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Abstract

The work presented herein is a continuation and extension of previous magnetic stability and non-linear evolution analyses
by Hutcheson and Fearn [J. Fluid Mech. 291 (1995) 343; Phys. Earth Planet. Int. 97 (1996) 43; Phys. Earth Planet. Int. 99
(1997) 19]. The earlier works are based on imposed magnetic fields in cylindrical geometries which inevitably suffer from
a certain degree of artificiality. We have therefore taken two important steps towards geophysical realism; firstly, our basic
state field is now dynamically generated as part of a mean field dynamo mechanism, and secondly, we perform the analysis
in a spherical shell with a finitely conducting inner core.

The analysis is undertaken numerically using a pseudo spectral time stepping procedure. This allows us to examine Ekman
numbers as low as 2.5× 10−4 whilst assuming that the Rossby number is identically zero. Our results indicate that magnetic
instabilities, in the form of symmetry breaking bifurcations from the axisymmetric basic states supplied by the mean field
dynamos, occur at Elsasser numbers of around O(10) or greater. Also, in each model, the symmetry breaking bifurcation was
supercritical in nature. These results, although similar to the ones obtained in the previous cylindrical geometry work, hold
when the basic state is oscillatory, a feature which was not explored in the studies mentioned above.
© 2002 Elsevier Science B.V. All rights reserved.
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1. Introduction

Typically the geomagnetic field is stable for rel-
atively long periods of time (�105 years) but will
reverse occasionally over a shorter timescale (�104

years). Taking the basic state to represent the stable
long-term field, the evolution of an instability of the
field could be interpreted as one possible mechanism
whereby the field reverses. This has been studied using
a highly simplified model byParker (1969)andLevy
(1972)in the context of mean field dynamos. They en-
visaged a sudden change in the poloidal flow giving
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rise to reversal of toroidal field throughout the core,
followed by the poloidal field. In particular, one would
like to know if it is possible for the instability to evolve
to a state with lower energy than at the critical point
of stability. Furthermore, if one follows the non-linear
evolution of an instability then one may gain insight
into the reversal process of the geodynamo.

Magnetic stability analyses may provide upper
bounds for the strength of the hidden toroidal com-
ponent of the field by investigating the onset of
instability of a given field configuration. Numerous
studies have been made to ascertain this informa-
tion. Many of these utilised the further simplification
of a cylindrical model as opposed to the more re-
alistic spherical geometry. This simplification was
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justified on the grounds that a rotating cylinder and
a rotating sphere share some symmetries. Since our
spherical study will extend the results of the previous
cylindrical work we will now review the results to
date.

The first numerical results to appear were from a
series of linear studies byFearn (1983, 1984, 1985,
1988)where a basic magnetic field was imposed, of
the form

B0 = BMsF(s)eφ (1)

wheres is the non-dimensionalised cylindrical radius.
In magnetic stability analyses, the field is typically
non-dimensionalised using a measure of the imposed
field strength, hereBM. This introduces the Elsasser
number to the non-dimensionalised momentum equa-
tion as the coefficient of the Lorentz force and is de-
fined here as

Λ = B2
M

Ωρµ0η

whereΩ is the mantle rotation rate,ρ the fluid den-
sity, µ0 is the permeability of free space andη is the
magnetic diffusivity of the fluid. The Elsasser number
definition of Fearn included an extra factor of two in
the denominator to that used here. The work of Fearn
suggested thatΛ ≥ O(1) is a necessary condition for
instability.

It is possible to define a more general version of
the Elsasser number which more accurately represents
the global variation of a given imposed field. We will
define the energetic Elsasser number by

Λ′ = (1/V )
∫
B2 dV

Ωρµ0η
(2)

whereV is the volume of the computational domain.
In this work, we shallnot impose an external field

and instead use a mean field dynamo (with imposedα

or α andω) to generate an axisymmetric basic state.
This has the advantage of being more realistic than
an arbitrary imposed field but means we have to use
an alternative non-dimensionalisation forB since its
amplitude is not known in advance but emerges as part
of the solution. We choose

√
Ωρµ0η as our scale for

B. This means thatΛ does not appear in our equations
and is instead computed using the field strengths that
emerge as part of the solution.

Note that we use theα-effect to generate only the
axisymmetric part of the field. This is so that we can
unambiguously investigate the effect of instability of
the mean magnetic field. In the problem studied, the
only source of non-axisymmetric components ofB

is instability of the mean field. Were we to introduce
anα-effect into the non-axisymmetric part of the in-
duction equation, we would introduce an alternative
source for the non-axisymmetric part ofB.

Hutcheson and Fearn (1995)investigated the
non-linear evolution of the instabilities of(1) for one
particular choice ofF(s). They were able to achieve
an Ekman number,

E = ν

ΩL2

where ν is the viscosity of the fluid andL a typ-
ical length scale of 4.5 × 10−3 using a spectral
time-stepping code. Equilibrated non-linear solutions
could only be found forΛ > Λc, indicative of a
supercritical bifurcation. The solution in the super-
critical regime was dominated by the most unstable
axially dependent mode from the linear analysis.
The non-axisymmetric part took the form of an az-
imuthally drifting wave with a frequency similar to
that of the most unstable mode.

Two later papers,Hutcheson and Fearn (1996,
1997), then investigated the influence of using a basic
state depending also onz [F = F(s, z)], still with
finite E. This allowed a more realistic dipole basic
state to be considered as well as some more com-
plicated quadrupole states. When the non-linear evo-
lution of the linear instabilities was followed it was
again discovered that the azimuthal symmetry break-
ing bifurcation was supercritical in nature regardless
of the parity of the basic state. The first bifurcation
was to a state with even azimuthal wavenumbers with
dipole symmetry for the dipole state and quadrupole
for the quadrupolar state. The dipole basic state had
two subsequent bifurcations asΛ was increased,
the effect of the symmetry breaking being to extract
more energy from the basic state than before the
bifurcation.

For E = 0 (the magnetostrophic approximation)
Ogden and Fearn (1995)studied the effect of dif-
ferential rotation on an imposed field with thermal
buoyancy acting as well. They found if the differential
rotation contained large enough regions of negative
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shear (dΩD/ds < 0) then the effect of modest strength
of differential rotation could be destabilising. This
effect was most prominent for high Roberts number
q = ν/κ, whereκ is the thermal diffusivity of the
fluid. Fearn et al. (1997)and McLean (1997)then
tried to isolate the effect that the differential rotation
of the geostrophic flow might have on magnetic insta-
bilities and to highlight potential differences with the
finite E approach. By arbitrarily prescribing differen-
tial rotationsuφ = sΩD(s) in the linear onset problem
it was confirmed that regions of negative shear were
required to reduce the critical Elsasser number,Λc,
for instability. It was also demonstrated that differ-
ential rotation could destabilise a field which was
magnetically stable. In the non-linear regime (where
the only non-linear effect considered was that of
the geostrophic flow), various magnetically unstable
field configurations were tried, withMcLean (1997)
including the realistic dipole field parity. For the
s-dependent fields only those that concentrated field
near to the inner core boundary produced subcriti-
cal bifurcations. With the addition ofz-dependence
virtually all the cases gave subcritical bifurcations.

The subcriticality of the magnetostrophic solutions
was a direct consequence of the initial destabilising
effect of the geostrophic flow,VG. The viscous anal-
yses showed only supercritical behaviour since other
non-linear effects were dominant at the geophysically
unrealistic value ofE used. Both analyses were based
on a cylindrical annulus model to enable a simplifica-
tion of the governing equations, and indeed this would
seem to be the “natural” geometry for the geostrophic
flow sinceVG = VG(s). However, in a cylindrical
geometry, where the end walls are flat, one can show
thatVG = VG(s, φ). This shows that the geostrophic
flow behaves in a fundamentally different way in
the two geometries, and so it is desirable to remove
this inconsistency. We wish to extend the cylindrical
model results to the realistic spherical shell geometry,
whereVG really is a function ofs alone. We will be
able to compare our results with the viscous studies of
Hutcheson and Fearn and investigate whether subcrit-
icality can exist in the spherical geometry at similar
Ekman numbers to that used in the cylindrical anal-
ysis. We also hope to identify the role of differential
rotation in our solutions and to examine howΛ varies
with the forcing of the mean field generated basic
state.

2. The model and governing equations

The system we have chosen to study consists of an
electrically conducting fluid contained in a spherical
shell. The region exterior to the fluid is taken as an
electrical insulator to model the Earth’s mantle. Of
course, the mantle may, in fact, be weakly conducting
but we shall ignore this fact in our present study as in-
deed most other models do. The region interior to the
fluid (the inner core) is taken to be finitely conducting
with the same electrical conductivity as the fluid itself.
Neglecting inertial terms, the non-dimensional equa-
tions governing the evolution of the magnetic fieldB

and fluid flowu are those shown below. In the outer
core, we have

∂B

∂t
= ∇ × (u × B + α̃B̄) + ∇2B (3)

whereB̄ denotes the axisymmetric part ofB

2ez × u − E∇2u

= −∇P + (∇ × B) × B + Θ(r, θ) r (4)

whereP is the pressure,

∇ · B = 0, ∇ · u = 0 (5)

and for the finitely conducting inner core

∂B̂

∂t
= ∇ × (uic × B̂) + ∇2B̂ (6)

whereB̂ is the magnetic field in the inner core,

∇ · B̂ = 0 (7)

whereuic = Ωicr sin θ eφ . The inner core angular
velocity, Ωic, is determined from the torque balance
on the rigid inner core.

These equations have been non-dimensionalised us-
ing lengthL = ro − ri (wherero is the outer-core ra-
dius andri is the inner-core radius), ohmic diffusion
timeT = L2/η, speedL/T and magnetic field strength
B = Ωρµ0η.

Theα-effect in the outer core is given by

α̃ = α0 cosθeφ ⊗ eφ (8)

when there is an imposed buoyancy (Θ �= 0), and

α̃ = α0 cosθ{er ⊗ er + eθ ⊗ eθ + eφ ⊗ eφ} (9)
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when there is is no buoyancy (Θ = 0). In other words,
when there is an imposed buoyancy, the form of the
α-effect in (3) is α̃B̄ = α0 cosθB̄φeφ while in the
case of no imposed buoyancy, it isα̃B̄ = α0 cosθB̄.
These two cases correspond loosely with the notion
of αω and α2 dynamos, respectively. Although the
terminology is technically incorrect, from now on the
termsα2 andαω will be used to distinguish the two
cases. As inHollerbach and Glatzmaier (1998)we
give the buoyancy term the form

Θ(r, θ) = −Θ0 r cos2 θ

which results in an approximation to anω-effect de-
pending linearly on radius.

We have chosen to regenerate only the axisymmetric
part of the field through̃α with the non-axisymmetric
parts gaining energy only via theu × B term. Al-
though the physically correct approach would be to
include α̃ in the entire field since the small scale he-
lical motions should affect the field regardless of its
azimuthal structure, one must bear in mind the point
of this work. We are interested in improving the previ-
ously used diffusionless ambient states (imposedB0).
We feel that by restricting̃α to only the axisymmet-
ric part we have taken the problem one step further
whilst retaining the underlying principles of a mag-
netic stability study. When non-axisymmetric solu-
tions appear they can be unambiguously identified as
arising from magnetic instability with no help from
the non-axisymmetric part of̃α. We will be able to
examine how fully non-axisymmetric solutions equili-
brate at supercritical forcings, a feature not previously
studied in mean field models.

The flow is governed by the Navier–Stokes equa-
tion, (4), where we have neglected the inertial terms.
The Rossby number for the Earth’s core is small,
possibly as low as O(10−9). Including this term in
a time-stepping calculation forces one into taking a
small time-step to resolve the short timescales that
may exist, even though one is only interested in the
long-term behaviour, hence the use of the magnetic
diffusion timescale as temporal normalisation. The
magnetic fieldB has been non-dimensionalised with√
Ωρµ0η as discussed previously.
We do not make the full magnetostrophic assump-

tion by neglecting the viscous term as well. Despite
geophysically relevant values ofE being perhaps as
low as O(10−15) (a typical estimate of the viscosity

in the core is of the order ofν = 10−6 m2 s−1, see
for example,Alfe et al., 2000), we chose to retain this
as a parameter to circumvent any discontinuities on
the tangent cylinder via shear layers. Correcting for
the differences in their definition ofE, the lowest Ek-
man number of the Hutcheson and Fearn works was
4.5×10−4 while for ourα2 dynamo we have managed
2.5 × 10−4. For details of the boundary conditions
and the numerical method, seeHollerbach (2000). In
Section 3, we begin with theα2 dynamo and move
onto theαω dynamo inSections 4–6for three dif-
ferent non-zero values ofΘ0. Each section follows
the same pattern. Firstly, the purely axisymmetric re-
sults are outlined, i.e. the basic state information. Sec-
ondly, a non-axisymmetric linear stability analysis is
carried out on the axisymmetric states and thirdly, full
non-linear non-axisymmetric results are presented.

3. Θ0 = 0 (α2 dynamos)

3.1. Axisymmetric results

The axisymmetric problem has already received
some attention fromHollerbach and Jones (1993).
Using the form ofα̃ in (9) and E = 2.5 × 10−4

they studied dipole constrained solutions up toα0 =
8.0. In our present study we shall attempt to find
where the axisymmetric field becomes unstable to
non-axisymmetric perturbations or indeed perturba-
tions of the opposite parity. From the outset then,
we will allow for quadrupole symmetry. Also, it will
turn out that the axisymmetric state becomes unstable
at much higher values ofα0 than previously studied
and so we have chosen to retain an Ekman number
of 2.5 × 10−4. Given that we will be running fully
3D calculations later on (seeSection 3.3) it would be
unwise to try to reduceE any further with current
computational resources. The critical values ofα0
for the linear onset of dynamo action are quoted in
Table 1. The value ofαc for the dipole mode is in
exact agreement with that of Hollerbach and Jones.

To map out the bifurcation sequence the value of
α0 was increased in steps of 0.5 and the system was

Table 1
The linear onset value,αc, for dynamo action whenΘ0 = 0

Dipole Quadrupole

αc 5.15 5.23
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Fig. 1. Contour plots ofB, Ar sin θ (top row) andv/r sin θ ,
ψr sin θ (bottom row) atα0 = 14.0, Θ0 = 0. Contour intervals
are 0.2, 0.08, 5 and 0.08, respectively.

allowed to equilibrate at each stage. The dipole branch
was followed toα0 = 17.0 and was found to be steady
and stable to quadrupole perturbations. A pure parity
quadrupole branch was found to co-exist in the re-
gion 5.5 � α0 � 7.0. This branch was also steady
and stable to perturbations of the opposite symmetry.
At α0 = 5.5/7.0, it gains/loses stability, presumably
through a pitchfork bifurcation.

The structure of the dipolar solutions in this regime
are shown inFig. 1for α0 = 14.0. The toroidal field is
very localised adjacent to the outer boundary and close
to the maximum of the poloidal field. The meridional
flow shows similar behaviour. The angular velocity of
the fluid has some locally geostrophic flow appear-
ing in the region outside the tangent cylinder. There
is just as much super-rotation as there is sub-rotation,
with the interface between the two passing very close
to the maxima in the other quantities. Inside the tan-
gent cylinder, there are the beginnings of the forma-
tion of a shear layer almost parallel to the rotation
axis but otherwise the flow simply accommodates the
super-rotation of the inner core.

To be sure that this is a genuine feature and not a nu-
merical artifact we chose this value ofα0 to carry out
a truncation test. (Actually, this value was also chosen
because, as we shall see in the next section, the field
has already become unstable to non-axisymmetric
perturbations at this point.) As truncation levels were
increased the magnetic energy of the solution tended
towards a constant limit. By altering the individual
truncation limits and comparing the magnetic energy
to the limiting value the most CPU efficient trunca-
tions were found to consist of 34 Chebyshev poly-
nomials in radius and 40 Legendre functions inθ for
both field and flow. All the work presented in this sec-
tion, including the non-axisymmetric results to follow,
used this truncation and were time-stepped with"t =
2×10−5 (recall that time is non-dimensionalised using
the ohmic diffusion time). Tests were undertaken to
ensure this time step was adequate to ensure accuracy.

3.2. Linear stability results

We now turn to the topic of primary interest in
this study. Given a steady state axisymmetric solution
(B0, u0) we can split each of the field and flow into
two parts,

B = B0 + bm, u = u0 + um (10)

where bm and um represent the non-axisymmetric
components with particular azimuthal wavenumberm.
The linearised versions ofEqs. (3) and (4)then become

∂bm

∂t
= ∇ × (u0 × bm + um × B0) + ∇2bm (11a)

2ez × um = E∇2um + (∇ × B0) × bm

+(∇ × bm) × B0 − ∇Pm (11b)

At this point, we will introduce some notation to de-
scribe the parities of our solutions. If a vector quan-
tity, S, is dipolar then we will denote this byS ∈ D
and if it is quadrupolar we will sayS ∈ Q. The sym-
metries described by the terms dipole and quadrupole
have the following interpretation whenS is expressed
in spherical polar coordinates:

dipole quadrupole

Sr(r, π − θ, φ) = −Sr(r, θ, φ), Sr(r, π − θ, φ) = Sr(r, θ, φ),

Sθ (r, π − θ, φ) = Sθ (r, θ, φ), Sθ (r, π − θ, φ) = −Sθ (r, θ, φ),

Sφ(r, π − θ, φ) = −Sφ(r, θ, φ), Sφ(r, π − θ, φ) = Sφ(r, θ, φ).

(12)
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From Eqs. (11a) and (11b)one can easily enough
verify the possible symmetries that are permitted for
pure parity basic states. One can either have

bm ∈ D, um ∈ Q or bm ∈ Q,
um ∈ D when B0 ∈ D (13)

or

bm ∈ D, um ∈ D or bm ∈ Q,
um ∈ Q when B0 ∈ Q (14)

Let us first discuss the short branch of quadrupolar
solutions since these turn out to be of little interest.
By testing the linear stability of theα0 = 7.0 state for
values of the azimuthal wavenumberm from 1 to 8 it
was concluded that this branch was stable to all pertur-
bations. Indeed, the decay rates associated with each
mode were large enough to deduce that for these field
strengths there was no danger of non-axisymmetric in-
stability at all. The form of the linear eigenfunctions
was that of a steady drift about the rotation axis as
they decayed.

Turning now to the more interesting dipole case, we
first note that anα2 dynamo is useful in that it has al-
lowed us to test the stability of steady states. Since our
basic state is trying to model the long-term geomag-
netic field, this is one advantage the model has over the
αω dynamo, despite being in the weak field regime.
When tested atα0 = 8.0, the dipole solution was found
to be stable with respect to non-axisymmetric pertur-
bations up tom = 8. Indeed, it was not untilα0 ∼
13.0 that any instability was found.Table 2shows the
values ofα0 at which the various non-axisymmetric
modes begin to go unstable, and to which parity of
field.

The first surprising thing to note, given the rather
high value ofE = 2.5×10−4 is that the mode with the
largest structure in azimuth, i.e.m = 1 is not excited
first and indeed is not excited in the range ofα0 tested.

Table 2
The critical values ofα0 and parities for the linear onset of
non-axisymmetric modes of azimuthal wavenumberm

α0 m Parity

13.1 3 D
13.4 2 D
14.1 4 D

An m = 2 mode is, however, the second mode excited
at a value ofα0 very close to them = 3 critical value.
A common feature of all these modes is their dipole
parity.

We can now make our first comparisons with the
results of the studies of Hutcheson and Fearn (here-
after collectively referred to as HF). In their analy-
sis, the first mode to go unstable wasm = 1 when
the basic state was independent ofz, i.e. quadrupole.
This was at an Ekman number more than 10 times our
value which may explain the discrepancy. When they
introduced az-dependence they also lowered their Ek-
man number to a value comparable to ours. At this
value, both dipole and quadrupole basic states yielded
anm = 2 mode as the first instability which suggests
that forE ∼ 10−4 one should perhaps not expect to
see anm = 1 mode coming in first after all.

The other similarity between the two models is
the preference for a dipole symmetry perturbation
when the basic state is dipolar. Indeed, HF also found
that for their quadrupole state the preferred perturba-
tion field parity was quadrupole, suggesting at first
glance that the controlling influence is the parity of
the field. However, on closer inspection, we see that
for both cases the perturbations have a quadrupole
flow (seeEqs. (13) and (14)) which is the parity re-
quired for the formation of columnar rolls, a common
feature of non-magnetic convection and which sug-
gests that the Taylor-Proudman theorem may still be
partially operating. For our solutions, the preferred
parity could also be tied in to the existing parity of
the quadrupolar basic state flow. Even though our
quadrupole basic state was not linearly unstable, a
comparison of the decay rates betweenD andQ per-
turbations showed that the dipole perturbations were
damped much more strongly than their quadrupole
counterparts.

At α0 = 13.1, the Elsasser number,Λ = 28.3,
which is one order of magnitude different from the
(converted) value of 3.34 found by HF for their dipole
basic state (the value for the quadrupole was 4.12).
As noted before, the field has localised very strongly
near the outer boundary and at a preferred latitude and
so the classical Elsasser number, which only provides
information about the maximum of the field, does not
give a very accurate picture of the field structure. In
contrast, we find the value ofΛ′ to be 4.53 which is
in much better agreement with HF’s value. The field
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Fig. 2. Contour plots of the linear eigenfunction of them = 3, dipole mode atα0 = 14.0, Θ0 = 0. Top row shows the meridional structure
of the r, θ, φ components ofb at an arbitrary phase. Bottom row shows the same but with 90◦ greater phase angle. For the sake of
comparison, all three components are shown at the same contour interval.

structure in HF is much more uniform and henceΛ is
probably an adequate measure of the field strength in
that case.

Finally, we turn to the structures of the non-
axisymmetric eigenfunctions.Fig. 2 shows the three
components of them = 3 dipole magnetic field at
the supercritical valueα0 = 14.0. The top row rep-
resents ther, θ structure at an arbitrary point in time
and azimuth. The lower row shows the same but
phase-shifted 90◦, i.e. either 90◦ round inφ, a quarter
revolution backwards in time, or a suitable shift in
both. It is immediately clear that the instability has
formed at the same latitude and radius at which the
basic state concentrates. This is not unexpected and
is in agreement with the solutions found by HF.

3.3. Fully 3D results

We now solve the full system given by(3)–(7),
recalling that theα-effect only regenerates the ax-
isymmetric field, calculating the interactions of all the
azimuthal modes with one another up to our truncation
limits, MB and MU (MB is the number of azimuthal
modes in the expansion for the magnetic field andMU
the number for the flow). In practice, we always took
MB = MU which seems to be the most reasonable
choice. We chose MB= 9 and started the run at the

supercritical value ofα0 = 14.0. The axisymmetric
basic state was used as the initial condition for them =
0 part but we chose to include finite energy in both
m = 2 andm = 3 since both of these were linearly
unstable for this choice ofα0. The corresponding lin-
ear dipolar eigenfunctions were fed in and normalised
so that each had one tenth of the energy of them = 0
part.

As the run progressed the behaviour of the two
non-axisymmetric modes was quite different. Them =
2 mode started to decay immediately whilst them =
3 mode settled into a finite amplitude equilibration.
There was no growth observed in any of the other
modes except them = 6 andm = 9 dipole pari-
ties where the quadratic interaction ofm = 3 with it-
self generated a finite amplitude solution. The run was
continued until all non-zero modes had equilibrated
to their final state. Them = 0 mode was still steady
whereasm = 3,6 and 9 took the form of azimuthally
drifting waves. This equilibration can be thought of as
steady in the sense that the energy associated with it
is constant. The equilibrated energies for the non-zero
modes are shown inTable 3.

Note that the axisymmetric magnetic energy has
changed by only 3% from its original value of 38.2.
Most of this energy is in them = 3 mode but clearly
the instability is unable to extract much energy from
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Table 3
Magnetic energies for the non-zero azimuthal modes atα0 = 14.0

m 0 3 6 9

EM 37.1 9.38× 10−1 8.84× 10−3 1.99× 10−4

the basic state. Subsequently, there was no change in
the structures of the axisymmetric andm = 3 parts
from Figs. 1 and 2. A view of the azimuthal structure
of Bφ anduφ is shown inFig. 3 in the planez = 1.
Them = 3 mode has enough energy to produce a clear
perturbation to the underlying axisymmetric contours,
however, despite the inclusion of them = 6 and 9
modes, there is no evidence of them whatsoever in the
plots.

We now turn to the question of subcriticality and
test if our full non-axisymmetric solution can exist
in the region of linear stability,α0 � 13.1. Using an
equilibrated solution atα0 = 13.25 (same properties
as above) as an initial condition, a run atα0 = 13.05
was attempted. It was immediately clear that all the
non-axisymmetric parts were decaying, leaving be-
hind them = 0 steady state. This suggests that the
azimuthal symmetry breaking bifurcation is supercrit-
ical in nature. We can, of course, test for this up to
arbitrary precision by taking values ofα0 which are
closer and closer to the linear onset value but this is
not necessary. In the context of geomagnetic field re-
versals, we are more interested in a solution which can
equilibrate at a reasonable strength below linear onset
than one which can exist just barely below onset. In
the former case, a small perturbation of the axisym-
metric solution close to linear onset would result in the

Fig. 3. Contour plots of the full non-axisymmetric solution atα0 = 14.0, Θ0 = 0, taken through the slicez = 1. On the left isBφ with a
contour interval of 0.35. On the right isuφ with a contour interval of 2.5.

Table 4
Magnetic energies for the purely axisymmetric solution(EM)∗m=0,
the m = 0 part of the full non-axisymmetric solution(EM)m=0,
and the total energy of the full solution(EM)Total for three values
of α0

α0 (EM)∗m=0 (EM)m=0 (EM)Total

13.25 33.1 32.9 33.0
14.0 38.2 37.1 38.0
16.0 52.1 47.9 51.7

system jumping to a finite amplitude instability. One
possibility is that such a jump could trigger a reversal.

Comparing our results to the cylindrical analysis of
HF we can confirm that the non-axisymmetric solu-
tion is dominated by the most unstable mode from
the linear analysis. Furthermore, the initial azimuthal
breaking bifurcation is of a supercritical nature.

We can now increaseα0 to see if any subsequent
bifurcations are subcritical. The non-axisymmetric so-
lution that we have can be thought of as steady and so,
in addition to the axisymmetric state that we have just
looked at, is another possible candidate to simulate
the long-term field. One should note, however, that the
truncation tests suggestα0 = 14.0 is just within the
limits of resolution and so the following results must
be interpreted with that in mind.

Increasingα0 in steps of 0.5 from 14.0, the solu-
tion remained as before up toα0 = 16.0. Table 4
lists the magnetic energies associated with the axisym-
metric field before and after the addition of other az-
imuthal modes as well as the total energy of the full
non-axisymmetric solution at three different values of
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α0. One can see that in each case the energy in the
axisymmetric part of the full solution has been de-
creased from its original (purely axisymmetric) value
since the non-axisymmetric modes are drawing their
energy from the basic state. The total magnetic en-
ergy of the non-axisymmetric state is very similar to
the originalm = 0 value near the azimuthal symmetry
breaking bifurcation as one would expect. This is fol-
lowed by an increasing difference asα0 is increased
with the total energy always less than the original
axisymmetric magnetic energy.

At α0 = 16.5, a change in the temporal behaviour
was observed but no new azimuthal modes were ex-
cited. The drifting waves acquired a superimposed os-
cillation as they rotated and the axisymmetric part also
became oscillatory. The frequency of oscillation for
each azimuthal mode was higher than the drift fre-
quency, but did not appear to be commensurate with it,
resulting in a quasi-periodic solution. This new state
was tested for subcriticality by reducingα0 to 16.0, but
again, a return to the original steady drift behaviour
was observed.

At α0 = 17.0, yet another bifurcation was ob-
served, this time another azimuthal symmetry break-
ing accompanied by another change in the temporal
behaviour. Now all azimuthal modes were being ex-
cited fromm = 1 through to our top limit ofm = 9
but again the only symmetry present in the system was
dipolar. The vacillating drift of the non-axisymmetric
components seemed to adopt yet another superim-
posed frequency but we did not run the solution long
enough to track down this detail. At this point, the
non-axisymmetric modes started having an impact
on the axisymmetric part.Table 5shows the energy

Table 5
Magnetic energies for each azimuthal mode atα0 = 17.0

m EM

0 48.5
1 9.82× 10−2

2 6.12× 10−2

3 6.24
4 4.52× 10−2

5 7.66× 10−3

6 0.251
7 5.88× 10−3

8 1.16× 10−3

9 2.76× 10−2

in each azimuthal mode at a random snapshot in
time.

Them = 3 mode and its harmonics have increased
more than the axisymmetric part whilst the other
modes are also becoming important withm = 1, 2
and 4 containing more energy than them = 9 mode.
This bifurcation, however, turned out to be supercrit-
ical leaving us with no subcritical bifurcations in our
α2 model at all.

In brief summary, we have confirmed that the onset
of instability of an axisymmetric basic state occurs at
aroundΛ′ ∼ O(1) (Λ ∼ O(10) for a localised field)
in our α2 model. The evolution of the initial instabil-
ity is governed by the most unstable linear mode and
equilibrates in a state almost unchanged from the ini-
tial configuration. All bifurcations have tested negative
for subcriticality, although one cannot have full con-
fidence in the secondary and tertiary bifurcations due
to limited resolution. The next sections examine how
these results carry through to the strong-field regime
pertinent to a dynamo of typeαω.

4. Θ0 = 200 (αω dynamo)

4.1. Axisymmetric results

The present choice ofΘ0 is that used byHollerbach
and Glatzmaier (1998), hereafter referred to as HG.
Note that HG used a numerical code developed by
Glatzmaier independently of the Hollerbach code on
which the current work is based. Confirmation of their
results therefore increases confidence in our own code.
We increase the Ekman number from that used in
the previous section to 5× 10−4 which allows ex-
act comparison with HG. InTable 6 we report our
own findings forαc as well as the approximate val-
ues from previous studies. The agreement is clearly
satisfactory.

Table 6
The linear onset value,αc, for dynamo action whenΘ0 = 200

Dipole Quadrupole

αc 8.0 6.3
∼8 ∼6

The second row indicates approximate values from previous stud-
ies.
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In the non-linear regime, the initial bifurcation is to
a pure quadrupole state which oscillates about a zero
time average and is dominated by dynamo waves trav-
elling from the equator to the pole. We were able to
reproduce their plots of the solution atα0 = 10.0. HG
reported a symmetry breaking bifurcation atα0 ∼ 11,
after which the quadrupole parts continued to oscil-
late about a zero mean with the now excited dipole
parts oscillating about a non-zero mean. The period
of the quadrupole parts was double that of the dipole
parts which suggested the quadrupole parts consisted
of only the odd harmonics with the dipole having the
even (including zero) harmonics. They went on to plot
this solution atα0 = 15. We are able to reproduce
this.

However, the details of the bifurcation sequence to
get from the pure parity state to the mixed parity state
are not as straightforward as originally proposed. It
turns out that the transition is actually accommodated
by, not one, butfour distinct bifurcations. Since they
are not strictly relevant to the non-axisymmetric linear
stability analysis we will do later (all these states turn
out to be stable to non-axisymmetric perturbations),
we shall only briefly summarise the short sequence of
bifurcations.

The first bifurcation actually occurs atα0 = 10.2
and is indeed a symmetry breaking bifurcation in
that the dipole parts are now excited and oscillate
about a zero mean. They have the same period as the
quadrupoles with only odd harmonics present at this
point. Atα0 = 10.8 the second bifurcation takes place
and breaks the odd harmonic symmetry in the tempo-
ral behaviour. Now all harmonics are present and both
quadrupole and dipole parts oscillate about a non-zero
mean. If one then progresses toα0 = 11.4 the solution
exhibits two completely disparate timescales. There
is a short timescale that corresponds to the period of
oscillation of the solution before the bifurcation and
a much longer timescale over which the dipole part
of the solution changes sign.

The quasi-periodic behaviour is ended at a bifurca-
tion atα0 = 11.8. Beyond this point, we return to the
solution branch described by HG which is the one of
most interest in the following sections. This branch
is a periodic mixed parity state with even harmonics
in time for the dipoles and odd for quadrupoles. HG
quote that this branch goes unstable aroundα0 ∼ 30
but do not give any further details. We find there is a

transition to chaotic behaviour at the smaller value of
α0 = 25. This discrepancy is slightly worrying, but it
is quite conceivable that HG did not take particularly
small steps inα0 in this regime since they were more
interested in getting the strong field branch which ex-
ists for even higherα0. Indeed, we were able to repro-
duce the strong field branch, which comes in atα0 =
42 in the form of a steady mixed parity solution. The
fact that we have successfully reproduced all the con-
tour plots from HG suggests our code is working sat-
isfactorily and that any discrepancies are simply due
to a lack of resolution inα0 in HG.

We did not search for solution branches coexisting
with the pure quadrupole and mixed branches at the
lower end of the bifurcation sequence. If they exist,
there is nothing to suggest that they should behave any
differently, unless they have radically different field
morphologies or magnetic energies, neither of which
seems likely.

We conclude this section on the purely axisymmet-
ric behaviour of our model by showing an example
of the solution atα0 = 14.0. The contour plots can
be seen inFig. 4 which, due to the oscillatory nature
of the solution, shows six evenly spaced snapshots
throughout one period. The equatorial symmetry is
clearly broken at any instant in time, however, as
pointed out by HG, one can recover an equatorial
symmetry by comparing plots half a period apart.

The convergence of all the results in the range 6.3 ≤
α0 < 25 were checked by performing a truncation
test atα0 = 20.0. Since the Ekman number has been
doubled from the last chapter, it was found that trun-
cations consisting of 26 Chebyshev polynomials and
32 Legendre functions were adequate to produce the
period-averaged magnetic energy to an accuracy of
better than 0.5%. In fact, to facilitate a more thorough
exploration of the detailed bifurcation sequence, re-
calling the long period of the heteroclinic connection,
values ofα0 less than or equal to 15.0 were found using
22 Chebyshev polynomials and 28 Legendre functions
which seemed to produce satisfactory results. The runs
in both the chaotic and strong field branches were
performed at the 26, 32 level and so must be treated
with caution. However, the strong field branch was ex-
actly as found in HG and so the results are better than
just qualitatively correct. As before, the same trunca-
tions were carried through to the non-axisymmetric
analyses.
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Fig. 4. Contour plots of (from top to bottom)Ar sin θ , B, v/r sin θ andψr sin θ at six evenly spaced points throughout one period at
α0 = 14.0, Θ0 = 200. Contour intervals are 0.05, 0.5, 25 and 0.25, respectively.

Theαω model was much more sensitive to the value
of the time-step used than theα2 model. For the lower
range ofα0, between 6.3 and 25,"t typically var-
ied between 4× 10−5 and 1× 10−5. In the strong
field regime, aboveα0 = 42, the required time-step
was 1× 10−6 for numerical stability. In all cases, the
maximum time-step that could be successfully imple-
mented without numerical instability was used.

4.2. Linear stability results

Matters are now a little more complicated than for
theα2 dynamo since the basic states we will be testing

are neither steady nor necessarily of pure parity. Previ-
ously, we were able to store the values ofB0 andu0 at
the collocation points and solve for the exponential be-
haviour of the single azimuthal mode by time-stepping
Eqs. (11a) and (11b). It is certainly possible to attempt
a similar approach and store the values ofB0 andu0
at each collocation point over a sequence of snapshots
of the periodic solution. While this approach is just
as quick as before, the downside is the large mem-
ory requirements for the storage (∼100 Mb). To avoid
this problem we solved the equivalent linearised 2.5D
problem where the axisymmetric basic state is also
solved for, but does not receive any back reaction from
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the non-axisymmetric mode. This increases the CPU
time requirements, but not even by a factor two since
there are no sin(mφ) parts to solve for in the axisym-
metric case.

After the symmetry breaking bifurcation, both the
dipole and quadrupole non-axisymmetric perturba-
tions must grow or decay at the same rate since they
are no longer independent of one another. Of course,
the oscillatory nature of the underlying basic state
modifies what we mean by the phrase “growth rate”.
The non-axisymmetric perturbations will now, in gen-
eral, exhibit some sort of unknown time dependence
in addition to that of the exponential growth or decay
that we are trying to ascertain. This additional time
dependence has the same period as the axisymmet-
ric basic state and so a quantitative measure of the
growth rate is then still possible as long as one com-
pares values at intervals given by the period of the
axisymmetric basic state.

It turns out that the pure parity quadrupole branch is
stable to all non-axisymmetric perturbations up to and
includingm = 8. The eigenfunctions take the form of
azimuthally drifting waves again, albeit modified by
the periodic time dependence induced by the underly-
ing basic state. Atα0 = 10.0, just before the symme-
try breaking bifurcation, the period-averaged Elsasser
number,Λ = 28.3. This is identical to the value at
which the first non-axisymmetric mode started grow-
ing (m = 3) for theα2 dynamo and so this particular
αω model appears to be more stable. However, the
period-averaged energetic Elsasser number,Λ′ is only
1.40 in contrast to 4.53 previously which highlights
the problem of how best to define this quantity.

During the short sequence of four bifurcations
which introduces dipole symmetry to the basic state
the m = 1 decay rate is very close to marginal but
is never positive. The decay rate of them = 1 mode
rises again immediately after the last bifurcation but
begins to decrease gradually asα0 is then increased.
The decay rate for this mode is approximately 10
times smaller than for the next least stable mode,
m = 2, and indeed it is the first mode to go unsta-
ble. The value ofα0 for marginal stability is 12.8
which corresponds to an Elsasser number of 61.2, or
equivalently,Λ′ = 1.94.

Compared with theα2 dynamo, we have non-
axisymmetric modes becoming unstable at much
higher Λ, but much lowerΛ′. The discrepancy

between the values ofΛ and Λ′ is easily enough
explained by looking again at the plots inFig. 4. Al-
though, at first glance, the field does not seem to be
nearly as localised as for theα2 dynamo, one must
remember to take into account the fact that this is
now a mixed parity solution. For the snapshots where
the field is concentrated in one hemisphere there is
almost no field at all in the other. Since the energetic
Elsasser number involves the integral over the whole
meridional section it is not surprising that it is appre-
ciably lower than the classical Elsasser number which
is based on the maximum field strength.

The obvious question now is what difference has the
differential rotation made to our results. If we go by the
classical Elsasser number, we conclude that instability
has been inhibited, whereas, if we go with the energetic
Elsasser number we could equally well say that the
instability has been enhanced! It is probably the case
that the ideal measure of field strength is somewhere
between the two definitions given here. If we compare
our results to previous work then we would expect
that the differential rotation supplied here, with dΩ/ds
predominantly greater than zero, would stabilise the
system. If that is the case then it would appear that the
classical Elsasser number would, in fact, be the more
appropriate measure. However, the perturbation to the
thermal wind that lies inside the tangent cylinder does
provide a region of negative shear for some parts of the
period and so perhapsΛ′ is really the better choice. We
will return to this issue later when we change the value
of Θ0, thus giving us something better to compare the
present results with.

Fig. 5 shows the three components of the magnetic
field of them = 1 mode atα0 = 14.0 at the same
evenly spaced points as for the corresponding axisym-
metric plot inFig. 4. The steady drift of the solution
has been compensated for as has the growth rate. This
confirms that the eigenfunction shares the same pe-
riod as the basic state. Also, it has another feature in
common, namely the “phase-shifted” equatorial sym-
metry, arising from the particular combination of even
and odd harmonics in time.

During the cycle, the field is totally confined to one
hemisphere, the location changing every half period.
This is in agreement with the corresponding slices
shown inFig. 4 which show a similar effect but not
to the same degree. One difference is that the field is
located almost exclusively inside the tangent cylinder
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Fig. 5. Contour plots of (from top to bottom)Br , Bθ , andBφ of the m = 1 eigenfunction atα0 = 14.0, Θ0 = 200. The slices shown
are at constantφ after removing the steady drift component. The plots from left to right correspond exactly to those inFig. 4. Contour
intervals are the same for all plots.

for the entire period. Surprisingly though, the concen-
tration is apparently out of phase with them = 0 part.
It seems then that the introduction of time dependence
to the basic state allows the solution to evolve without
the instability necessarily concentrating around the re-
gion of highest field strength. This differs from our
previous steady state results and indeed was not ob-
served in the work of HF, nor the magnetostrophic
analyses ofMcLean and Fearn (1999).

4.3. Fully 3D results

Since no other values ofm became unstable after the
m = 1 mode in the range ofα0 tested, we simply ob-
tained our initial non-axisymmetric state by using the
m = 0 periodic solution and them = 1 eigenfunction
alone. As before, the linear eigenfunction, chosen at a
random point in time, was given one tenth of the en-
ergy of the corresponding axisymmetric part and then
time-stepped to equilibrium. This was carried out at
α0 = 13.0 using nine azimuthal modes in addition to
the axisymmetric part.

After a few diffusion timescales the solution settled
in to a state with periodic axisymmetric part. The pe-
riod was 0.18, which was unchanged from the purely
axisymmetric case, although the time evolution of the
spectral coefficients and the inner core rotation rate
throughout one period was noticeably different. The
non-axisymmetric parts had the same periodicity as
m = 0 in addition to their azimuthal drift. Using this
state as an initial condition, the code was then run at
α0 = 12.7, i.e. in the regime of linear stability. After
four timescales, the non-axisymmetric parts began de-
caying rapidly and after a further timescale they had
disappeared to such an extent that the axisymmetric
part had almost returned to its original unperturbed
state. As with theα2 dynamo, the initial azimuthal
symmetry breaking bifurcation is supercritical.

The behaviour of the full non-axisymmetric solution
in the supercritical regime is different to that of the
α2 dynamo in that them = 0 mode is affected much
more by the non-axisymmetric modes just after onset.
This is indicated by the sequence of six snapshots of
the axisymmetric part of the full solution inFig. 6.
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Fig. 6. Contour plots of (from top to bottom)Ar sin θ , B, v/r sin θ andψr sin θ at six evenly spaced points throughout one period of
the full non-axisymmetric solution atα0 = 14.0, Θ0 = 200. Contour intervals are 0.05, 0.5, 25 and 0.25, respectively.

The snapshots have been chosen to coincide as closely
as possible with those inFig. 4. Although the field
evolution is very similar, there are clearly some minor
differences, in contrast to the equivalent set of plots
for theα2 dynamo. The flow seems to be affected to a
greater extent, in particular the toroidal part.Table 7
shows how the energy decreases by roughly a factor
10 for each step inm for the large scale azimuthal
modes atα0 = 14.0. Them = 0 energy has decreased
by approximately 6% of its original value, 15.2.

One very noticeable feature in them = 1 behaviour
is the drastic change in its drift frequency,−6.79, from
the linear regime,−223. The drift is still retrograde

but of a much smaller magnitude. Presumably this
must be directly related to the presence and non-linear
interaction of all the higherm modes. If so, then this
highlights how misleading a simple linear analysis can
be, since the modes abovem = 1 contribute less than
1% to the total energy of the solution. Accounting for
the drift, the three components of them = 1 part of the
equilibrated solution are shown inFig. 7. Compared
with the linear counterpart inFig. 5one can see that the
exact details of the mode have changed considerably,
although the broad behaviour is similar.

Theα2 andαω models are also similar in the way
they behave at higher forcings. With the azimuthal
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Table 7
Period-averaged magnetic energies for the individual azimuthal
modes atα0 = 14.0

m EM

0 14.3
1 1.08
2 0.115
3 1.60× 10−2

4 2.53× 10−3

5 5.41× 10−4

6 1.24× 10−4

7 3.22× 10−5

8 9.68× 10−6

9 4.48× 10−6

symmetry completely broken, the next bifurcation
is to a quasi-periodic state atα0 ∼ 15. The short
period is still roughly one fifth of a timescale and
is modulated by a longer period of about 0.7. The
non-axisymmetric parts are also quasi-periodic as
well as maintaining their azimuthal drift. There are
certainly variations on the short timescale of the

Fig. 7. Contour plots of (from top to bottom)Br , Bθ , andBφ of them = 1 part of the non-axisymmetric solution atα0 = 14.0, Θ0 = 200.
The slices shown are at constantφ after removing the steady drift component. The plots from left to right correspond exactly to those in
Fig. 5. The contour interval is 0.2 throughout.

m = 0 part, but there is a clear periodic behaviour for
all modes on the 0.7 timescale. This is weakly modu-
lated by an even longer timescale,∼4, resulting in the
quasi-periodicity mentioned. Form = 1, the drift fre-
quency is essentially unchanged from that before the
bifurcation.

5. Θ0 = 400 (αω)

5.1. Axisymmetric results

We now double the buoyancy force to examine the
effect of increasing the magnitude of the differential
rotation. As expected, the quadrupole is still easiest to
excite, but withαc = 3.00, which is not exactly one
half of the previous value, 6.3. The discrepancy shows
that, even though it is very weak, the meridional cir-
culation can still produce an observable effect, albeit
of little consequence. Similarly, for the dipole branch,
the value ofαc was found to be 3.85, in contrast with
8.0 previously.
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Fig. 8. Contour plots of (from top to bottom)Ar sin θ , B, v/r sin θ andψr sin θ at six evenly spaced points throughout one period at
α0 = 4.4, Θ0 = 400. Contour intervals are 0.05, 1.0, 50 and 0.25, respectively.

The solution in the non-linear regime, pastαc, again
takes on the form of an oscillatory quadrupole with
zero time average. The evolution of the pure parity
state throughout one period is shown inFig. 8atα0 =
4.4. This solution persists until a symmetry breaking
bifurcation atα0 = 4.5.

The mixed parity solution which results does, how-
ever, differ from that in the last section, since the dipole
part now oscillates with the same frequency as the
quadrupole. It turns out that the total energy has half
the period of the field, a feature shared with the flow.
This implies that we have a state which only includes
the odd harmonics inboth parities. The evolution of
this state throughout one period is shown inFig. 9 at
α0 = 5.0.

The value ofα0 for which the symmetry breaking
bifurcation takes place is less than half of that for the
previous model. Looking at the magnetic energy, we
see that this has actually increased to 22.4 from the
previous model’s value of 13.7, showing that, if any-
thing, the present model has actually had its symmetry
broken later than the previous model.

The truncations for this model were increased from
the last section to take into account the larger differen-
tial rotation now present. A truncation test was carried

out atα0 = 5.0 which suggests that the field and flow
should still be resolved to the same extent.

5.2. Linear results

The m = 1 mode was the first to go unstable at
α0 = 4.31, which is still in the pure quadrupole regime
for the basic state. Only the dipole parity was excited,
although the quadrupole comes in straight after, at
α0 = 4.32. This is slightly surprising, since the parity
of the associated flow eigenfunction is dipole, which
is at variance with the results of HF and for our own
α2 dynamo. Again, as we pointed out for the case
of eigenfunction concentration, one may point to the
time dependence as a possible candidate for disrupting
the previous pattern of results. Of course, one should
remember that there is not much difference between
the onset of the two parities, and indeed, both are
present soon afterwards when the basic state becomes
mixed.

The period-averaged critical Elsasser numbers cor-
responding toα0 = 4.31 areΛ = 30.9 andΛ′ =
2.67. Increasing the differential rotation has pro-
duced another situation whereΛ exhibits a different
change thanΛ′. Since the axisymmetric plots have
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Fig. 9. Contour plots of (from top to bottom)Ar sin θ , B, v/r sin θ andψr sin θ at six evenly spaced points throughout one period at
α0 = 5.0, Θ0 = 400. Contour intervals are 0.05, 1.0, 50 and 0.25, respectively.

a quadrupole symmetry, they are even less localised
than they were before, henceΛ and Λ′ are closer
than for the previous buoyancy. Since the positive
gradient of differential rotation should be stabilising,
we expect to see higher Elsasser numbers than before.

Table 8
The decay rates for the pure parity eigenfunctions, obtained by comparing the solutions one period apart, atα0 = 4.31, Θ0 = 400

m 1 2 3 4 5 6 7 8

Dipole +0.20 −64 −93 −115 −138 −160 −184 −208
Quadrupole −0.39 −56 −82 −99 −125 −142 −170 −187

It would therefore appear that the energetic Elsasser
number is the appropriate measure, as expected from
the differing degrees of localisation of the two basic
states under comparison.

The decay rates atα0 = 4.31 are shown inTable 8.
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From these values, we can see that them = 1 mode
actually behaves in the opposite manner to all the oth-
ers with respect to parity selection. This suggests that
the preference of a dipolar flow, as opposed to the ex-
pected quadrupole, may indeed be a non-generic re-
sult, perhaps simply an artifact of our particular choice
of α andΘ.

One can show easily enough that for a basic state
with odd field harmonics and even flow harmonics,
the resulting perturbation equations will admit two
separate time dependences in the eigenfunctions.
The one that is selected in this case is that having
the same behaviour as the basic state, i.e. odd field
and even flow. Due to its equatorial symmetries,
this eigenfunction cannot localise itself within one
hemisphere as with the mixed parity solution for the
previous choice ofΘ0. It does, however, show signs
of growth and decay throughout its periodic cycle
and again is concentrated primarily within the tangent
cylinder.

In the mixed parity regime, atα0 = 5.0, them =
1 eigenfunction that grows most quickly is the one
which has the opposite time dependence to the basic

Fig. 10. Contour plots of (from top to bottom)br , bθ , andbφ of the m = 1 eigenfunction atα0 = 5.0, Θ0 = 400. The slices shown are
at constantφ after removing the steady drift component and exponential growth. The first, third and fifth columns correspond exactly to
the first three columns inFig. 9. Contour interval forbr is one half of that for the other two components.

state. The field has even harmonics and has half the
period of the flow which has the odd harmonics. Since
the second half of one period will be identical to the
first, Fig. 10shows six evenly spaced snapshots of the
magnetic field over the first half of the period. The re-
laxation of equatorial symmetry has again encouraged
the solution to localise in one hemisphere, although
the effect is not as pronounced as before. The local-
isation within the tangent cylinder still appears to be
a general feature of the non-axisymmetric eigenfunc-
tions.

5.3. Fully 3D results

A snapshot of the mixed paritym = 1 eigenfunc-
tion atα0 = 5.0 was given one tenth of the energy of
the simultaneousm = 0 basic state and then the full
non-axisymmetric equations were time-stepped for-
ward. The solution settled in to a state with the time
dependence as predicted from the linear theory. In con-
trast to the previous choice ofΘ0, the drift frequency
of them = 1 mode,−0.70 was relatively unchanged
from that of the linear eigenfunction,−0.88.
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A run was made atα0 = 4.5, which eventually
equilibrated with finite amplitude in both symmetries
and so the non-axisymmetric solution is mixed parity
over at least the range indicated by the linear analy-
sis. The next run was made atα0 = 4.35 in which
the non-axisymmetric quadrupole and axisymmetric
dipole parities began to decay. No sign of equilibra-
tion was found and so the energy in the decayingm =
0 dipole mode was quartered and the run restarted.
This was repeated twice with no sign of the decay
stopping, and so it appears that the non-axisymmetric
solution follows the parity selection from the linear
analysis.

Fig. 11. Contour plots of (from top to bottom)Ar sin θ , B, v/r sin θ andψr sin θ at six evenly spaced points throughout one period of
the full non-axisymmetric solution atα0 = 5.0, Θ0 = 400. Contour intervals are 0.05, 1.0, 50 and 0.25, respectively.

A run atα0 = 4.3 showed immediate decay of all
non-axisymmetric parts and so the procedure of re-
ducing the energies was again employed to save time.
The non-axisymmetric energies were all reduced by
a factor of 25, after which they continued to decay,
leading us to conclude that the azimuthal symmetry
breaking bifurcation is supercritical in nature.

Returning to the structure of the non-axisymmetric
solutions, we have chosen to focus on the mixed parity
regime atα0 = 5.0. Fig. 11 shows the axisymmetric
part of the solution at a sequence of similar snapshots
to those inFig. 9. The field is relatively unchanged
with the flow being affected only slightly more. The
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Fig. 12. Contour plots of (from top to bottom)br , bθ , andbφ of them = 1 part of the non-axisymmetric solution atα0 = 5.0, Θ0 = 400.
The slices shown are at constantφ after removing the steady drift component and exponential growth. The first, third and fifth columns
correspond exactly to the first three columns inFig. 9. Contour interval forbr is 0.1 with 0.2 forbθ and bφ .

m = 1 part of the solution is shown inFig. 12, again
only over the first half of the period. As before, there
seem to be a lot of fluctuations throughout a single
period, but the main feature is still that the field is
localised within the tangent cylinder.

6. Θ0 = −200 (αω)

6.1. Axisymmetric results

The final model we shall consider is one where the
direction of the buoyancy, and hence the thermal wind,
has been reversed. Changing the sign of the buoyancy
means we have changed the sign of the dynamo num-
ber, and so we should not necessarily expect to obtain
the same values ofαc as forΘ0 = +200. One should
note though thatRoberts (1972)does mention a possi-
ble link between the values ofαc for opposite parities
on flipping the sign of the dynamo number. Indeed,
we do follow the trend exhibited by previous mod-
els in that the reversed differential rotation promotes

dipole instability before quadrupole. The critical onset
of the dipole mode is atαc = 6.15, whereas for the
quadrupole it isαc = 7.70.

In the weakly non-linear regime the dipole solu-
tion takes the familiar form of dynamo waves oscil-
lating about a zero mean. As expected, these waves
now travel in the opposite direction to before, i.e. pole
to equator. The evolution throughout one period at
α0 = 10.0 can be seen inFig. 13where it should be
noted that, except for the differential rotation, the con-
tour intervals are now one half of those in the corre-
sponding situation forΘ0 = +200 shown inFig. 13.
The probable explanation is found by inspection of
the angular velocity, which now shows a greater re-
gion of opposite flux than its earlier counterpart, thus
limiting the toroidal field, and, in turn, the meridional
field.

At α0 = 11.2, the dipole branch becomes unsta-
ble. However, the subsequent evolution is completely
different than for the negative buoyancy. Instead of
undergoing a symmetry breaking bifurcation, the so-
lution jumps to a separate pure parity quadrupole
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Fig. 13. Contour plots of (from top to bottom)Ar sin θ , B, v/r sin θ andψr sin θ at six evenly spaced points throughout one period at
α0 = 10.0, Θ0 = −200. Contour intervals are 0.025, 0.25, 25 and 0.125, respectively.

branch. Using this solution as an initial condition, it
was possible to return toα0 = 10.7 before losing
stability back to the dipole branch. It is possible that
we have actually found a subcritical bifurcation, even
though it is not in the manner originally envisaged!
The dipole branch may undergo a subcritical bifurca-
tion, presumably to an unstable mixed parity solution,
which then bifurcates to the pure quadrupole branch,
regaining stability in the process. This type of situa-
tion could be potentially very important in the context
of geomagnetic reversals in which the predominantly
dipolar field can become quadrupolar during the re-
versal process. If a perturbation to the long-term
dipole field causes it to flip to the quadrupole state,
then the removal of the perturbation may cause it to
flip back to either the original state or, equally possi-
bly, the reversed state. The quadrupole state observed
here has lower energy than the dipole, which also fits
the data from reversals. The quadrupole state is very
similar to the dipole and can be seen inFig. 14 for
α0 = 12.0. All the field is still virtually contained
outside the inner core and the presence of only the
odd harmonics in time induces a flow with half the
period.

The equatorial symmetry is eventually broken at
α0 = 12.5 to a state that contains only odd harmon-
ics in both dipole and quadrupole parts. ForΘ0 =
+200, the sequence of mixed solutions contained a
quadrupole part with energy essentially independent
of α0, corresponding to the energy of the pure parity
state prior to the bifurcation. Here, forΘ0 = −200,
we also observe growth of the dipole energy alone as
α0 is increased although the quadrupole energy is not
equal to that before the bifurcation. This is outlined
in Fig. 15which shows the quadrupole contribution to
the energy as bullet points. At the point of bifurcation,
the energy is distributed evenly between the two par-
ities suggesting an equipartition of energy. This does
not persist asα0 is increased though, with the dipole
part increasing linearly withα0.

From Fig. 15, we see that that global period-
averaged magnetic energy of the solution atα0 =
16.0 is only 5.54, compared to 17.7 at the equiva-
lent value ofα0 for the opposite buoyancy. It seems
that the differing behaviour of the toroidal flow be-
tween the two cases is responsible for the difference.
To underline this, the period-averaged energy for
α0 = 30.0 is still only 13.8. It is evident that in
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Fig. 14. Contour plots of (from top to bottom)Ar sin θ , B, v/r sin θ andψr sin θ at six evenly spaced points throughout one period at
α0 = 12.0, Θ0 = −200. Contour intervals are 0.025, 0.25, 25 and 0.125, respectively.

Fig. 15.EM vs. α0 for Θ0 = −200. The quadrupole contribution to the energy in the mixed regime is shown by bullet points.
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this regime, increasingα0 has little effect on the
(still dominant) toroidal field. The interaction of
magnetic and thermal winds is pushing the system
away from the strong field regime towards the weak
field regime where poloidal and toroidal parts are
comparable.

That the magnetic wind opposes the thermal wind
in this case, and not for the other, is not surprising
in the weakly non-linear limit. We know that, despite
the linear eigenfunctions having different parities, the
overall structure is usually very similar and so the
generated magnetic wind should therefore be similar.
What we have shown here is that this similarity can
persist into the strongly non-linear regime and thereby
change the evolution of the two systems entirely asα0
is increased.

6.2. Linear results

A linear analysis was made which revealed that no
modes were unstable atα0 = 30.0, althoughm = 1
was the least stable. Atα0 = 64.0, the period-averaged
energy is∼49 and a truncation test was carried out
which revealed no serious problems. Despite the high
energy present in the basic state, no instabilities were
found. It was not untilα0 ∼ 75 that instability was
observed, and even then not in the manner expected.
The modes that showed growth were with azimuthal
wavenumbers of order 10 with the lower modes com-
ing in gradually asα0 was increased. Atα0 ∼ 120,
the m = 1 mode eventually became unstable but a
lack of time unfortunately prevented a full analysis of
the situation. Since the truncation test shows no prob-
lem atα0 = 64.0, it would appear these results are
genuine, but one would like to be definite given the
strange behaviour observed. Clearly, a fully 3D run is
out of the question since we would have to include an
extremely large number of azimuthal modes to be able
to resolve the fine structures which would inevitably
appear.

7. Conclusions

The first aim of the study was to examine the magni-
tude of axisymmetric field one must have in a spherical
geometry in order to obtain non-axisymmetric instabil-
ities.Table 9summarises the critical parameter values

Table 9
Critical parameter values for the four different models attempted

Θ0

0 +200 +400 −200

α0 13.1 12.8 4.31 ∼75
m 3 1 1 O(10)
EM 32.0 13.73 18.9 ∼61
Λ 28.3 61.2 30.9 ∼41
Λ′ 4.53 1.94 2.67 ∼8.6

associated with the onset of the first non-axisymmetric
mode.

From a general point of view it would seem that in-
stability typically ensues whenΛ ∼ O(10) and when
Λ′ ∼ O(1). This agrees with the work ofZhang and
Fearn (1994, 1995)who studied the instabilities of
imposed toroidal and poloidal decay modes separately.
When there is a non-zero buoyancyΛc is slightly
higher althoughΛ′

c is actually lower. It is difficult to
reconcile the results with and without the buoyancy
term, but one must bear in mind that the two models
differ fundamentally in that one is steady state (as was
the Zhang and Fearn work) and one is oscillatory. It
would appear that the time dependence can produce
noticeably different results. The non-axisymmetric in-
stabilities produced by the oscillatory states always
showed a tendency to concentrate within the tangent
cylinder, while the steady state field filled the whole
shell.

If we compare theΘ0 = 200 solution with the
one having twice the buoyancy, we can make a better
comparison. There is less localisation in theΘ0 = 400
solution and soΛ decreases leaving us withΛ′ as the
more appropriate measure. The effect of doubling the
predominantly positive gradient differential rotation,
is to stabilise the system as previously noted byOgden
and Fearn (1995).

For the case whereΘ0 = −200 the interaction
of the thermal wind and the magnetic wind unfortu-
nately produced a flow of little interest with respect
to the study of negative gradient differential rota-
tion. Inside the tangent cylinder, the gradient of the
angular velocity with respect to the cylindrical ra-
dius is quite small, however, near the equator there
are regions of negative gradient differential rotation.
Given the tendency of all our oscillatory solutions
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to have their instabilities concentrated within the
tangent cylinder region it is perhaps not surpris-
ing that the expected behaviour was not found. The
negative gradient regions disappear completely for
higher forcings which helps to explain why the on-
set of instability is found at such large values ofα0
andΛ′.

Another issue raised by Zhang and Fearn was the
direction of propagation of the instabilities. It was
their conclusion that this quantity could be strongly
influenced by small effects like changing the inner
core radius slightly or even simply small changes in
the basic state field. For theα2 model them = 3
mode propagates eastward, but we only ever obtain
westward propagating waves when the buoyancy is
included. It is difficult to say without studying more
models, but it may be the case that the introduction
of time dependence favours westward drifting modes.
This could have important implications for the geo-
magnetic field, which is known to have a westwardly
drifting non-axisymmetric component (see for exam-
ple, Bloxham and Gubbins, 1985).

The second aim of our study was to examine the
possibility of subcritical solutions at the point of az-
imuthal symmetry breaking. Regardless of whether the
basic state was steady or oscillatory there was no ev-
idence for subcriticality in any of the models studied.
We did, however, find evidence of a subcritical ax-
isymmetric bifurcation in our last model. This bifur-
cation allows a dipole solution to temporarily change
to a weakened quadrupole state, with the possibility
of returning to a reversed dipole solution. This may be
more relevant than the bifurcations we were originally
trying to find.

Lastly, we also looked at how the instabilities could
affect the basic state once they were allowed to evolve
and equilibrate at finite amplitude. In all cases, the
basic state did not undergo any radical change but
it was clear that the instabilities were able to draw
more energy in the oscillatory solutions than for the
steady state. This may be related to the fact that the
α2 model produced anm = 3 instability first rather
than them = 1 mode of the other models. For the
oscillatory models, the azimuthal dependence of the
whole solution within the core was not just dominated
by m = 0 andm = 1 but by some of the higher
modes as well. This is unlikely to be observed at the
Earth’s surface, however, since there was virtually no

penetration of our non-axisymmetric fields into the
mantle.
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