinθ cos(Nθ θ ), (6)

where Nr, Nθ are the number of cells in r, θ , respectively, (where 0 < θ < π ), and Nr = �Nθ /4	.
Contour plots of Flow 1 are shown in Figure 1 for a flow with Nr = 5 and Nθ = 19. We consider

a variety of numbers of cells ranging from Nr = 5 to Nr = 20, with Nr and Nθ in the same ratio.
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FIG. 1. Contour plots of the ur, uθ , and uφ components of Flow 1 with Nr = 5 and Nθ = 19; ur is equatorially symmetric,
uθ and uφ are anti-symmetric.

Flow 2 is a time-dependent version of Flow 1. The cells are forced to move in an overall circular
motion where the cells in the centre move approximately one cell width away from their initial
position, the cells at the boundaries move less, and the boundaries do not move. This circular shaking
is similar to the Galloway-Proctor Circularly Polarised flow,7 as the shaking in r and θ is out of phase.
Flow 2 is given by

ψ(r, θ, t) = r√
2Nθ

sin [Nrπ r̃ + δπ sin(ωt) sin(π r̃)] sin θ cos [Nθ θ + δπ cos(ωt) sin θ ] , (7)

v(r, θ, t) = sin [Nrπ r̃ + δπ sin(ωt) sin(π r̃ )] sin θ cos [Nθ θ + δπ cos(ωt) sin θ ] , (8)

where r̃ = (r − ri )/(ro − ri ), δ ∈ [0, 1] is the forcing parameter and ω is the frequency.
Flow 3 is a nonhelical version of Flow 1, and is given by

ψ(r, θ ) = r√
2Nθ

sin

(
(r − ri )

(ro − ri )
Nrπ

)
sinθ cos(Nθ θ ), (9)

v(r, θ ) = cos

(
(r − ri )

(ro − ri )
Nrπ

)
sinθ cos(Nθ θ ), (10)

where ψ and v are now exactly out of phase in r.
Note also that the magnetic field does not decouple into separate dipole/quadrupole equatorial

symmetries for any of these flows. The expansions in Legendre functions therefore include all l, for
both g and h (see Eqs. (3) and (4)). B decouples into distinct symmetries only if ψ is equatorially anti-
symmetric and v is symmetric, similar to previous studies.10, 11 Such flows though would necessarily
have opposite helicities in the two hemispheres, and as such are not what we wish to consider here.

III. RESULTS

A. Flow 1

The induction equation is solved for a variety of fixed m values, with prescribed Flow 1, given
by u = ∇ × (ψ(r, θ )êφ) + v(r, θ )êφ , where ψ and v are given by Eqs. (5) and (6). A range of flows
with various numbers of cells are considered, these are detailed in Table I, along with the resolution
used for each flow (note that the time step is optimised for the flow with the most cells).

The growth rate of the magnetic field as a function of Rm for various m values is plotted in
Figure 2 for the flow with the least cells. The mode of maximum growth rate (the envelope of the
lines) is smooth, showing a gradual transition through the individual m modes as Rm is increased.
We note that the optimum m for growth is approximately the scale of the cells (〈Ncells〉 ∼ √

Nr Nθ ),
and that as Rm increases, the optimum growth rate begins to drop off although the optimum m mode
continues to increase, similar to the behaviour of the Roberts flow.6 In the top panel of Figure 2 the
growth rate for m = 50 does not reach a maximum below Rm = 5000, however, we note that due
to the steady nature of the flow it is necessarily a slow dynamo and therefore all growth rates will
eventually reach a maximum and decrease as Rm → ∞.
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TABLE I. Properties of Flow 1: the number of cells in r (Nr) and θ (Nθ ), the average number of cells (〈Ncells〉), the number
of points used in r (Kmax) and θ (Lmax), the time step (dt), the critical values of m (mcrit) and Rm (Rmcrit) for growth of the
magnetic field, and the proportion of magnetic energy in the first peak (EB ≤ p1) and the rest (EB > p1) of the energy spectrum
for the mcrit, Rmcrit case.

Nr Nθ 〈Ncells〉 Kmax Lmax dt mcrit Rmcrit EB ≤ p1 (%) EB > p1(%)

5 19 10 120 360 0.001 3 53.7 93.71 6.29
8 31 16 120 360 0.001 3 62.4 96.24 3.76
10 39 20 120 360 0.001 3 68.1 97.02 2.98%
12 47 24 120 360 0.001 3 73.4 97.54 2.46
16 63 32 160 480 0.001 3 83.1 98.17 1.83
20 79 40 260 780 0.001 4 91.4 98.54 1.46

The growth rate maximised over m is plotted as a function of Rm in the second panel of
Figure 2 for each of the flows with various numbers of cells according to Table I. We see that the
flow with the least cells reaches the optimum growth rate at a lower value of Rm than the flows with
more cells. Note that the magnetic Reynolds number in the top two panels of Figure 2 is based on
the large scale.

To scale out the number of cells, the data from the second panel of Figure 2 is rescaled
by dividing the maximum growth rate and Rm by 〈Ncells〉, and the rescaled mode of maximum
growth rate as a function of the small-scale Rm (R(ss)

m = Rm/ 〈Ncells〉) is plotted in the third panel of
Figure 2. Mean-field theory states that Rm based on the large-scale is large and Rm based on the
small-scale is small, and that the product of these is constant.1 We would therefore expect the product
of the critical values of the curves in the second and third panels of Figure 2 to be constant. The
bottom panel of Figure 2 shows Rm crit R

(ss)
m crit as a function of the average number of cells in the

flow, 〈Ncells〉, for each of the flows computed, and shows that this quantity tends to a constant as
the number of cells increases (i.e., the scale separation increases and a mean-field type scenario is
approached).

In order to conclude that Figure 2 shows a gradual transition from a large-scale dynamo to a
small-scale dynamo as Rm is increased, it is necessary to analyse the nature of the magnetic field in
these two regimes of Rm to confirm that the field is indeed dominated by the large-scales at onset
and by the small-scales at large Rm.

The critical values of m and Rm for growth of the magnetic field for each flow computed are
shown in Table I. The energy spectra for flows with (Nr, Nθ )=(5,19), (10,39), and (20,79) at their
specific mcrit and Rmcrit values are plotted in the top panel of Figure 3. The energy spectrum for each
flow shows an initial peak at the largest possible scale (� = m), a relatively large peak at the scale
of the cells (� = Nθ ), and then a series of peaks at multiples of Nθ . The proportion of energy held
in the first peak (≤p1 where p1 is the minimum between the first and second peaks of the energy
spectrum) and in the rest of the spectrum (>p1) is detailed in Table I. We see that a large percentage
of the energy is held in the large scales at critical Rm, and that there is a small proportion of energy
held in the small scales. This is also seen in the structure of the magnetic field. Figure 3 (bottom
panel) shows contours of the Bφ component of the magnetic field at the specific meridional slice
when

∫
BφdS = maximum, for the flow with the most cells. The left panel shows the contours of the

full spectrum, the middle panel shows the structure of the initial peak (truncated at p1), and the right
panel shows the remainder of the spectrum after the truncation (>p1). It is clear that the large-scale
field dominates at critical Rm, and that there exists some small amplitude, small-scale disturbance
on the scale of the flow.

The magnetic field at large Rm is dominated by the small scales as the optimum m mode
for growth is large (∼〈Ncells〉). To study the transition from a large-scale dynamo to a small-scale
dynamo, we plot the energy spectra for mcrit = 3 at a variety of Rm values in the top left panel of
Figure 4 (enlarged in right-hand panel), for the prescribed flow with the least cells (Nr, Nθ )=(5,19).
The gradient of the energy spectrum decreases as Rm is increased, showing more energy in the small
scales, and the gaps between the peaks in the spectrum are filled in fairly quickly as Rm increases,
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FIG. 2. Growth rates of Flow 1. Top panel: growth rate of the magnetic field as a function of Rm for a range of m modes
with the least cells (Nr = 5, Nθ = 19). Second panel: the mode of maximum growth rate as a function of Rm for all steady,
maximally helical flows computed. Third panel: the mode of maximum growth rate scaled with 〈Ncells〉 as a function of
Rm

(ss), the magnetic Reynolds number based on the small-scale (i.e., the data from the second panel scaled with 〈Ncells〉).
Bottom panel: Rm crit R

(ss)
m crit as a function of the average number of cells, 〈Ncells〉, for the steady, maximally helical flows.
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FIG. 3. Dynamo fields for Flow 1. Top panel: Magnetic energy spectra for Flow 1 with (Nr, Nθ )=(5,19) (solid line), (Nr,
Nθ )=(10,39) (dashed line), and (Nr, Nθ )=(20,79) (dotted line), at Rmcrit for m = mcrit. Bottom panel: Contours for the Bφ

component of the magnetic field at the specific meridional slice when
∫

BφdS = maximum, for the steady, maximally helical
flow with (Nr, Nθ )=(20,79) at Rmcrit for m = mcrit. The left panel shows the full spectrum of the magnetic field, the middle
panel shows the isolated large-scale field (the first peak truncated at p1) and right panel shows the remainder of the spectrum
after truncation (>p1). Note how the large-scale field lacks equatorial symmetry, but is nevertheless strongly concentrated in
the upper hemisphere at this particular meridional slice. A slice shifted in φ by π /m would have it concentrated in the lower
hemisphere. In contrast, the small-scale field has much the same structure in the two hemispheres.

showing signs of intermediate structure. The dominant peak of energy at the largest scale does persist
up to large values of Rm, but for sufficiently large Rm (Rm = 5000 in this case), we see the energy
spectrum being dominated by the small scales, see top right panel of Figure 4. For flows with more
cells, this transition occurs at much larger values of Rm.

To confirm that the magnetic field is small-scale at Rm = 5000 for both m = mcrit and m = 30
(the optimum m for growth at Rm = 5000), we plot the corresponding contours of the Bφ component
of the magnetic field in the bottom panel of Figure 4. For m = 30 (bottom, right-hand panel of
Figure 4), the magnetic field is concentrated around the edges of the cells, and expelled from the
centre of the cells where the flow is most vigorous. However, for m = 3 (bottom, left-hand panel of
Figure 4), we see that the field is indeed small-scale, but appears to be expelled from the region of
vigorous flow. This could be due to some pumping effect as the γ -effect, which describes turbulent
pumping, would scale differently with Rm than the α-effect, and could explain these localised fields
in the regions of weak flow.

We conclude that a large-scale dynamo is found to be operating at onset for Flow 1, but that for
sufficiently large Rm the energy is dominated by the small scales. There exists a gradual, continuous
transition between the two types of dynamo process, and the two processes seem to morph into one
another as the energy is passed from the large scales into the small scales.
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FIG. 4. Dynamos for Flow 1 at large Rm. Top panel: Magnetic energy spectra for the flow with (Nr, Nθ )=(5,19) for
mcrit = 3 at Rm = Rmcrit (black dotted line), 100 (grey dashed line), 200 (black dashed line), 500 (grey solid line), 1000 (black
solid line), and 5000 (bold black solid line). The box in the left-hand panel is enlarged in the right-hand panel. Bottom panel:
Contours of the Bφ component of the magnetic field at the specific meridional slice when

∫
BφdS = maximum, for the flow

with (Nr, Nθ )=(5,19) at Rm = 5000 for m = mcrit = 3 (left panel), and m = 30 (the optimum m mode, right panel).

B. Flow 2

In the time-dependent case, the induction equation (1) is solved with prescribed Flow 2 given by
Eqs. (7) and (8). We take the time-dependence parameter δ = 1 so that the cells move their maximum
distance, and the frequency ω = π /4, which makes the period of the flow 8 turnover times long. The
number of cells in r and θ is kept in the same ratio as in the steady case, and we consider three of the
combinations of Nr, Nθ used in the steady case. Details of the specific numbers of cells, resolution
and critical values for growth of the magnetic field are given in Table II.

TABLE II. Results for Flow 2: the number of cells in r (Nr) and θ (Nθ ), the average number of cells (〈Ncells〉), the number
of points used in r (Kmax) and θ (Lmax), the time step (dt), the critical values of m (mcrit), and Rm (Rmcrit) for growth of the
magnetic field.

Nr Nθ 〈Ncells〉 Kmax Lmax dt mcrit Rmcrit

5 19 10 120 360 0.001 3 54.5
10 39 20 120 360 0.001 3 68.1
20 79 40 200 600 0.001 3 91.9
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FIG. 5. Mode of maximum growth rate as a function of Rm for all cell combinations of Flow 2 computed.

Very similar results are found in the time-dependent case, namely a large-scale dynamo is found
to be operating at onset and there is a gradual transition to a small-scale dynamo as Rm is increased,
see Figure 5. There is evidence for fast dynamo action as the mode of maximum growth rate does
not appear to drop off as Rm is increased, and the optimum m mode for growth is bounded, and is
∼〈Ncells〉. The main difference between the steady and time-dependent cases is that the transition to
a small-scale dynamo occurs at lower Rm in the time-dependent case (Rm ∼ 1000 for the flow with
the least cells, compared with the steady case where Rm ∼ 5000 for the energy in the small scales to
be dominant.)

C. Flow 3

In the nonhelical case, the induction equation is solved with prescribed Flow 3 given by
Eqs. (9) and (10). Only two flows were considered in this case, one with Nr = 5 and one with
Nr = 10, and only for m = 〈Ncells〉 as a small-scale dynamo is found at onset and therefore m ∼ 〈Ncells〉
is expected to be the most unstable mode at onset (preliminary tests showed Rmcrit ∼ 15 000 for
m = 1 in the flow with Nr = 5). The specific numbers of cells, resolution and the critical values for
the growth of the magnetic field are detailed in Table III.

The critical value of Rm for onset is much larger compared with that for Flow 1, and a small-scale
dynamo is found to be operating at onset. This can be seen in Figure 6 where the energy spectrum
of the poloidal component of the magnetic field is plotted (left panel) and shows a peak in energy
at the scale of the cells, � ∼ Nθ . (Note that the toroidal component is small-scale as m is large, and
that due to the property of the Legendre functions which states that � ≥ m, the spectrum starts at
� = m.) The corresponding contours of the Bφ component of the magnetic field are also plotted (right
panel of Figure 6) and show that the field is purely small-scale at onset and concentrated around the
edges of the cells.

TABLE III. Results for Flow 3: the number of cells in r (Nr) and θ (Nθ ), the number of points used in r (Kmax) and θ (Lmax),
the time step (dt), the value of m computed (m = 〈Ncells〉), and the critical value of Rm (Rmcrit) for growth of the magnetic
field.

Nr Nθ Kmax Lmax dt m Rmcrit

5 19 160 480 0.001 10 2603
10 39 160 480 0.001 20 4952
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FIG. 6. Energy spectrum of the poloidal component of the magnetic field (left panel) and contours of the Bφ component of
the magnetic field at the specific meridional slice when

∫
BφdS = maximum (right panel), for m = 10 at Rmcrit = 2603, for

the steady, nonhelical flow with (Nr, Nθ )=(5,19).

IV. DISCUSSION

In this paper we have studied kinematic dynamo action in a spherical shell via numerical solution
of the induction equation with a range of prescribed velocity fields. Flows 1 and 2 were chosen to
be strongly helical flows made up of many small cells, which ensured a large-scale dynamo was
operating at onset. At large Rm, the magnetic field is dominated by the small scales (on the scale of
the flow), and therefore we were able to study the transition from a large-scale dynamo at onset to a
small-scale dynamo by increasing the magnetic Reynolds number.

For both Flow 1 (the steady, strongly helical flow) and Flow 2 (the time-dependent, strongly
helical flow), a large-scale dynamo was found to be operating at onset, with some disturbance on the
scale of the cells in the velocity field, and a small-scale dynamo was found at large Rm, as expected.
A gradual transition between the two types of dynamo was found as the energy is passed from the
large scales to the small scales, and through the individual m modes. This differs from the situation
for flows where the cells have a cats-eye topology, where there appear to be distinct sets of branches
that do not interact.13 The flows we are considering have less symmetry than both these flows and the
Roberts flow, and one would therefore not expect to find a sharp distinction between flows of large-
and small-scale type since there are no symmetries to distinguish. Nonetheless, the smoothness of
the transition was more marked than we were expecting. (As the energy is passed from large to
small scales it is also increasingly confined within the shell, in broad agreement with previous work
considering the adjustment to the Bondi-Gold theorem.10, 11)

A range of flows with various numbers of cells were considered, and we found that the flows
with the most cells acted more like mean-field dynamos at onset (due to the larger scale separation),
and the transition occurred at larger Rm for flows with more cells. The results from the steady and
time-dependent, maximally helical flows were surprisingly similar, although in the time-dependent
case there was some evidence for fast dynamo action and the transition to a small-scale dynamo
occurred at lower Rm.

To investigate the effects of helicity, a nonhelical version of the steady flow (Flow 3) was also
considered and a small-scale dynamo was found to be operating at onset. The critical value of Rm

for growth was much larger, and the critical value of m was approximately the same as the number
of cells across the domain.

Future work will consider the nonlinear regime where the fluid flow u is no longer prescribed,
but the influence of B on u via the Lorentz force is included. Related work on kinematic versus
dynamic dynamos9 has shown that large-scale dynamo action can be found in the nonlinear regime
whereas the same forcing function in the kinematic regime produced small-scale dynamo action; it
will be interesting to see whether the nonlinear version of the problem considered here yields similar
results.
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2 F. Krause and K. H. Rädler, Mean-Field Magnetohydrodynamics and Dynamo Theory (Pergamon, Oxford, 1980).
3 A. Courvoisier, D. W. Hughes, and S. M. Tobias, “α effect in a family of chaotic flows,” Phys. Rev. Lett. 96, 034503

(2006).
4 S. Childress and A. D. Gilbert, Stretch, Twist, Fold: The Fast Dynamo (Springer, 1995).
5 G. O. Roberts, “Spatially periodic dynamos,” Philos. Trans. R. Soc. London, Ser. A 266, 545–558 (1970).
6 G. O. Roberts, “Dynamo action of fluid motions with two-dimensional periodicity,” Philos. Trans. R. Soc. London, Ser. A

271, 411–454 (1972).
7 D. J. Galloway and M. R. E. Proctor, “Numerical calculations of fast dynamos in smooth velocity fields with realistic

diffusion,” Nature (London) 356, 691–693 (1992).
8 P. W. Livermore, D. W. Hughes, and S. M. Tobias, “The role of helicity and stretching in forced kinematic dynamos in a

spherical shell,” Phys. Fluids 19, 057101 (2007).
9 P. W. Livermore, D. W. Hughes, and S. M. Tobias, “Nonlinear generation of large-scale magnetic fields in forced spherical

shell dynamos,” Phys. Fluids 22, 037101 (2010).
10 R. Hollerbach, D. J. Galloway, and M. R. E. Proctor, “Numerical evidence of fast dynamo action in a spherical shell,”

Phys. Rev. Lett. 74, 3145–3148 (1995).
11 R. Hollerbach, D. J. Galloway, and M. R. E. Proctor, “On the adjustment to the Bondi-Gold theorem in a spherical-shell

fast dynamo,” Geophys. Astrophys. Fluid Dyn. 87, 111–132 (1998).
12 R. Hollerbach, “A spectral solution of the magneto-convection equations in a spherical geometry,” Int. J. Numer. Methods

Fluids 32, 773–797 (2000).
13 A. Courvoisier, A. D. Gilbert, and Y. Ponty, “Dynamo action in flows with cat’s eyes,” Geophys. Astrophys. Fluid Dyn.

99, 413–429 (2005).

http://dx.doi.org/10.1103/PhysRevLett.96.034503
http://dx.doi.org/10.1098/rsta.1970.0011
http://dx.doi.org/10.1098/rsta.1972.0015
http://dx.doi.org/10.1038/356691a0
http://dx.doi.org/10.1063/1.2717947
http://dx.doi.org/10.1063/1.3313930
http://dx.doi.org/10.1103/PhysRevLett.74.3145
http://dx.doi.org/10.1080/03091929808208996
http://dx.doi.org/10.1002/(SICI)1097-0363(20000415)32:7<773::AID-FLD988>3.0.CO;2-P
http://dx.doi.org/10.1002/(SICI)1097-0363(20000415)32:7<773::AID-FLD988>3.0.CO;2-P
http://dx.doi.org/10.1080/03091920500334159

