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We consider the range of timescales found in the Earth's core. We begin by 
reviewing the observational data, from geomagnetic jerks on annual timescales to 
variations in the average reversal rate on timescales of tens and hundreds of millions 
of years. We then turn to the theoretical origins of some of these timescales. By 
considering the relevant dispersion relations, we show why filtering out some of 
the shorter timescales is unlikely to succeed. We must simply accept that the 
geodynamo equations are intrinsically stiff. We therefore include a brief digression 
on stiff systems in general, and discuss why the standard methods for dealing with 
them are unfortunately extremely difficult to apply to the geodynamo system in 
particular. As a result, numerically attainable Rossby and/or Ekman numbers will 
continue to be many orders of magnitude too large. We conclude with a brief 
discussion of some of the implications of this, in terms of the interpretation, and 
even relevance, of the currently attainable numerical results. 

1. INTRODUCTION 

The internal structure of the Earth consists of a series of nested 

layers rather like the layers of an onion. Starting from the 
inside, there is the solid iron inner core, the liquid iron outer 
core, the mantle and crust, both consisting of rock of vary- 
ing degrees of brittleness, and finally the oceans and the at- 
mosphere. Unlike an onion though, all of these layers are 
in constant motion on a huge range of timescales, generat- 
ing a great variety of geophysically interesting and impor- 
tant phenomena in the process. For example, the motions 
of the atmosphere and oceans, on timescales ranging from 
minutes to millenia, generate the familiar patterns of weather 
and climate. Similarly, the very slow motions of the mantle 
result in continental drift and all its associated phenomena, 
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whereas the occasional very rapid motions of the crust are 
better known as earthquakes. It is this vast range of phenom- 
ena occurring on all timescales from seconds to hundreds of 
millions of years that makes the Earth such an interesting 
planet to live on and to study. 

As noted above, the inner/outer core system is also in 
motion. Because the only readily observable surface mani- 
festation of these motions is the presence of the Earth's mag- 
netic field, they do not command quite the same attention as 
the motions of the ocean/atmosphere and mantle/crust sys- 
tems. Nevertheless, they are equally important in terms of 
our fundamental understanding of the dynamics of the Earth, 
and I will argue here that as challenging as the study of the 
ocean/atmosphere and mantle/crust systems may be, the dy- 
namics of the core are more complicated still. In particular, 
we will consider the range of timescales present in the core, 
and discuss why it has proven virtually impossible so far to 
study subsets of this range in isolation- unlike in the man- 
tle/crust system, for example, where it is relatively easy to 
isolate from one another the very slow motions of the man- 
tle and the occasional very rapid motions of the crust. As a 
result, the core has probably the broadest range of inextrica- 
bly intertwined timescales of any of these three systems that 
make up the Earth, and it is this feature more than anything 
else that makes the study of the core's dynamics so difficult, 
as we shall see. 
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2. OBSERVATIONAL BACKGROUND 

Before presenting a theoretical analysis of why the underly- 
ing geodynamo equations might be expected to yield such a 
broad range of timescales, we begin with a very brief dis- 
cussion of the timescales actually observed in the field. See 
also the far more detailed reviews by Courtillot and LeMouiil 
[1988], Courtillot and Valet [1995], or Dormy et al. [2000]. 
Direct measurements of the field only date back at most three 
or four centuries, of course, but even in such relatively short 
periods of time the field can change by an easily measur- 
able amount. For example, over three centuries ago it was 
noted at Greenwich observatory that the declination (the mag- 
netic field's deviation from true north) varied slightly over the 
course of the years, and Halley [ 1692] even went on to spec- 
ulate that motions in the Earth's interior might be the cause, 
it having previously been suggested by Gilbert [ 1600] that 
the field was of internal origin. Since then numerous other 
geomagnetic observatories have been established around the 
world, continuously monitoring the field. The evidence from 
all these observatories is unequivocal: the field is constantly 
fluctuating, on timescales as short as minutes or even sec- 
onds. It is generally recognized that these extremely rapid 
fluctuations must be of external origin, and so will not be con- 
sidered further here. However, the fluctuations on timescales 
of a year and longer, known generically as secular variation, 
are generally accepted to be of internal origin. See, for ex- 
ample, Bloxharn et al. [1989] or Jackson et al. [2000] for 
compilations of the historical record of secular variation. 

Within this historical range of years to centuries, the gen- 
eral secular variation can be subdivided into a number of 

reasonably distinct phenomena. For example, at the rela- 
tively long end, there is the so-called westward drift, where 
certain features of the field migrate west at rates on the or- 
der of a degree in longitude per year [Jault et al., 1988]. In 
contrast, at the very shortest end, there are so-called geo- 
magnetic jerks, in which the second time-derivative of the 
field changes abruptly within a single year. Around ten such 
events occurred in the past century, of which at least three 
were global, that is, observatories around the world recorded 
similar jerks in the same year [Alexandrescu et al., 1995; 
LeHuy et al., 1998]. Events such as these clearly demand an 
explanation. Furthermore, it is entirely conceivable that the 
corresponding jerk within the core occurs even faster, since 
the weakly conducting mantle screens out any variations in 
the field on timescales shorter than about a year. (It is for 
this mason also that the variations in the field on timescales 

of minutes and seconds must be of external origin.) 
For timescales longer than centuries, where we no longer 

have direct measurements, we rely on the very convenient 
property that in sediments or lavas minute particles of mag- 
netic material not only align themselves with the ambient 
field, when the sediment/lava hardens into rock, this align- 
ment is frozen in. By studying the magnetization of ancient 
rocks, it is thus possible to deduce the direction, and with a bit 
more effort even the intensity [Jacobs, 1998] of the field as 

it was thousands or even millions of years ago. The quality 
of this data obviously can't compete with that of present- 
day direct measurements, and from our perspective here two 
important limitations that need to be mentioned are, first, un- 
less the sedimentation rate was unusually high all variation 
on timescales shorter than several centuries will be effec- 

tively averaged out, and second, since volcanos erupt so spo- 
radically, it is almost impossible to deduce any information 
at all on timescales of variation from lavas. Nevertheless, 

the record preserved in these two types of rocks is our only 
source of information about the past history of the field, and 
even with all its limitations in terms of lack of resolution and 

sparseness of coverage, it turns out to be a very rich source 
indeed. 

In particular, the most important paleomagnetic discov- 
ery is the fact that the field reverses occasionally. That is, the 
dominant dipolar part of the field is almost always more or 
less aligned with the rotation axis, but not always with the 
same orientation. There are then a great number of timescales 
associated with these reversals. There is first the time of the 

reversal itself, which seems to be a remarkably consistent five 
to ten thousand years or so. In sharp contrast, the time be- 
tween successive reversals is quite irregular; over the past few 
million years reversals have occurred on average once every 
few hundred thousand years, but with considerable variation 
about that average. Furthermore, on timescales of tens and 
hundreds of millions of years, even this average reversal rate 
varies significantly; for example, between 83 and 121 mil- 
lion years ago there were no reversals at all. See also Merrill 
and McFadden [ 1999], Love [ 1999], or Constable [2000] for 
recent reviews of the reversal record. 

And finally, even though the observational evidence of 
secular variation on the one hand and reversals on the other 

is quite distinct, one should not think of the two as fundamen- 
tally distinct processes. In particular, virtually everything in 
between is also present at some point in the record. For exam- 
ple, in addition to the usual reversals, Langereis et al. [ 1997] 
also found a number of so-called excursions, events too large 
and long-lasting (also around five to ten thousand years) to 
be classified simply as secular variation, but not actually re- 
versals either. These excursions also occur irregularly, but 
roughly five or six times as frequently as reversals. Simi- 
larly, Valet et al. [1986] and Herrero-Bervera and Theyer 
[ 1986] found what is presumably secular variation during a 
reversal, namely evidence of fluctuations on timescales of a 
century or so during the reversal (although for the reasons 
mentioned above this cannot be as clearly established as the 
basic reversal itself). 

Indeed, in terms of the underlying dynamics of the core, 
it is probably not very meaningful to even attempt to make 
distinctions between secular variation and small excursions, 
or between large excursions and back-to-back reversals. We 
must simply accept that the geodynamo operates on virtually 
all timescales from years or even shorter to tens of millions 
of years or even longer. In the following sections we will 
explore the origin of some of these timescales, discuss why 
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it is so difficult to isolate any of them, and finally consider 
some of the implications for geodynamo modelling. 

3. BASIC TIMESCALES AND EQUATIONS 

Let us begin by simply listing some of the more basic time- 
scales that might be expected to be present in the core. There 
are, 

light waves, with r = lie • 10 -2 sec, 

sound waves, with r = 1/cs • 10 min, 

the rotational timescale fl -• m 1 day, 

and the three diffusive timescales 

magnetic, with r = 12/rl • 105 years, 

thermal, with r = 12/• • 10 TM years, 

viscous, with r = 12Iv • 10 TM years, 

where we've used the outer core radius r o = 3480 km for 

the lengthscale 1. There are of course a great many other 
timescales in the core as well, foremost being the advective 
timescale 1/u. However, most of these depend at least in part 
on the details of whatever solution ultimately emerges from 
the equations, and so we defer discussion of them until later. 

We then note that two of our basic timescales, the viscous 

and thermal diffusive timescales, are actually longer than the 
age of the Earth. We will discuss in a moment why one 
should not in fact expect these two timescales to be relevant 
after all. However, even discounting these two, the remaining 
timescales still span 15 orders of magnitude! Since no rea- 
sonable model could possibly cope with such a huge range, 
we must filter out at least some of the more extreme ones. 

Fortunately, some of them are indeed very easily filtered out. 
For example, the induction equation for the magnetic field is 
derived by making the so-called magnetohydrodynamic ap- 
proximation and thereby filtering out light waves. Similarly, 
we can filter out sound waves by making the Boussinesq ap- 
proximation. The same is also true, incidentally, in the man- 
fie. However, the crucial difference is that even after filtering 
out light and sound waves in the core, one is still left with 
a very broad range of timescales, whereas after filtering out 
sound (and shear) waves in the mantle one is only left with a 
relatively narrow range. And unfortunately we will find that 
from now on it becomes progressively much harder to further 
restrict this very broad range of timescales still present in the 
core. 

So, having made the magnetohydrodynamic and Boussi- 
nesq approximations, the suitably nondimensionalized gov- 
erning equations become, 

= + v x (u x 
ot 

(o ) Ro •+U-V U+2•xU--Vp 

+ + (v x x + q na o (2) 

v) o qV (3) +U. - O, 

V-U=V.B=0, 

where for our present purposes all we need to know about 
the nondimensionalization is that time has been scaled by 
the magnetic diffusion time. See, for example, Roberts and 
Gubbins [1987] for the full details. 

See also Braginsky and Roberts [ 1995] for a set of equa- 
tions in which the less drastic (and hence more realistic) 
anelastic approximation is made rather than the Boussinesq 
approximation. Although these equations are obviously con- 
siderably more complicated than the above, they also filter out 
sound waves. In terms of the timescales allowed by the equa- 
tions they are therefore no worse than the above anyway, and 
have indeed been used in numerical geodynamo modelling 
[Glatzmaier and Roberts, 1996a]. Because the timescales 
allowed by the two sets are much the same though, we will 
here restrict attention to the simpler set above. 

From the point of view of understanding the range of 
timescales on which the geodynamo operates, the three nondi- 
mensional parameters we most want to focus attention on are 
the Rossby and Ekman numbers 

measuring, respectively, the ratios of the rotational timescale 
•-• to the magnetic and viscous diffusive timescales, and 
the Roberts number 

q = 

measuring the ratio of the magnetic and thermal diffusive 
timescales. Our disparity of timescales above thus translates 
into rather extreme values for these three parameters, namely 

q = 0(10-•), 

no = 0(10-9), E = 0(10-•5). 

So one of the things we will want to consider in the remainder 
of this review is why this extreme smallness of these three 
parameters should lead to such difficulties, and what- if 
anything- can be done about them. 

4. VISCOUS AND THERMAL 

DIFFUSIVE TIMESCALES 

As noted above, the viscous and thermal diffusive timescales 
2/van d 2 ro ro / t• are longer than the entire lifespan of the Earth. 

If we really believed these extremely long timescales to be 
relevant to the operation of the geodynamo, we would have 
to conclude that it will never reach an equilibrium state, that 
instead it will always retain a memory of its specific initial 
conditions early on in the Earth's history. And indeed, for 
certain aspects of the core's dynamics, such as the presence 
or absence of a stably stratified layer at the top, that may 
well be true [e.g., Stevenson, 1981]. However, in the bulk 
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of the core, where we know (see below) that the advective 
timescale is far, far shorter, it seems likely that advection 
will so dominate diffusion that these extremely long diffusive 
timescales simply do not enter. 

(There is in fact another reason why the viscous diffusive 
timescale at least does not apply, namely the well-known 
feature [e.g., Duck and Foster, 2001] that in rapidly rotat- 
ing systems the spin-up time is not given by r o/•,, but by 
(to 2/•,f•)x/2, that is, intermediate between the very long r o 2 / v 
and the very short f•-x. However, this argument cannot nec- 
essarily be used to dismiss the thermal diffusive timescale, 
as there is no equivalent of the Coriolis force in (3).) 

If advection dominates diffusion, that does mean though 
that one will end up with extremely short lengthscales rather 
than extremely long timescales. For example, according to 
(3) the temperature will exhibit structures as fine as O(q•/2). 
The extreme smallness of q thus leads to problems with spa- 
tial rather than temporal resolution. The traditional way of 
dealing with these problems is to invoke turbulent diffusivi- 
ties, for which one would almost certainly have 

and hence 

qt: O(1), 

which is indeed the range used in most numerical geody- 
namo models. One should be aware, though, that one has 
not thereby really "solved" the problems due to the small- 
ness of the true, molecular Roberts number, one has merely 
deferred them to a proper investigation of the small-scale mo- 
tions generating this turbulence. And indeed, Matsushima et 
al. [ 1999] showed in one such study that the use of isotropic 
turbulent diffusivities is almost certainly a gross oversimpli- 
fication; both the rotation as well as the large-scale field in- 
troduce anisotropies into the small-scale motions that should 
properly be taken into account in the turbulent diffusivities 
used in numerical models. To date no one has done so though. 

And finally, even if one accepts that invoking turbulent 
diffusivities is a (more or less) legitimate way of dealing 
with the smallness of q, the turbulent Rossby and Ekman 
numbers continue to be extremely small. In particular, the 
geodynamo's energy budget is sufficiently tight [e.g., Buffett 
et al., 1996] that one cannot increase r/t much beyond r/; there 
simply cannot be that much small-scale structure in the field. 
But then Rot and Et are still at most O(10 -7) or so, which 
is still sufficiently small that it leads to severe difficulties. 

5. ADDITIONAL TIMESCALES 

Before considering some of these problems associated with 
Ro and E, let's continue simply listing a few more timescales, 

namely those that depend at least in part on the solution itselfi 
We have, 

5.1. Advective Timescale(s) 

If we consider the ratio of the magnetic diffusive timescale 
ro/r I to the advective timescale to/U, this defines the mag- 
netic Reynolds number 

Rm = Ufo/fl. 

It is then known [e.g., Roberts, 1967; Moffatt, 1978; Roberts 
and Gubbins, 1987] that to have any chance of obtaining dy- 
namo action at all, Rm must be at least O(100) or so. (The 
formal result is that Rm > •r 2 is a necessary condition for 
dynamo action. Unfortunately this is not a sufficient con- 
dition though, and in practice no dynamos are known that 
operate at Rm = O(10), so Rm = O(100) is a more realis- 
tic requirement.) Intuitively this requirement is quite easy to 
understand; it simply means that the flow must be stretching 
and thereby amplifying the field more rapidly than diffusion 
is damping it. Using our above value of ro2/rl - O(10 •) 
years, Rm •> O(100)then implies that ro/U • O(10 a) 
years, which fits quite nicely with the range of the observed 
secular variation. 

In particular, one is tempted to interpret this previously 
mentioned westward drift [Jault et al., 1988] simply as a 
case of advection of the field by the flow, and hence as direct 
evidence of the advective timescales. One must be careful 

with such an interpretation though, as it has also been sug- 
gested (see below) that a wave rather than a bulk advective 
motion may be the cause. Nevertheless, by observing the 
time-variation of the field one can certainly make some in- 
ferences about the fluid flow, particularly on relatively short 
(decadal) timescales. See, for example, Bloxharn and Jack- 
son [1991] for a review of the commonly used methods, and 
some of their limitations. 

There may in fact be direct evidence of an advective time- 
scale in the core, namely the rotation of the inner core relative 
to the mantle. Because the fluid directly above the inner core 
boundary is magnetically strongly coupled to it, it too must 
rotate at much the same rate. The inner core's rotation rate, 
variously determined to be 0.15 ø/year [Vidale et al., 2000], 
0.2 - 0.3ø/year [Creager, 1997], 1 ø/year [Song andRichards, 
1996], and even 3ø/year [Suet al., 1996], thus sets a definite 
lower bound on the differential rotation throughout the outer 
core [e.g., Hollerbach, 1998]. This uncertainty as to precisely 
what its rotation rate is -- or indeed whether it has been firmly 
established that it rotates at all [Laske and Masters, 1999] 
-- is therefore unfortunate. However, if a definite non-zero 
rotation rate is ever established, this would provide valuable 
evidence of at least one advective timescale, and not just at 
the surface, but deep within the core. 

5.2. Waves 

As noted above, it has also been suggested [e.g., Hide, 1966; 
Braginsky, 1967] that features like the westward drift are 
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caused by waves in the core, so-called MAC waves. As 
the name implies, these waves are influenced by Magnetic 
(Lorentz),Archimedean (buoyancy), and Coriolis forces, that 
is, by all three of the dominant forces in the Navier-Stokes 
equation. With periods on the order of centuries, they could 
indeed account for the relatively long-term secular variation. 
Note though that if these waves are confined to a thin, stably 
stratified layer at the top of the core, their periods are reduced 
to •65 years [Braginsky, 1993], and would then contribute 
more to the intermediate secular variation. 

Next in decreasing period are torsional oscillations, in 
which nested cylindrical shells parallel to the z-axis each 
oscillate in essentially solid-body rotation, that is, the flow is 
of the form u(s)•q•, where (z, s, ½) are standard cylindrical 
coordinates. The balance of forces in these waves is be- 

tween the Lorentz force (a large term) on the one hand, and 
inertia and viscosity (two small terms) on the other. Their 
periods could thus be extremely short, as we will see below. 
Under normal circumstances though, most of the magnetic 
torque will cancel itself, greatly increasing the period. Plausi- 
ble assumptions about the internal structure of the field then 
lead to periods on the order of decades [Braginsky, 1970, 
1984], or conversely observations of periodicities in length 
of day variations (which not surprisingly are affected by tor- 
sional oscillations in the core) allow inferences to be made 
about the internal structure of the field [Zatman and Blox- 
ham, 1997, 1999; see also Bloxharn, 1998]. One should also 
bear in mind though that because the periods identified by 
Zatman and Bloxham, 76 and 53 years, overlap with Bra- 
ginsky's estimate of •65 years for the MAC waves in this 
(conjectured) stably stratified layer, disentangling the effects 
of MAC waves and torsional oscillations could potentially be 
difficult in general. 

Another particular torsional oscillation worth mentioning 
is that of the inner core itself. That is, the inner core's ro- 
tation rate could exhibit fluctuations about some long-term, 
possibly non-zero (as noted above) average, and the balance 
of forces governing these oscillations is exactly the same as 
that governing the above torsional oscillations in the outer 
core. Not surprisingly then, these inner core oscillations can 
also have extremely short periods [Gubbins, 1981 ], but once 
again most of the magnetic torque will normally cancel itself, 
leading to periods on the order of years [e.g., Glatzmaier and 
Roberts, 1996b; Aurnou et el., 1998]. See also Kuang [ 1999] 
for a detailed study of some of the force balances involved in 
these oscillations. 

Finally, there are a number of other waves potentially 
present in the core, such as inertial oscillations [Aidridge 
and Lumb, 1987], having periods on the order of days. The 
disparity between this timescale and the timescales observed 
in the field is sufficiently great that it is generally believed 
that these waves play no essential role in the dynamics of the 
main field, but merely ride along on top of it. However, one 
should remember that because the mantle is weakly conduct- 
ing, we do not really know the shortest timescale on which 
the internally generated field fluctuates, and hence we do not 

know whether this disparity is really all that great. Also, as 
we will discuss further below, the mere fact that the under- 
lying equations also allow extremely short-period waves is 
usually enough to cause severe problems in any numerical 
model, even if these waves have nothing to do with the main 
phenomenon of. interest (which of course is precisely why 
one filters them out if at all possible). 

5.3. Reversals 

We have noted above some of the timescales associated with 

reversals as they are actually observed in the paleomagnetic 
data; now we want to consider their possible theoretical ori- 
gins. Concerning the five to ten thousand year timescale of 
the reversals themselves, it has been suggested [Holierbach 
and Jones, 1993, 1995; Gubbins, 1999] that this is due to 
the magnetic diffusive timescale of the inner core; r •/r/is in- 
deed around ten thousand years. On this view, reversals can't 
happen on shorter timescales because that simply wouldn't 
allow enough time to reverse the field in the inner core as well, 
where diffusion is the only process that can change the field. 
As to what triggers each individual reversal in the first place, 
and hence what determines the time between reversals, at this 

point we simply do not know. It is generally believed though 
that reversals are of entirely internal origin, and do not require 
an external triggering mechanism. See, for example, Merrill 
and McFadden [1988], who argue for purely internally trig- 
gered reversals based on an analysis of the actual data, or also 
Sarson and Jones [1999], who present one possible internal 
triggering mechanism. From a very general theoretical point 
of view it is certainly not difficult to imagine a chaotic dynam- 
ical system that intermittently switches from one state to an- 
other on timescales moderately long compared to the longest 
timescale "obviously" present in the equations (which we 
agreed is the magnetic diffusive timescale of O(10 5) years). 
There is thus no difficulty in imagining reversals occurring 
on average once every few hundred thousand years to be of 
purely internal origin. 

Somewhat more problematic are the variations in average 
reversal rate occurring on timescales of tens and hundreds 
of millions of year. The disparity between these timescales 
and the magnetic diffusive timescale is sufficiently great that 
these extremely long timescales are generally believed to be 
of external origin. This of course simply begs the question, 
what is that external origin? Given that tens and hundreds of 
millions of years is precisely the timescale of convection in 
the mantle, the most plausible answer is that changes in the 
pattern of mantle convection lead to changes in the temper- 
ature variations at the core-mantle boundary, which would 
quite likely lead to changes in the pattern of core convection, 
and hence possibly to changes in the average reversal rate 
(although each individual reversal continues to be purely in- 
ternally triggered). This was certainly the reasoning adopted 
by Glatzmaier et el. [ 1999], who imposed different temper- 
ature inhomogeneifies in their numerical model, and indeed 
found different stability properties when they ran each case 
for a few hundred thousand years. 
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However, one should be aware that this point of view is 
not universally shared; McFadden and Merrill [ 1995] for ex- 
ample argue that even these extremely long timescales are of 
intemal origin. On their view, the geodynamo has not just 
two, but (at least) four quasi-stable states, namely two pairs 
of opposite polarity states. If one then hypothesizes that: (a) 
in the first pair polarity transitions occur relatively frequently, 
(b) in the second pair polarity transitions occur relatively in- 
frequently, and (c) that a transition from one pair to another 
occurs extremely infrequently, then one obtains just such 
variations in average reversal rate on very long timescales. 
And while theirs is probably a minority point of view, it can- 
not be dismissed out of hand; dynamical systems can indeed 
exhibit intermittency on timescales very long compared to 
the longest timescale obviously present. Furthermore, the 
mere possibility that even these extremely long timescales 
might be of intemhl origin has (potentially disturbing) impli- 

_ 

cations for numerical geodynamo modelling. For example, 
if Glatzmaier et al. wished to test this McFadden and Merrill 

hypothesis, instead of running a few cases for a few hundred 
thousand years each, they would have to mn one case for a 
few hundred million years, and simply see if such extremely 
long timescales do or do not spontaneously emerge. Needless 
to say, such extremely long runs are currently not feasible. 

5.4. Growth of the Inner Core 

Even assuming that these variations in average reversal rate 
are of extemal rather than intemal origin, there is still one 
process going on entirely within the core whose timescale is 
measured in hundreds of millions of years. This is the growth 
of the inner core [Buffett et al., 1996], which could conceiv- 
ably affect the operation of the geodynamo in a number of 
ways. Most obviously, the growth of the inner core gradu- 
ally changes the geometry of the outer core from a very thick 
shell to an ever thinner one, in the process also shifting the lo- 
cation of the so-called tangent cylinder ever outward. Given 
the potential significance of such geometrical effects, it seems 
likely that these alone could have a considerable influence on 
the solution. For example, Morrison and Fearn [2000] sys- 
tematically varied the size of the inner core in their model, 
and showed that the solution is indeed affected, sometimes in 
unexpected ways; they found that solutions with smaller in- 
ner cores were more stable than ones with larger inner cores, 
which is exactly the opposite of what one would have ex- 
pected given the stabilizing role of the inner core mentioned 
above [Hollerbach and Jones, 1993, 1995]. The resolution 
to this particular paradox is presumably that when one varies 
the size of the inner core, one indirectly also varies the size 
of the region inside the inner core tangent cylinder, which in 
this case evidently more than outweighs the stabilizing role 
of the inner core itself. 

Finally, it should be noted that even though it occurs on 
timescales of hundreds of millions of years, the growth of the 
inner core does not require one to do numerical runs for that 
long, unlike the test of the McFadden and Merrill [ 1995] hy- 
pothesis outlined above. The difference between the two is 

that when testing their hypothesis, what one is trying to dis- 
cover is precisely whether these extremely long timescales 
could emerge from within the core alone, and so one has no 
choice but to run for that long. In contrast, when consider- 
ing varying inner core sizes, one is not trying to determine 
the growth rate -- that after all has already been established 
(from energetic/thermodynamic considerations). What one 
is trying instead is to explore the effect of different sizes fixed 
for the duration of each run, which then need only be for the 
usual few hundred thousand years. 

6. THE SMALLNESS OF Ro AND E 

In this section we want to return to the geodynamo equations 
(1-3), and consider why the extremely small values of the 
Rossby and Ekman numbers lead to such difficulties. That 
is, why can't we simply filter out the short timescales caused 
by the smallness of these two parameters, for example by 
setting one or both of them identically equal to zero? It tums 
out that attempting to do so leads to both local and global 
difficulties, which we address in turn: 

6.1. Local Analysis 

Following Walker et al. [1998], let us consider the dispersion 
relation governing waves in the core. If we linearize (1) 
and (2) (with Ra = 0 for simplicity) about some large-scale 
field B0, and look for perturbations b and u proportional 
to exp[i(k ß r - cot)], the dispersion relation we ultimately 
obtain is 

(Roco + iEk2)(co + ik 2) -co•4 - coo(co + ik2), (4) 

where k -- Ikl, and 

coM = k-B0 and coc = -t-2 k. •/k (5) 

will turn out to be the dispersion relations (to within vari- 
ous factors of Ro) for pure Alfv 6n waves and pure inertial 
oscillations, respectively. 

Being a simple quadratic, we can solve (4) to obtain 

1 [ ] co -- • Ro-1 coc - i(Ro'n t- E)k 2'-{-31/2 , (6) 
where 

D - co• + 4Ro•t - (Ro- E) 2 k 4 + 2i(Ro- E)k2coc. 

Since this is unfortunately rather messy, we look at the mag- 
nitudes of the various terms, and see if we can make any sim- 
plifying approximations. We begin by noting that if we've 
done our nondimensionalization correctly, then k, co •4 and 
coc will in general all be order unity (in fact k becomes arbi- 
trarily large for sufficiently short wavelengths, but we're only 
concerned with very rough order of magnitude estimates at 
the moment). Therefore, of the four terms that make up D, 
one- (Ro - E)2k 4 • is so small that we will neglect it 
entirely, and another two -- 4Rocor4 and 2i(Ro - E)k2coc 
-- are also small (but not negligible). How we simplify D 1/2 
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therefore depends entirely on the size of the final term, co •. 
And there are then two cases to consider: 

In general the orientations of k and •. will be such that 
coc = O(1), so we can Taylor-expand the square-root to 
obtain 

[ - i(o + (7) 

i(no - coc +coc (1 + co• + 
so the two roots we finally obtain are 

(Sa) coi- Ro-icoc (1+ Ro co• ] -i • , 
(80) 

•c 

If, however, the orientations of k •d i •e such •at w c • 
O(Ro•/•), that is, if k is almost pe•endicul• to i, then (7) 
is not valid •ter •1. Instead, we rerum to (6), •d simply 
consider the special case wc • O, yielding 

i E 

- - (x + e. 
We have shown therefore that •ere •e (at least) these three 

•pes of waves given by these •ree dispersion relations (8). 
So what we wish to consider next is what sog of timescales 

•ese waves occur on, •d what sort of physics they coge- 
spond to. Address•g the timescales question first, it is cle• 
ß at wl is •e hstest, occumg on O(Ro) fimesc•es, wa is 
next, occuffing on O(Rol/•) timescales, •d w• is the slow- 
est, on O (1) timescales. 

As to what physics to associate wi• each mode, w l is 
basically just • inertial oscillation, for w•ch the dimen- 
sional, non-dissipafive dispersion relation would be w = 
ß 2k- •/k, so measuring the d•ly timescale of these waves 
on •e magnetic diffusive timescale of our nondimensional- 
izafion will •deed in•oduce precisely •is factor of Ro -• 
in (8a). The factor of (1 + Row•/w•) then shows that 
the background magnetic field B0 has ve• fittie effect on 
these modes, since (7) is o•y vafid for Ro • • w•/wc << 1. 
•d •ally, the reason •e dissipative term con,ns a factor 
of E/Ro is that these modes decay on the viscous diffusive 
fimesc•e, but once ag•n we're measudng things on the mag- 
netic diffusive timescale. 

Simil•ly, wa is just l•e • Alfv•n wave in a non-rotating 
system, for w•ch the dimensionS, non-dissipative disper- 
sion relation would be w = •k. B0/•P0, so remember- 
ing the nondimensionafizations of length, time, •d B a = 
•Po• B•a, we do indeed recover precisely the factor of 
Ro-1/• in (8c). The existence of these modes thus shows that 
even though we •e in a system where rotation is ordin•ly 
dominant, it is possible to have waves that behave as if they 
were in a non-rotating system, provided only the wave-vector 

k is perpendicular to the rotation vector i. And we note in 
passing that if the field contains a predominantly toroidal 
component B,, then Alfvtn waves running along these field 
lines will indeed have k perpendicular to i. However, (8c) 
also shows that if our nondimensionalization is correct, so 
that the field strength B0 = O(1), then these Alfvtn waves 
will be much slower than the inertial oscillations (8a), by a 
factor of Ro -•/2. That is, the timescale of Alfvtn waves 
in the core is on the order of decades instead of days. And 
again, the reason the dissipative term now contains a factor 
of (1 d- E/Ro) is that these modes are damped both magnet- 
ically (yielding the 1) and viscously (yielding the E/Ro). 

Finally, co2 is a fundamentally new mode that has no ana- 
log in either rotating, non-magnetic or non-rotating, magnetic 
systems, but instead depends crucially on both co c and coM. 
Because its timescale is precisely our basic magnetic dif- 
fusive timescale though, we do not expect the existence of 
these so-called slow magnetohydrodynamic waves to pose 
any problems. 

To summarize then, we have shown that if co c = O (1) we 
obtain modes with the two very different timescales O(Ro) 
and O(1), whereas if coo = 0 we obtain modes with the single 
intermediate timescale O(Ro •/2. And not surprisingly then, 
since the timescales obtained must depend continuously on 
coc, if we considered coc small but non-zero, we could obtain 
all timescales between O(Ro) and O(1) as well. We find 
therefore that the governing geodynamo equations do indeed 
support phenomena occurring on a vast range of timescales. 

So, just as before with light and sound waves, we would 
like to filter out some of these timescales, by simplifying the 
equations in some way. Very much unlike light and sound 
waves though, we will find that in the process we introduce 
new complications that end up being worse than the original 
problem. In particular, we can easily enough filter out inertial 
oscillations simply by neglecting inertia, that is, setting Ro = 
0. (Note though that this is a singular limit, that is, Ro -- 0 
and Ro • 0 are not the same. See also Kuang and Bloxham 
[1999] on this point.) Our original dispersion relation (4) 
then yields just 

coc - iEk 2 ' 

We have therefore succeeded in filtering out not just the iner- 
tial oscillations, but the Alfv6n waves as well, with the only 
mode remaining being the analog of the slow magnetohydro- 
dynamic mode (8b). However, before congratulating our- 
selves on having solved the problem, we need to realize that 
while (9) and (8b) may look superficially similar, there is 
in fact one crucial difference, namely that whereas (8b) is 
valid only for coc • O(Ro•/2), and can therefore never yield 
timescales more rapid than O(Rol/2), (9) is valid for all coc, 
and can therefore yield timescales as rapid as O(E). We thus 
realize that neglecting inertia accomplishes nothing; (9) may 
support fewer types of waves than (8) did, butif anything they 
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can occur on even shorter timescales, namely O(E) versus 
O(Ro). 

6.2. Global Analysis 

As if these local difficulties weren't enough, it tums out there 
are global ones as well, having to do with the well-known 
Taylor's [1963] constraint, stating that in the Ro - E - 
0 limit (2) has no solution at all unless the magnetic field 
satisfies 

fc [(V x B) x B]-t•dS- O, (10) (s) 

where the so-called geostrophic contours C(s) consist of 
nested cylindrical shells parallel to the axis of rotation, and 
(10) must be satisfied on each such contour, that is, at each 
value of the cylindrical radius s. 

The problem is that it's not obvious that the field will 
always satisfy (10); indeed, one can certainly imagine starting 
off with some initial condition that doesn't satisfy it. So 
what happens then? For Ro and E small but non-zero, an 
asymptotic analysis of the Ekman boundary layer then yields 
not (10), but instead 

(1 - $2)1/4 /C 4•rs [(V x B) x B], dS 

= Ro (1 - $2)3/4 0V9($) -Jr- E 1/2 Ot U•(s), (11) 
where U•(s) •) is the so-called geostrophic flow, consisting 
of these geostrophic contours each undergoing solid-body 
rotation. See, for example, Roberts and Soward [1992] for 
the details of this analysis. 

According to (11 ) it is clear that if (10) breaks down com- 
pletely, so that this Taylor integral is order one rather than 
almost zero, then U• will either oscillate on timescales as 
short as O(Ro) if inertia is more important, or it will be as 
large as O(E -•/•) if viscosity is more important. In either 
case though one will obtain extremely short timescales, ei- 
ther the O(Ro) timescale of the torsional oscillation itself, or 
else the O(E •/•) timescale on which this enormously large 
flow advects the field, for example. See also the discussion 
by Kuang [ 1999]. 

In fact, in neither case will the timescales be quite as ex- 
treme as O(Ro) or O(E•/2), since the flow determined by 
(1 l) will always tend to push the Taylor integral back toward 
the "proper" balance (10), which should therefore never break 
down so completely that the Taylor integral is order one. In- 
deed, Taylor's original idea was that even if the field initially 
did not satisfy (10), after a short period of very rapid ad- 
justment governed by (1 l) it would satisfy it, and thereafter 
everything would evolve only on much slower timescales. In- 
deed, he even gave an alternative prescription for solving for 
U•, which is valid when Ro = E = 0 and (10) is satisfied 
identically, and therefore explicitly filters out these poten- 
tially very rapid adjustments governed by (11). 

However, no one has yet succeeded in following Taylor's 
prescription (possibly because of the local difficulties that 
arise when setting Ro - E = 07). And indeed, the more 
commonly accepted view today is that the field probably does 
not evolve ever closer to the constraint (10), but may instead 
almost satisfy it for long periods of time, resulting in evo- 
lution on moderate timescales, but may then suddenly fail 
to satisfy it, resulting in evolution on very short timescales. 
The existence of phenomena such as the geomagnetic jerks 
mentioned above certainly shows that the core is capable of 
generating global modes on very short timescales. So, we 
simply have to accept that in the geophysically relevant limit 
of small Ro and E the geodynamo equations permit both lo- 
cal and global structures on a very broad range of timescales, 
and that it is impossible to reduce this range by setting one 
or both of them identically equal to zero. 

7. STIFF SYSTEMS 

In the previous section we have seen some of the reasons 
why the geodynamo equations permit such a broad range 
of timescales, and why it does not appear to be possible to 
reduce this range by simplifying or approximating the equa- 
tions in any way. So in this and subsequent sections we want 
to consider some of the implications for numerical geody- 
namo modelling. In particular, we begin by noting that there 
is nothing unusual about a system of differential equations 
supporting a broad range of timescales; such systems are suf- 
ficiently common that there is a name for them, namely stiff, 
and even a well-developed theory for how to deal with them. 
So what we want to consider in this section is the extent to 

which we can apply this theory to our particular stiff system. 
Let's begin by considering the simplest possible stiff 'sys- 

tem', namely the single ordinary differential equation 

dy _ -t5-1 , , (12) dt - Y + e-if(t) + f'(t) y(O) - yo 

where 0 < 15 << 1, and f(t) is a given function varying on 
order one timescales. The analytic solution is simply 

y = f(t) + Cexp(-e-lt), C = yo - f(0), (13) 

which we note consists of two parts varying on very different 
timescales, namely O(1) for f (t), and O(e) for C exp (-e - it). 
As simple as it is, (12) thus satisfies the definition of a stiff sys- 
tem. Furthermore, we note that regardless of the initial con- 
dition Yo the second part will decay away extremely rapidly; 
indeed, this rapid O(15) timescale is precisely the timescale 
on which it decays. Once this initial adjustment has taken 
place, the final solution therefore will vary only on the O(1) 
timescale of the first part, f(t). As contrived as it may seem, 
in this regard at least (12) is therefore exactly analogous to the 
very rapid initial adjustment but subsequent slow evolution 
envisioned by Taylor, for example. 
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So, suppose now that we wanted to solve (12) numerically, 
for example by the simplest possible scheme, namely the 
explicit Euler method 

Yn+l -- Yn --1 
= -e Yn + e-lf(tn)+ f'(tn), (14) At 

that is, 

Yn+l - (1 -e-lAt)yn + At(e-l f(tn) + f'(tn)). 
We would soon discover that unless we reduce the timestep 
At in line with e this scheme becomes violently unstable. 
That is, the mere fact that the underlying equation (12) allows 
solutions varying on an O(e) timescale is enough to condemn 
this method to advance at that same very short timescale, even 
though we know that the eventual solution (13) varies only 
on the O(1) timescale of f(t). A stiff system is therefore 
not necessarily one where the solution exhibits a broad range 
of timescales, but merely where the equations allow a broad 
range of timescales, even if most of them do not appear in 
the final solution. 

And this is a point that cannot be emphasized enough: 
standard, explicit methods such as (14) will invariably be re- 
stricted to timesteps no greater than the shortest timescale 
allowed by the equations even if-- as is the case here -- that 
shortest timescale consists of an extremely rapidly damped 
mode, with the subsequent evolution entirely on much slower 
timescales. It is therefore not sufficient to point out, for ex• 
ample, that the O(Ro) and/or O(E 1/2) timescales allowed 
by (1 l) consist merely of an extremely rapid damping of any 
departures from (10), and that therefore once this adjustment 
to (10) has come about one should be able to timestep (1 l) 
explicitly using O(1) timesteps. It simply doesn't work, just 
like timestepping (14) using O(1) timesteps doesn't work, 
even after this adjustment to y - f(t) has come about. 

So, what does work? That is, is there any way of advanc- 
ing (12) using O(1) timesteps, and if so, can that method 
be extended to deal with (1 l) or indeed ultimately the full 
set of geodynamo equations (1-3)? Well, there certainly are 
ways of advancing (12) using O(1) timesteps, for example 
the implicit Euler method 

Yn+l -- Yn 

At = -e-lyn+l -]- e-lf(tn+l) -]- f•(tn+l), (15) 
yielding 

Yn+l -- [Yn + At(e-l f(tn+l)+ f•(tn+l))] / (1 +e-lAt). 

So first of all, why does (15) supposedly work where (14) 
didn't? To answer that, we need only consider the even sim- 
plerproblem with f(t) - 0, so (14) and (15) reduce to 

Yn+l -- yn(1 - •-lht), (16a) 

Yn+l = yn/(1 + e-lAt), (16b) 
respectively. We then note that for At • e, both of (16) are 
first-order accurate approximations to the analytic solution 

Yn-]-I = Yn exp[-e-•At]. (17) 

If we're willing to take such small timesteps, therefore, we 
can indeed use either of (14) or (15). Now let's see what hap- 
pens ifinstead we try to take At = O(1) though. We note first 
that then neither of (16) is even remotely close to approximat- 
ing (17). However, (16b) is at least still strongly damping this 
mode, by essentially a factor of e at every timestep, whereas 
(16a) is amplifying it, by a factor of -e - 1 at every timestep ! 
That is, the implicit scheme (15) is getting the precise damp- 
ing rate wrong, but at least it is still very strongly damping 
this mode, which is all we really care about. In contrast, the 
explicit scheme (14) is getting the 'damping' rate so com- 
pletely wrong that in fact it's very strongly amplifying this 
mode, and so it can't possibly be stable for At •> O(e). 

Furthermore, this result, that explicit methods are restrict- 
ed to O(e) timesteps whereas implicit methods can use O(1) 
timesteps, remains generally valid even for more sophisti- 
cated, higher-order methods, and also for more complicated 
systems than (12). The conclusion therefore seems quite 
clear: in order to cope with the stiffness inherent in the geo- 
dynamo equations we should solve them implicitly rather 
than explicitly. Unfortunately, this is easier said than done. 
In particular-- as indeed the names suggest- with explicit 
methods such as (14) we are guaranteed to obtain an explicit 
formula for the updated variables in terms of the old ones, 
whereas with implicit methods such as (15) we must still 
solve the resulting system of equations. And whereas (15) 
was trivial to solve, being just a single equation, and linear at 
that, that is unfortunately not the case in general. In general 
this system of equations to be solved will be nonlinear, and 
very large, with however many equations as one has vari- 
ables. So for example, if one is doing even relatively modest 
computations, with perhaps ,,• 30 modes in all three direc- 
tions, that already adds up to O(105 ) variables, and hence 
equations! Blindly attempting to apply standard methods 
such as Newton-Raphson iteration is therefore unlikely to be 
successful. 

Fortunately, it is possible (using conjugate-gradient meth- 
ods, for example) to apply Newton-Raphson without ever 
directly inverting, or even evaluating, the full 10 5 by 105 Ja- 
cobian matrix. Furthermore, the distinction between implicit 
versus explicit methods is not quite as 'either/or' as we've 
made it sound like so far. That is, it is possible to treat im- 
plicitly certain terms but not others -- thereby gaining some 
but not all of the advantages, of course. For example, be- 
cause it is still linear, treating the Coriolis force implicitly 
turns out to be relatively straightforward [e.g., Holierbach, 
2000], and allows one to take timesteps considerably larger 
than the O(Ro) inertial oscillation timescale one would oth- 
erwise be restricted to. However, it does very little to help 
with some of the other difficulties, such as those associated 
with (11), which doesn't involve the Coriolis force at all. The 
only way to deal with these sources of stiffness would be to 
treat implicitly not only the Lorentz force (V x B) x B in (2), 
but also the advective terms V x (U x B) in (1) and probably 
also U ß VO in (3), since it is the combination of an unbal- 
anced Lorentz force generating a very large geostrophic flow 
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which then acts back on B and 19 that causes the stiffness 

in this case. And these terms all being nonlinear, treating 
them implicitly is unfortunately considerably more difficult 
than treating the Coriolis force was. However, it might be 
possible to project out certain parts of these terms and treat 
only them implicitly, the idea obviously being to choose pre- 
cisely those parts that help the most regarding the stiffness, 
but cost the least regarding the implicitness. Once again, this 
is clearly (a lot!) easier said than done, but I believe that some 
such approach will eventually be required if we are ever to 
get anywhere near realistic values for Ro and E. 

And finally, one might just note that even if one did suc- 
ceed in treating these terms implicitly, one would thereby 
still only have dealt with some of the many sources of stiff- 
ness in the geodynamo equations. Even treating all of these 
terms implicitly though might still not help much with some 
of the other sources, such as the existence of some of these 
waves (8) or (9). If the physics of the core are such that 
some of these extremely rapid oscillations really are excited 
to a significant extent, then one would have no choice but to 
resolve them numerically as well, that is, to take such small 
timesteps. That is precisely why it would have been so nice 
to be able to simplify the equations in such a way as to ensure 
that these modes do not exist at all, but as we saw in section 
6.1, that does not appear to be possible. 

8. IMPLICATIONS 

Barring any such fundamental breakthroughs in the deriva- 
tion of new equations and/or the development of new nu- 
merical methods, it seems unlikely that we will be able to 
reduce Ro and/or E much beyond O(10 -5) or so any time 
soon. Advances in hardware will certainly help some, but 
not nearly enough. As we've seen here, the shortest allowed 
timescales -- and similarly the shortest allowed lengthscales, 
and in all three dimensions -- simply decrease so quickly as 
one attempts to reduce Ro and E that reducing them by a 
factor of 10 might require 100, 1000, or even more times the 
computational power. Even allowing for Moore's Law, that 
computational speed doubles every 18 months, one would 
therefore have to wait quite some time before being able to 
systematically explore the O(10 -6 ) range. 

So, what implications do these limitations on the numer- 
ically achievable Rossby and Ekman numbers have for geo- 
dynamo modelling? First and foremost, there is the very real 
danger that the results we obtain aren't even qualitatively in 
the right regime. In particular, there is the well-known dis- 
tinction between so-called weak and strong field regimes that 
has been conjectured to exist at sufficiently small values, but 
has thus far never been unambiguously observed. That sug- 
gests that the 0(10 -4 ) to at best 0(10 -5 ) values currently 
being used are perhaps still too big for these two states to 
constitute distinct regimes at all. And given the general the- 
oretical importance traditionally attached to this distinction 
[e.g., Holierbach, 1996; Fearn, 1998; Roberts and Glatz- 
maier, 2000], that in turn suggests that maybe the results to 

date aren't even qualitatively applicable to the real Earth, and 
that the surprisingly good agreement obtained already [e.g., 
Glatzrnaier and Roberts, 1997; Kuang and Bloxharn, 1997] 
is just a coincidence, and doesn't really tell us about the true 
workings of the geodynamo. 

Even leaving aside this rather gloomy thought, computing 
at Rossby and Ekman numbers orders of magnitude too large 
has an additional implication in terms of the interpretation 
of the results. In particular, in the real Earth we certainly 
know exactly what we mean by a day, a year, etc., but what 
about in the computational model? If we increase/•o and E 
by several orders of magnitude, should we think of that as 
an increase in •/and v, in which case our magnetic diffusion 
time will suddenly be on the order of years rather than hun- 
dreds of thousands of years, or should we think of that as a 
decrease in ft, in which case our 'days' will be on the order 
of decades. Or we could also think of it as a decrease in r o, 
corresponding to a really small Earth! The point is that all of 
these, even the seemingly silly decrease in size, are equally 
valid ways of translating the nondimensional numbers back 
into dimensional quantities, given that one can't get all the 
dimensional quantities fight. And given the arbitrary nature 
of this translation back to dimensional quantities, and the in- 
evitable confusion as to what is then meant by 'a day' or 'a 
year', it is probably best if one avoids it entirely, and presents 
one's results nondimensionally, with any subsequent transla- 
tion explicitly separated from the basic calculation. 

9. CONCLUSION 

In this review we have considered the timescales that exist in 

the Earth's core, and have seen how these range from the 10 -2 
second timescale of light waves to potentially longer than the 
age of the Earth. And even after filtering out some of the 
shortest, and discounting some of the longest, we found that 
we were still left with everything from inertial oscillations, 
occurring on timescales of days, to the average time between 
reversals, on timescales of hundreds of thousands of years, 
and possibly even variations in this average reversal rate on 
timescales of tens or hundreds of millions of years. Even 
just this restricted range of timescales therefore still spans 8 
to 10 orders of magnitude, by far the broadest range of any 
geophysical system. 

Furthermore, we saw why it does not appear to be pos- 
sible to make any further progress in reducing this range by 
filtering out additional waves such as these inertial oscilla- 
tions. Attempting to do so simply introduces other waves on 
comparable (or even shorter) timescales. The only way to re- 
duce this range to something numerically feasible therefore 
is to arbitrarily increase the Rossby and/or Ekman numbers 
by several orders of magnitude, despite the potential dangers 
that entails in terms of eliminating the distinction between 
weak and strong field regimes. 

Indeed, pinpointing precisely how small Ro and E must 
be to obtain this distinction is almost certainly the single most 
pressing issue in numerical geodynamo modelling: Until we 



HOLLERBACH 191 

know that O(10 -s) or so is small enough we cannot be cer- 
tain that any of the results obtained to date- as impressive 
as they undoubtedly are- are really applicable to the Earth. 
Conversely though, if we could establish that O(10 -s) say is 
definitely small enough, then we could be reasonably confi- 
dent not only that the results are applicable to the Earth, but 
also that we should not invest vast additional resources into 

reducing them yet further, but rather into things like simply 
doing longer runs, to begin to address some of the questions 
mentioned earlier. 

Regardless of what ultimately turns out to be small enough 
though, we will simply have to accept that the geodynamo 
equations are an extremely stiff system, and will provide chal- 
lenges for years to come. Indeed, given the difficulty of the 
problem, the progress to date is nothing short of remarkable, 
and one can only hope that future progress will be equally 
impressive! 
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