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Abstract

We consider the flow induced in a spherical shell by fixing the outer sphere and rotating the inner one, with the
aspect ratio � = (ro − ri)/ri ranging from 0.1 to 10. The basic state consists of a jet in the equatorial plane, carrying
fluid from the inner sphere to the outer, and involving also an azimuthal component. The azimuthal component
dominates for ��1, the radial component for ��1. The basic state is otherwise much the same over the entire range
0.1���10. We next linearize the Navier–Stokes equation about this basic state, and compute the linear onset of
non-axisymmetric instabilities. For 0.1���3.8 the instabilities have the opposite equatorial symmetry as the basic
state, and consist of a series of waves on the initially flat radial-azimuthal jet. The azimuthal wavenumber decreases
monotonically from m= 12 at �= 0.1 to m= 2 at �= 3.8, but with a puzzling transition between �= 0.27 and 0.28,
where one m = 6 mode is replaced by another, very similar one. For 3.8���10 we obtain an m = 2 mode having
the same equatorial symmetry as the basic state. This instability is further differentiated from the previous ones in
that it consists of a modulation in the strength of the return flow after the jet has reached the outer sphere, rather than
an instability of the jet itself. Finally, we solve the fully three-dimensional Navier–Stokes equation, and consider
the equilibration of some of these modes in the supercritical regime. For �= 0.5 we can achieve Re = 1.15 Rec, and
obtain results in excellent agreement with experiments. For � = 0.8, 1.5 and 2.5 we can achieve up to 1.9 Rec, and
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find that in all three cases secondary bifurcations occur, in which the solutions develop a time-dependence more
complicated than a simple drift in �. The precise nature of the bifurcation is different in the three cases.
© 2006 The Japan Society of Fluid Mechanics and Elsevier B.V. All rights reserved.

PACS: 47.20.−k
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1. Introduction

Spherical Couette flow is the flow induced in a spherical shell by differentially rotating the inner and/or
outer spheres. The most widely studied case, and the one we will also consider here, is where the outer
sphere is fixed, and only the inner one rotates. The flow is then determined by just two parameters, the
aspect ratio � = (ro − ri)/ri describing the geometry, and the Reynolds number Re = �r2

i /� measuring
the rotation rate.

As the name implies, basic state spherical Couette flow is then the simplest possible solution in this
problem; it is the state one first obtains as one gradually increases Re from zero, and is also the only
solution that exists for all aspect ratios. In contrast, Taylor vortices and other yet more complicated
structures only exist above certain critical Reynolds numbers, and only for certain aspect ratios. We will
not consider Taylor vortices here, but see for example Mamun and Tuckerman (1995) and references
therein. (Fig. 2 below also indicates roughly where the Taylor vortex regime is, in comparison with our
results here.)

Fig. 1 shows examples of the basic state, at � = 0.1, 1 and 10. Focussing on � = 1 first, we see that
the flow consists of a primary angular velocity driven directly by the rotation of the inner sphere, and a
secondary meridional circulation driven by Ekman pumping. That is, as the fluid rotates with the inner
sphere, inertia tends to fling it outward, forming a narrow jet right on the equator, with the return flow in
the rest of the shell.

Note also how the meridional circulation fills almost the entire shell, whereas the angular velocity is
largely confined to a thin boundary layer right on the inner sphere. This boundary layer owes its existence
to the meridional circulation, which is inward over most of the inner sphere, and hence counteracts the
diffusion outward (Howarth, 1951). It is only at the equator, where the meridional circulation is outward,
that the angular velocity contours are also drawn outward.

The final feature of the � = 1 solution that remains to be explained are the isolated angular velocity
contours in the polar region, indicating the existence of fluid rotating faster than all of the surrounding
fluid. This is again caused by the meridional circulation; as fluid parcels are swept in toward the axis,
they conserve their angular momentum, and hence rotate faster. However, this aspect of the flow turns
out to be relatively unimportant, as the instabilities we will be interested in develop elsewhere.

Turning next to the much thinner and thicker shells � = 0.1 and 10, we see that the basic flow pattern
is remarkably unchanged. The angular velocity is still concentrated in a boundary layer even at � = 0.1,
and the meridional circulation still extends all the way to the outer boundary even at � = 10.

The remainder of this paper is organized as follows. In the next section we discuss previous experimental
and numerical work on the non-axisymmetric instabilities of this basic state flow, at various aspect ratios
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Fig. 1. From left to right � = 0.1, 1 and 10. The corresponding Reynolds numbers are 11270, 489 and 548; these turn out to
be the critical Reynolds numbers for the onset of the instabilities discussed in Section 3. The top row shows contours of the
angular velocity, with a contour interval of 0.2. The middle row shows streamlines of the meridional circulation. The bottom
row shows U� (solid) and Ur (dashed) as functions of r, in the equatorial plane. Note the gradual transition from azimuthal to
radial dominance as � increases.

ranging from 0.34 to 2.29. In Section 3, we present our own results on the linear onset of instabilities,
varying � continuously between 0.1 and 10. In the process we not only unify the previous results, but also
discover new phenomena for aspect ratios both smaller than 0.34 and larger than 2.29. In Section 4, we
consider the non-linear equilibration of some of these modes, and find a variety of secondary bifurcations.
We conclude by suggesting parameter values where it would be particularly interesting to conduct further
experiments.

2. Previous work

The first to study this particular aspect of spherical Couette flow were Munson and Menguturk (1975),
who did experiments at �=1.27 and 2.29. They noted various transitions in the torque required to maintain
the inner sphere’s rotation, but without sufficiently clear visualization to determine what transitions, if
any, were actually taking place in the flow. Finally, at Reynolds numbers of 407 for � = 1.27, and 425 for
� = 2.29, they reported a transition to turbulence.
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Next, Belyaev et al. (1978) considered an apparatus having � = 1.33, and found that at Rec = 406 the
basic state becomes unstable to a mode having azimuthal wavenumber m = 3. They argued therefore
that the transition to turbulence reported by Munson and Menguturk was really just the onset of this
non-axisymmetric structure, and that the previous transitions in the torque did not correspond to any
clearly identifiable transitions in the actual flow. Other aspect ratios considered by this group include
�=1, yielding an m=4 mode at Rec =463, and �=0.54, yielding an m=5 mode at Rec =1120 (Belyaev
and Yavorskaya, 1991).

The next experimentalists to study this problem were Egbers and Rath (1995), who considered some-
what narrower gaps, namely �= 0.50, yielding Rec = 1244 and m= 5, and �= 0.34, yielding Rec = 2628
and m = 6. The pattern would thus appear to be that narrower gaps yield larger azimuthal wavenumbers.
(However, we note that when Wulf et al. (1999) used the same apparatus to explore this problem in more
detail, they claimed to observe m = 1 as the first instability at � = 0.34. For � = 0.50 they still obtained
m = 5, but at Rec = 1190 instead of 1244. The origin of these discrepancies is not known, but as we will
see in a moment, the numerical results strongly suggest that the original Egbers and Rath data are the
more reliable.)

The first to address this problem numerically was Dumas (1991, 1994), who considered � = 1.27,
1.00 and 0.54, and obtained results that agreed rather well with the experimental values. For example,
for � = 1.27 he obtained m = 3 and Rec = 406, in excellent agreement with Munson and Menguturk’s
transition to turbulence at Rec = 407. Similarly, he obtained Rec = 489 for � = 1, and Rec = 1122 for
� = 0.54. Next, Araki et al. (1997) considered � = 0.50, and obtained an m = 5 mode at Rec = 1245.
Finally, Hollerbach (2000) considered � = 0.34, and obtained an m = 6 mode at Rec = 2684. It is these
latter two results which then suggest that the values of Egbers and Rath are more reliable than those of
Wulf et al. (1999).

Given this very good agreement between experimental and numerical studies, and over such a range of
aspect ratios, one might consider this problem solved, and wonder why we wish to re-examine it here. We
believe there are a number of reasons for doing so. First, it is simply of interest to vary � continuously, and
see precisely where the transitions from one wavenumber to another occur, and in the process perhaps
understand better why the critical wavenumbers come out the way they do. Next, what happens if we
consider aspect ratios outside the 0.34–2.29 range studied so far? Does the same general pattern simply
continue, or do new instabilities set in?

Finally, we would like to at least begin to explore the supercritical regime, in which both Belyaev and
Yavorskaya (1991) and Egbers and Rath (1995) report further transitions, involving a reduction in the
azimuthal wavenumber, so for example from m = 5 to 4 to 3. And unlike the initial onset, the strongly
supercritical regime has not been studied numerically before; Dumas was only able to exceed Rec by a
few percent, just sufficient to establish that the initial onset is supercritical, and Araki et al. and Hollerbach
did not do fully three-dimensional calculations at all, but only considered the initial onset.

3. Linear onset

For any given � and Re, we begin by computing the axisymmetric basic state, as in Fig. 1. We then
linearize the Navier–Stokes equation about it, thereby decoupling the different azimuthal wavenumbers
m. Because the basic state is symmetric about the equator (perturbations of the opposite symmetry were
introduced, but always decayed away), each wavenumber further decouples into modes having the same
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Fig. 2. Rec as a function of �. The numbers beside individual curves indicate the azimuthal wavenumber of the given mode. The
m = 2 mode for ��3.8 has the same equatorial symmetry as the basic state; all other modes have the opposite symmetry. The
squares between � = 0.3 and 1.5 indicate the solutions presented in detail in Section 3.1, the triangles between � = 0.1 and 0.25
the solutions in Section 3.2, the triangles between � = 2.5 and 4 the solutions in Section 3.3, and the circles between � = 4 and
10 the solutions in Section 3.4. Finally, the ‘TV’ at � = 0.15 indicates very roughly where Taylor vortices exist at this �. This
is intended primarily for comparison, but does illustrate one important point, namely that for � < 0.23 our ‘basic state’ flow is
actually a super-critical basic state (e.g. Mamun and Tuckerman, 1995), meaning that it has no Taylor vortices, while solutions
with Taylor vortices exist for lower Re.

or opposite symmetries as the basic state. That is, if we define the two symmetry classes

(Ur, U�, U�)(r, �, �) = (Ur, −U�, U�)(r, � − �, �), (1)

(Ur, U�, U�)(r, �, �) = (−Ur, U�, −U�)(r, � − �, �), (2)

then the basic state satisfies (1), and the instabilities satisfy either (1) or (2), with the two possibilities
completely decoupled from one another in the linearized problem. Each of these modes can therefore be
examined separately. If a given mode grows/decays, we decrease/increase Re, and repeat the procedure
(including the calculation of the basic state). Interpolating between the nearest growing and decaying
solutions, one then obtains Rec, the critical Reynolds number where that particular wavenumber and
equatorial symmetry just sets in. By repeating this entire procedure in turn for a range of �, we obtain
the results in Figs. 2 and 3. Fig. 2 shows Rec as a function of �; Fig. 3 plots the same data, but in terms
of the alternative Reynolds number Re′ = �ri(ro − ri)/� (=�Re). Re turns out to be more suitable for
��1, Re′ for ��1.

These results were computed using the code described by Hollerbach (2000), in which the radial
structure is expanded in terms of Chebyshev polynomials, the angular structure in terms of spherical
harmonics, and the temporal discretisation is a modified second-order Runge–Kutta method. Typical
resolutions were 50–100 modes in r, and 100–500 in �, and were all carefully checked to ensure that the
solutions were fully resolved. As one can see from the structures in Fig. 1, smaller � typically require
more modes in �, larger � more in r. The other limiting factor on how far we were able to extend �
in each direction was the size of the timestep, and how long one actually has to integrate. For small �,
Rec increases quite dramatically, as shown in Fig. 2. The timestep must therefore be reduced to 10−6
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Fig. 3. The same data as in Fig. 2, but in terms of Re′ = �Re. The left panel shows ��0.3, the right panel ��2.5. Superimposed
in the right panel are also the various experimental results, with circles for Belyaev and Yavorskaya, triangles for Munson and
Menguturk (their ‘transition to turbulence’), and squares for Egbers and Rath. The numerical results of Dumas at � = 0.54, 1.00
and 1.27, and Araki et al. at � = 0.50 all agree with ours to within ±1.

(on the diffusive timescale r2
i /�). In contrast, for large � the timestep can be as large as 10−4. The difficulty

in this case is that as the disparity between the inner and outer diffusive timescales r2
i /� and r2

o /� increases,
one must also integrate for much longer before the solutions equilibrate (defined as all aspects having
settled down to within 0.01%). It is these various resolution and timestepping considerations that limited
us to the range � = 0.1.10.

Turning then to the actual linear onset curves, they can be grouped into four categories: First, between
�=0.1 and 0.27, m decreases from 12 to 6, with all of these modes having symmetry (2). Second, between
� = 0.28 and 2, m decreases from 6 to 3, with these modes again having symmetry (2). The two m = 6
modes therefore have the same symmetry. They are nevertheless different instabilities, as is indicated
particularly clearly by the abrupt change in the slope of the Re′

c versus � curves in Fig. 3.
(Incidentally, the reason for the gap between � = 0.27 and 0.28 is simply that in this regime the

timestepping procedure takes too long to settle in to one or the other of the two modes. With a little more
effort it would have been possible to modify the timestepping code to cope with this situation, and extract
both near-critical modes. In this case that hardly seems necessary though; it is already clear roughly where
the two modes will cross. Note also that this situation arises only for this particular transition, as this is
the only transition between two modes having the same m and equatorial symmetry class. In all the other
transitions the two modes are calculated completely separately, and one simply sees afterwards where
the two curves intersect.)

Next we have the m = 2 mode between � = 2 and 3.8. This is yet again symmetry (2), and is quite
similar to the m = 6–3 modes between � = 0.28 and 2. We will nevertheless consider it separately, as it
gradually changes its character for � > 3. Finally, we have the m = 2 mode between � = 3.8 and 10. This
is the only symmetry (1) instability, and is quite different from all the previous modes in other ways as
well.

In the remainder of this section we will then consider the spatial structures of the various modes, and
thereby clarify the nature of the instability mechanisms. We begin with the regime 0.28���2, this being
both the simplest, as well as the only one previously considered. We then turn to 0.1���0.27, where we
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Fig. 4. From top to bottom, the four rows are at (�=1.5, Re=377, m=3), (�=0.8, Re=610, m=4), (�=0.5, Re=1245, m=5),
(� = 0.3, Re = 3310, m = 6). Within each row the first panel shows contours of the angular velocity of the basic state, and the
second panel shows streamlines of the meridional circulation. The superimposed grey-shading (the same in both panels) shows
the azimuthally integrated kinetic energy of the non-axisymmetric instability. The third panel shows the � (solid) and r (dashed)
components of the basic state, as functions of r in the equatorial plane. The last panel shows contours of the � component of the
instability, in the equatorial plane. In the last row only one quadrant is shown for clarity.

will find that the modes are quite similar to the previous ones, surprisingly so, given the clear differences
in the behaviour of Re′

c versus � in the two regimes. We finish off with the two m = 2 modes.

3.1. 0.28���2

Fig. 4 shows results for m=3–6, at �=1.5, 0.8, 0.5 and 0.3, and at Rec in each case. The first two panels
in each row show the structure of the basic state, much the same as before in Fig. 1. The grey-shading
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Fig. 5. A sketch of how the instability deflects the jet away from the equatorial plane, and how that implies that there should be
a region of reversed flow near the outer boundary. (Note though that after the instability has set in, the jet does not actually have
a streamfunction representation any more. This is thus a qualitative sketch only.)

superimposed on these quantities (the same in both panels) is the azimuthally integrated kinetic energy of
the instability, that is, the quantity

∫
u2r sin � d�, as a function of r and �. We note that it is concentrated

close to, but not quite on the equator. It seems clear therefore that the instability is associated with the
radially outflowing jet in the meridional circulation.

In fact, this jet has more than just a radial component. In particular, the plots of the basic state’s
angular velocity and meridional circulation do not show the relative magnitudes of the two components.
To compare these, the third column in Fig. 4 shows Ur and U� as functions of r, in the equatorial plane
(as in the third row in Fig. 1). We see that for � = 1.5, Ur and U� are comparable, at least in the outer
part of the gap where the instability is concentrated, but for � = 0.3, U� dominates over the entire
gap. So first of all, this jet should more accurately be labelled a radial-azimuthal jet. This transition to
azimuthal dominance has little effect though; given how similar the grey-shading in the different rows is,
the instability mechanism is evidently much the same.

Turning finally to the fourth column in Fig. 4, this shows the � component of the instability, in the
equatorial plane. Most obviously, we see the progression from m = 3–6 as � decreases from 1.5 to 0.3.
Beyond that, we note that the flow consists of alternate up/down motion, indicated by the white/grey
contrast. Furthermore, because the basic state has U� =0 in the equatorial plane, the total flow, basic state
plus instability, will also exhibit the same up/down motion. The essence of the instability therefore is
that the initially flat radial-azimuthal jet develops a wavy structure, alternately slightly above and below
the equatorial plane, as Dumas and Araki et al. also noted. Another noteworthy feature about the fourth
column is that the regions of up/down motion all have comparable extent in r and �. This explains why
the wavenumber increases as � decreases; as the gap gets thinner, more and more cells fit around the
circle.

The last point to note about this column is the existence of a peculiar ring of reverse flow at the outer
boundary. Its significance is illustrated in Fig. 5, which shows the jet after the instability has set in, at a
particular longitude where the instability has U� < 0 in the interior, as indicated by the arrow in the centre
of the figure. As we argued above, this will lift the jet slightly above the equatorial plane, as shown. Now
consider what happens when it impinges on the outer boundary. If half of it is to return to its proper,
lower hemisphere, then as it crosses the equatorial plane it will necessarily have U� > 0, as indicated by
the arrow on the right. And since the basic state itself has U� = 0 in the equatorial plane, this region of
reverse U� at the outer boundary must be associated with the instability, which is indeed exactly what we
are seeing in the fourth column of Fig. 4.
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Fig. 6. The top row has � = 0.25, Re = 4240 and m = 6, the bottom row � = 0.19, Re = 5280 and m = 8. The first two panels
are as in Fig. 4, and the third panel corresponds to the fourth panel in Fig. 4. The equivalent of the third panel in Fig. 4 is not
shown, as U� already dominates Ur for all ��0.5.
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Fig. 7. The top row has �= 0.14, Re = 7260 and m= 10, the bottom row �= 0.10, Re = 11270 and m= 12. The three panels are
as in Fig. 6, except that the first two only extend within 12◦ of the equator, and the third only covers 60◦ of the equatorial plane.

3.2. 0.1���0.27

Fig. 6 shows results for m = 6 and 8, at � = 0.25 and 0.19, and again at Rec in each case. Focussing
on the m = 6 mode first, we note that it is quite similar to the previous m = 6 mode at � = 0.30. The
main difference is that there is now a certain amount of grey-shading not only at the equator, but also well
away from the equator, in particular just where the meridional circulation turns around and heads back
to the equator. The m = 8 mode though is if anything even more strongly concentrated in the equatorial
region than any of the previous ones for ��0.28. The m = 7 mode is not shown here, but is more like 8
than 6. Fig. 7 shows results for m = 10 and 12, at � = 0.14 and 0.10. The instabilities are now so strongly
concentrated in the equatorial region that we only show the region right at the equator.
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Fig. 8. From top to bottom, the three rows are at (� = 2.5, Re = 416), (� = 3.5, Re = 590), (� = 4, Re = 762). The four panels
are as in Fig. 4.

Comparing the grey-shading in Figs. 6 and 7, and in particular also the plots of U� in the equatorial plane,
it is clear that the modes are all broadly similar, and indeed similar to the modes in Fig. 4. Nevertheless,
there must presumably be some subtle difference that causes there to be two distinct m = 6 modes at all,
and also causes the two classes of modes to have the different Re′

c behaviour seen in Fig. 3. We were
unfortunately not able to determine what the key difference is between these two instability classes.

3.3. 2���3.8

Fig. 8 shows results for m = 2, at � = 2.5, 3.5 and 4. Comparing � = 2.5 with Fig. 4, we recognize
that this is clearly just the m = 2 equivalent of the m = 6–3 modes found between � = 0.28 and 2. We
see in the third panel that the jet is now predominantly radial rather than azimuthal, but even this shift
from azimuthal to radial dominance as � varies from 0.28 to 2.5 evidently has essentially no effect on the
structure of the instability.

However, if we now increase �, the instability starts to change, shifting away from the outer boundary,
and more toward the inner, until by �= 4 it does not extend beyond the first half of the jet. In contrast, the
jet itself hardly changes, and in particular still reaches all the way to the outer sphere. That is, the basic
state still senses the presence of the outer boundary, but the instability does not.
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Fig. 9. From left to right, the three panels are at (� = 4, Re = 628), (� = 7, Re = 524), (� = 10, Re = 548). The contour lines
depict the meridional circulation of the basic state, and the grey-shading the integrated kinetic energy of the � component of the
instability.

3.4. 3.8���10

Based on Fig. 8, one might suspect that we are gradually approaching the regime of a sphere rotating
in an essentially infinite expanse of fluid, with the outer boundary playing no role at all. We remember
from Fig. 2 though that at � = 4 the mode shown in Fig. 8 is in fact no longer the most unstable mode.
For � > 3.8 the preferred mode is still m = 2, but now having symmetry (1), the same as the basic state.
Fig. 9 shows results for this mode, at �=4, 7 and 10. For the basic state we now show only the meridional
circulation; the angular velocity is confined to a very thin boundary layer, and clearly plays no role in the
instability. For the instability, we show only the energy associated with the � component. This turns out
to be the dominant component, and is more revealing than the total energy. In particular, we see quite
clearly that the instability is now located in a completely different place, namely the return flow after
the jet has reached the outer sphere. This instability evidently consists of an azimuthal modulation in the
speed of the return flow. Its direction is also modulated to a certain extent, because the basic state and the
instability are both predominantly in the � direction at this particular location, but are nevertheless not
completely aligned with one another. The combination of basic state plus instability will therefore be in
a slightly different direction than the basic state alone was.

4. Non-linear equilibration

Following the linear onset, we would next like to study the non-linear equilibration of some of these
modes. The computational effort unfortunately increases by at least an order of magnitude here, as one
must now solve for a fully three-dimensional flow. As a result, we were only able to consider the isolated
aspect ratios �=0.5, 0.8, 1.5 and 2.5, and only isolated Re as well. The complete sequence of bifurcations
as one increases Re into the supercritical regime could therefore be considerably more complicated than
the results presented here.

4.1. � = 0.5

Fig. 10 presents the solution at Re = 1.15 Rec, showing contours of Ur on the particular radial level
r = ri + 0.7(ro − ri), that is, 70% of the way toward the outer sphere, roughly where the instability is
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Fig. 10. Contours of Ur on the surface r = ri +0.7(ro − ri ), with grey-shading indicating negative values. The contour interval is
0.04. The strength of the jet is essentially unchanged from that indicated in Fig. 4. Finally, this whole pattern drifts in longitude
at a rate 0.256 �.

Fig. 11. (a) As in Fig. 10, but looking down on the pole. (b) A corresponding photograph (with the contrast enhanced somewhat),
from the experiments of Wulf et al. (1999).

concentrated, according to the grey-shading in Fig. 4. We see that the outflow at the equator has indeed
become wavy in �.

We note also that whereas the axisymmetric basic state was equatorially symmetric, this fully three-
dimensional solution is not. This is of course hardly surprising; if the basic state and the instability have
opposite symmetries, then both together cannot have either symmetry. However, if we include a shift in
�, we see that we do still have the symmetry that Ur(�, �)=Ur(�−�, �+�/5). The equatorial symmetry
has not been broken entirely, merely replaced by a shift-and-reflect symmetry. See for example Kuznetsov
(1995) for a discussion of the symmetries to be expected in problems of this type; all the various states
obtained here are quite generic.

So far we have concentrated attention on this transition from a uniform to a wavy radial-azimuthal jet,
arguing that this is the essence of the instability. If we return once more to Fig. 4 though, we note that
there is also a certain amount of grey-shading throughout the entire region, well away from the jet. What
is happening here is that the jet is advecting its own instability throughout the rest of the fluid. To see
how these advected disturbances manifest themselves, we turn to the polar regions in Fig. 10, where we
note that there is radial inflow over most of the surface, just as for the basic state alone, but there are also
five small regions of outflow. So even these disturbances that are merely advected along from the main
instability have significant consequences.
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Fig. 12. As in Figs. 10 and 11, but for � = 0.8 and Re = 1.5 Rec. Contour interval of 0.04 in the (�, cos �) projection on the left,
0.02 in the polar projection on the right. The longitudinal drift rate is 0.175.

Fig. 13. As in Fig. 12, but for Re = 1.7 Rec. In the top row the outflow patches are strongest in the northern hemisphere, and
entirely absent in the southern. A quarter period later, they are of comparable strength in both hemispheres. Another quarter
period later, they are strongest in the southern hemisphere, and absent in the northern. Another half period later one is then back
to the top row (except for a shift in longitude). The period T is 33.2 �−1.

Finally, Fig. 11 (a) shows the same Ur section, but in a different projection, namely looking straight
down on one of the poles. Compare this with Fig. 11(b), a photograph of the actual experiment. The
agreement is excellent. Beyond the obvious five-fold symmetry, even the overall shape and curvature of
the spiral arms is much the same in both. Given that it is not obvious what exactly we are seeing in the
photo (the visualization was via aluminium flakes suspended in the fluid), and therefore what we should
be comparing it with in the numerics, one could hardly expect better agreement.
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Fig. 14. � = 1.5, Re = 1.7 Rec. The longitudinal drift rate is 0.089.

Fig. 15. � = 1.5, Re = 1.9 Rec. As in Fig. 13, the three snapshots are separated by a quarter period each. Another half period
later one is then back to the top row, just shifted in longitude. The period is 32.9 �−1.

4.2. � = 0.8

Fig. 12 shows the solution at 1.5 Rec. We see that this has all the characteristics previously found in
Fig. 10, except now with wavenumber four. In particular, we still have the shift-and-reflect symmetry.
Perturbations that would break this symmetry were introduced, but decayed away. Similarly, perturbations
that would break the wavenumber four azimuthal symmetry were introduced, but again decayed away.

If we further increase Re to 1.7 Rec, we obtain the solution shown in Fig. 13. The flow is now quasi-
periodic. Interestingly, the time-dependence manifests itself almost exclusively in the polar regions, where
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Fig. 16. � = 2.5, Re = 1.5 Rec. The drift rate in � is 0.036.

Fig. 17. Two snapshots of the irregularly fluctuating solution at 1.7 Rec. Note how the outflow in the polar regions varies in
strength.

the small outflow regions pulsate in strength, and indeed disappear entirely during part of the cycle. In
contrast, the waviness of the equatorial jet is essentially unaffected.

From a dynamical-systems point of view, it is interesting to consider the symmetries still associated
with this solution. We have clearly lost the previous symmetry Ur(�, �) = Ur(� − �, � + �/4), but if
we extend this even further to include a shift in time as well, we still have the symmetry Ur(�, �, t) =
Ur(�− �, �+�0, t +T/2), where the longitudinal shift �0 is no longer just �/4, since it must include the
drift that has occurred during the time T/2. Again, we refer to Kuznetsov (1995) for further discussion
of symmetries of this type.

Finally, we note that this transition from periodic (involving only a drift in �) to quasi-periodic solutions
also appears to be a supercritical bifurcation; if we decrease Re to 1.5 Rec again, we revert to the solution
in Fig. 12. However, if we are adjusting Re in such large steps we cannot rule out the possibility of some
slight subcriticality.

4.3. � = 1.5

Fig. 14 shows the solution at 1.7 Rec, which we recognize as the wavenumber three equivalent of the
solutions in Figs. 10 and 12. The most basic feature is still the waviness in the outflowing equatorial
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jet. The only other point to note is that the regions of outflow near the pole no longer exist. Instead, the
outflow at the equator has extended tongues to higher latitudes.

Fig. 15 shows the solution at 1.9 Rec. Once again, we have obtained a transition from periodic to
quasi-periodic solutions. The nature of the bifurcation is nevertheless slightly different from that found
at � = 0.8. In particular, we note that unlike the bifurcation at � = 0.8, which preserved the wavenumber
four azimuthal symmetry, this one breaks the wavenumber three symmetry, so that all wavenumbers
are now present, and not merely multiples of three. Nevertheless, by carefully comparing the top and
bottom panels, we note that even this solution still preserves the Ur(�, �, t)=Ur(�− �, �+�0, t +T/2)

shift-and-reflect symmetry.

4.4. � = 2.5

Fig. 16 shows the solution at 1.5 Rec—clearly the wavenumber two equivalent of Figs. 10, 12 and 14.
Increasing Re further to 1.7 Rec, we obtain the solution in Fig. 17. As before in Fig. 15, all wavenumbers
are now present (although the odd modes are rather small). Unlike any of the previous solutions though,
this solution did not settle in to any of the previous quasi-periodicities even after integrating to t = 50,
but simply continued fluctuating in an irregular fashion. It also has no symmetries of any kind any more.

5. Conclusion

Based on the results presented here, a number of further experiments suggest themselves. First, �=0.27
and 0.28, to verify that one really does obtain two different m=6 modes, and to see what further differences
there might be in the supercritical regime. Second, � = 0.8, 1.5 and 2.5, where we have made specific
predictions about the different types of transitions one should obtain in the supercritical regime. Third,
� = 4–10, where we have identified a completely new instability mode.

Finally, one should consider � > 10, to see how large the aspect ratio must be before the outer boundary
becomes unimportant, and one has a sphere rotating in an essentially infinite expanse of fluid. This problem
was studied experimentally by Bowden and Lord (1963), Sawatzki (1970) and Kohama and Kobayashi
(1983), who did not obtain anything like any of the instabilities considered here, even for Re > 104. So
where does the transition occur from our results in Fig. 9 to their results?

We remember also that in the large � limit, the time it takes to set up the complete basic state becomes
increasingly large. The boundary layer right on the sphere is established very quickly, but the meridional
circulation only reaches its full strength very gradually. It is thus conceivable that boundary layer insta-
bilities such as those found by Kohama and Kobayashi (1983) would occur long before the meridional
circulation is fully spun up, and therefore before instabilities such as those in Fig. 9 have had a chance to
occur. To be sure of finding the instability with the genuinely lowest Rec, one would have to increase Re
very slowly indeed, and allow sufficient time for all aspects of the basic state to become established.
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