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We investigate numerically the ®ow of an electrically conducting ®uid conned in
a spherical shell, with the inner sphere rotating, the outer sphere stationary, and a
strong magnetic eld imposed parallel to the axis of rotation. It has previously been
shown that the axisymmetric basic state depends strongly on the electromagnetic
boundary conditions used, with insulating boundaries yielding a shear layer, but
conducting boundaries yielding a counter-rotating jet, where in both cases these
structures are located on the cylinder parallel to the imposed eld and tangent to
the inner sphere. Here we compute the non-axisymmetric instabilities of these basic
states, and show that for su¯ciently large rotation rates both the shear layer and the
jet spawn a series of vortices encircling the tangent cylinder. Finally, we consider the
fully three-dimensional nonlinear equilibration, and show that in the supercritical
regime a secondary bifurcation occurs in which the number of vortices (for the shear
layer) or vortex pairs (for the jet) is reduced by one.
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1. Introduction

Imagine taking a ®uid-lled spherical shell, xing the outer sphere, and rotating the
inner one. Depending on the aspect ratio of the shell and the imposed rotation rate,
this simple conguration, known as spherical Couette ®ow, can generate an enormous
range of ®ow patterns, the study of which forms an integral part of classical ®uid
dynamics. See, for example, Egbers & Pster (2000) for a review of some of these
results.

One can also add another twist to this problem, by taking the ®uid to be electri-
cally conducting, and imposing a magnetic eld. Remembering from basic physics
that moving a conductor through a magnetic eld induces currents, and that the
combination of electric currents and magnetic elds in turn produces forces, one
might expect the magnetic problem to di¬er from the non-magnetic one. Of course,
if the eld is too weak, one will only obtain relatively minor perturbations on the
above non-magnetic results. However, if the eld is su¯ciently strong (as measured
by the Hartmann number M introduced below), one can obtain fundamentally new
results.

Furthermore, because of the highly anisotropic nature of the magnetic tension
force, coupling di¬erent regions only if they are linked by magnetic eld lines,
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the results in these strongly magnetic problems depend crucially on the geome-
try of the imposed eld, which we will insist is axisymmetric about the rotation
axis. In that case, the eld lines of the imposed eld naturally divide the shell up
into di¬erent regions coupled either to both spheres, or only to one or the other.
One might then expect ®uid in the di¬erent regions to behave quite di¬erently,
with ®uid coupled only to the outer, stationary sphere to remain at rest, ®uid
coupled only to the inner, rotating sphere to co-rotate with it, and ®uid coupled
to both to rotate at some intermediate rate. But then one must also expect some
type of adjustment to occur on the particular eld lines separating one region from
another.

This problem was analysed asymptotically by Starchenko (1998), who showed rst
of all that, at least for insulating inner and outer boundaries, these general conclu-
sions regarding the rotation rates in the di¬erent regions are correct, and further-
more that the thickness of the shear layer separating one region from another scales
as O(M ¡1=2). Indeed, these shear layers are nothing more than special cases of the
so-called parallel layers already familiar in magnetohydrodynamics (see, for example,
Moreau 1990).

Another intriguing result was obtained numerically by Dormy et al . (1998), who
imposed a dipole eld and considered the e¬ect of switching the inner boundary from
insulating to conducting. Quite unexpectedly they found that there was then also a
small super-rotating jet, that is, ®uid rotating faster than the imposed rotation of
the inner sphere. The thickness of this jet also scales as M ¡1=2, and the degree of
super-rotation ultimately (that is, for su¯ciently large M ) saturates at ca. 30%.

Finally, in the course of a general review of magnetohydrodynamic ®ows in spheri-
cal shells, Hollerbach (2000a) considered the e¬ect of switching both boundaries from
insulating to conducting. While these were originally expected to be purely routine
sample calculations, this turned out to be the most dramatic case yet, with the degree
of super-rotation increasing by an order of magnitude, and indeed showing every sign
of increasing indenitely with M , apparently as M 0:6. Similarly, imposing a uniform
axial eld rather than a dipole resulted in a counter-rotating jet, that is, ®uid rotat-
ing in the opposite direction from the imposed rotation. See also Hollerbach (2001)
for a systematic study of which elds yield super- and/or counter-rotation.

In this work we will also consider a uniform axial eld. Besides being the simplest
possible case, it has the advantage that it would be the easiest to actually impose in
a laboratory. There are in fact quite a number of experimentalists working on liquid
metal ®ows (see, for example, Brito et al . 1995, 1996; Stieglitz & Molokov 1997;
Odier et al . 1998; Pe°ey et al . 2000), and we hope this work will indeed stimulate
one of them to do this particular experiment.

We will begin by considering the two cases, insulating versus conducting bound-
aries, in considerably more detail than was possible in Hollerbach (2000a). After
comparing and contrasting these two, so far purely axisymmetric states, we will
go on to consider the non-axisymmetric instabilities that arise for su¯ciently large
rotation rates. We will show that in both cases the critical Reynolds numbers for
the onset of instability increase with increasing Hartmann number, but at di¬erent
rates. Similarly, in both cases there is a progression to higher and higher azimuthal
wavenumbers, but again at di¬erent rates. Finally, we will consider the fully three-
dimensional nonlinear equilibration of these instabilities, and explore some of the
subsequent bifurcations that occur in the supercritical regime.
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2. Statement of the problem

(a) Equations

The appropriately non-dimensionalized momentum and induction equations for the
®ow U and the eld B are

@U

@t
+ U rU = ¡rp + Re¡1r2U + M 2Re¡1Rm¡1(r £ B) £ B; (2.1 a)

@B

@t
= Rm¡1r2B + r £ (U £ B); (2.1 b)

together with the solenoidal conditions r U = r B = 0. Length has been scaled
by the inner sphere radius ri, time by the rotational time-scale «¡1, U by «ri, and
B by the imposed eld B0. The three non-dimensional parameters that then appear
in these equations are the Hartmann number,

M =
B0ri

(·»¸²)1=2
;

measuring the imposed eld, and the two Reynolds numbers,

Rm =
«r2

i

²
; Re =

«r2

i

¸
;

measuring, respectively, the ratios of the magnetic and viscous di¬usive time-scales
to the rotational time-scale.

Inserting typical values that one might use in setting up this conguration in a
laboratory, one nds that Rm ½ 1, whereas Re ¾ 1; the ratio of the two, ¸=², is
certainly extremely small, O(10¡6), for most liquid metals. It turns out that this
smallness of the magnetic Reynolds number allows us to e¬ectively eliminate it com-
pletely. We begin by expanding the eld as

B = êz + Rmb; (2.2)

where êz is the imposed eld (remembering that its magnitude has already been
absorbed into M ) and Rmb the induced eld. Inserting (2.2) into (2.1) and neglecting
O(Rm) terms then yields

@U

@t
+ U rU = ¡rp + Re¡1r2U + M 2Re¡1(r £ b) £ êz ; (2.3 a)

0 = r2b + r £ (U £ êz); (2.3 b)

which (by construction) no longer involves Rm at all. That is, Rm enters into the
problem only in the meaning we ascribe to b, but not in the equations we actually
solve.

(b) Boundary conditions

The boundary conditions associated with (2.3 a) are of course just the usual spher-
ical Couette ®ow boundary conditions,

U = sin ³ê¿; at r = ri;

U = 0; at r = ro;
(2.4)

Proc. R. Soc. Lond. A (2001)



788 R. Hollerbach and S. Skinner

where again the magnitude of the imposed rotation has already been absorbed
into Re.

The boundary conditions associated with (2.3 b) are a little more complicated,
and in particular depend on whether we take the regions r < ri and r > ro to be
insulators or conductors. In both cases though, we begin by decomposing as

b = r £ (gêr) + r £ r £ (hêr);

and expanding in spherical harmonics

p =
l;m

plm(r; t)P m
l (cos ³) exp(im¿);

where p stands for either g or h.
If we now take the exterior regions to be insulators, the equation governing the

external elds is r £ bext = 0. We can analytically solve for such so-called potential
elds and match across the boundaries, ultimately yielding

glm = 0;
d

dr
hlm ¡

l + 1

r
hlm = 0; at r = ri;

glm = 0;
d

dr
hlm +

l

r
hlm = 0; at r = ro;

(2.5)

as the appropriate boundary conditions to impose on the internal eld.
Alternatively, if we take the exterior regions to be conductors, the equation gov-

erning the external elds is the same as (2.3 b), with U being zero in r > ro and
solid-body rotation in r < ri. In both cases though r £ (U £ êz) = 0, so in fact the
equation governing the external elds is just r2bext = 0. We can again analytically
solve for such elds and match across the boundaries, now yielding

d

dr
glm ¡

l + 1

r
glm = 0;

d

dr
hlm ¡

l + 1

r
hlm = 0; at r = ri;

d

dr
glm +

l

r
glm = 0;

d

dr
hlm +

l

r
hlm = 0; at r = ro;

(2.6)
as the appropriate boundary conditions to impose on the internal eld.

Note also that these conditions were derived assuming the entire regions r < ri

and r > ro to be conductors, and to be of the same conductivity as the ®uid. In
any real experimental apparatus, of course, the outer region would certainly have to
terminate somewhere; nor would the conductivity of the solid metal making up these
boundaries necessarily be the same as the conductivity of the liquid metal within.
If one wanted to, one could derive conditions appropriate to any given experimental
conguration. However, as we will show below, the main e¬ect of switching from
insulating to conducting boundaries is simply that in one case the current cannot
recirculate through the boundaries, whereas in the other case it can. It seems likely
therefore that as long as the total conductance of the boundary regions is at least
comparable with the conductance of the ®uid shell, the precise details of how this is
achieved should not matter.
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(c) Numerical solution

To summarize, the procedure we wish to implement is to time-step the momentum
equation (2.3 a) for U , with (2.4) as the boundary conditions, and at each time-step
invert the induction equation (2.3 b) for b, with either (2.5) or (2.6) as the boundary
conditions. The numerical code used to achieve this is that of Hollerbach (2000b),
suitably modied to accommodate the switch from a predictive to a diagnostic equa-
tion for b.

In fact, three slightly di¬erent versions of this code are used. We begin by restrict-
ing our attention to purely axisymmetric solutions. These results are presented in the
next section, and exhibit this dramatic di¬erence between the insulating and conduct-
ing boundaries alluded to above. We next linearize (2.3) about these axisymmetric
solutions|note, incidentally, that inertia is the only remaining nonlinearity|and
investigate the stability of single non-axisymmetric modes at a time. In particular,
for each m mode we compute how the critical Reynolds number for the onset of
instability varies with the Hartmann number, and which m is therefore the most
unstable. Finally, we consider the fully three-dimensional nonlinear equilibration of
these instabilities, and explore some of the mode transitions that occur in the super-
critical regime.

(d ) Diagnostics

Before proceeding to compute specic solutions, we also note the energy and torque
balances associated with this system, as these diagnostics not only provide a reas-
suring check of the numerical implementation, they are also a convenient way of
presenting some of the results. For example, if one were to set up this conguration
in a laboratory, one of the most obvious measurements to make would be the torque
one must exert on the inner sphere to maintain its rotation, so we would like to see
how that arises from the governing equations.

So, adding the dot products of (2.3 a) with ReU and (2.3 b) with M 2b and inte-
grating over the volume, one ultimately obtains

@

@t
1

2
Re U2 dV

= ¡ 16

3
ºr3

i ¡ jr £ U j2 dV ¡ M 2 jr £ bj2 dV

¡ r4
@

@r

U¿

r
sin2 ³ d³d¿ ¡ M 2 r3b¿ cos ³ sin2 ³ d³d¿

r = ri

; (2.7)

where some of the boundary conditions have also been used. See, for example, Holler-
bach (1996) for a similar derivation.

The term on the left is of course just the rate of change of the (suitably rescaled)
kinetic energy, and we note that in the Rm ! 0 limit there is no corresponding
magnetic energy. The rst three terms on the right-hand side are then the (negative-
denite) viscous and magnetic dissipation, where the ohmic dissipation term is to
be integrated just over the shell in the insulating case, but over all space in the
conducting case. The nal two terms on the right-hand side are the work done against
the viscous and magnetic torques on the inner sphere, where the boundary conditions
(2.5) and (2.6) are such that the magnetic torque is in fact present only in the
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Figure 1. Contour plots of the angular velocity; Re = 0 and M = 102 , 102 :5 and 103 , going from
left to right. The top row is with insulating boundaries, the bottom with conducting boundaries.
The contour interval is 0.2 throughout. Additionally, in the bottom row those regions whose
counter-rotation exceeds 0.2 have been grey-shaded for emphasis. Finally, all of these results are
symmetric about the equator.

conducting and not in the insulating case. We will see below that all of our solutions
satisfy this energy balance extremely well.

3. Axisymmetric solutions

Using the purely axisymmetric version of the code, the equilibrated solutions turn
out to be steady, and equatorially symmetric, for all values of M and Re considered.
Figure 1 shows how the angular velocity adjusts between 1 on the inner boundary
and 0 on the outer. Re = 0, corresponding to an innitesimally small rotation rate,
and M varies from 102 to 103, corresponding to an increasingly strong eld. In both
cases a clear pattern then emerges.

With insulating boundaries the ®uid is at rest outside the so-called tangent cylin-
der C , and in essentially solid-body rotation at the intermediate rate 1

2
inside. The

adjustments across C and at the boundaries then occur in increasingly thin shear
and boundary layers, with the parallel layer right on C scaling as O(M ¡1=2), and
the Hartmann layers at the boundaries as O(M ¡1). The asymptotic scalings of both
types of layer are again well understood in general (Moreau 1990), and even in this
particular problem (Starchenko 1998). See also Vempaty & Loper (1978) for a some-
what related problem.

In sharp contrast with conducting boundaries the ®uid well outside C is still at rest,
but virtually all the other features are di¬erent. In particular, the Hartmann layers
are completely absent, with the adjustment between 1 at ri and 0 at ro occurring
throughout the region inside C . And of course, most striking of all, there is now a
powerful counter-rotating jet just outside C , whose strength evidently varies with M .
Figure 2a shows how its strength increases with M , roughly as M 0:6, and exceeds
« once M exceeds 102:3. Although similar increasingly strong jets are known in
general (Moreau 1990), the existence of this one was only discovered accidentally by
Hollerbach (2000a), as noted above. The precise origin of the M 0:6 scaling is still not
entirely clear though, and indeed the results in gure 2 are presented here for the
rst time.
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Figure 2. The strength of the counter-rotating jet as a function of the Hartmann number, with
(a) showing the basic M 0 :6 scaling, and (b) showing the slight di®erence between Re = 0 and
1000. Note also that according to ¯gure 4b, the Re = 1000 curve is in fact already in the unstable
regime for M < 102 :5 . Here of course these instabilities have been suppressed by the use of the
purely axisymmetric version of the code.

Figure 3. The stream function of the meridional current for the solutions shown in ¯gure 1. The
circulation is counterclockwise in all cases, with the recirculation through the outer boundary
not shown in the bottom row. The contour intervals are 0.024, 0.008 and 0.0024 in the top
row, indicating the O(M ¡ 1 ) scaling of the current, whereas in the bottom row they are 0.024
throughout, indicating the O(1) scaling of the current. Finally, these results are antisymmetric
about the equator, that is, the circulation in the lower hemisphere is clockwise.

In order to understand these striking di¬erences between the two cases, we need
to consider the meridional components of the induced current j = r £ b (shown in
gure 3). At rst glance, the overall pattern is quite similar, consisting of a broad
downward ®ow inside C and a narrow upward ®ow just outside C . The only di¬er-
ence seems to be that, as mentioned above, in the insulating case the current must
recirculate through the boundary layers, whereas in the conducting case it can recir-
culate through the boundaries instead. And although it is not immediately clear why
that should make any di¬erence to the ®uid interior, indirectly it turns out that it
does. In particular, if we consider not just the spatial pattern of the current, but
its magnitude as well, we nd that the two cases are completely di¬erent, scaling as
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O(M ¡1) in the insulating case but as O(1) in the conducting case. The reason for
this is quite simply that in the insulating case it is increasingly di¯cult to circulate
current through the increasingly thin boundary layers, whereas in the conducting
case it is always equally easy to circulate it right through the boundaries instead.

Once we understand why switching the boundary conditions alters the magnitude
of the meridional current so completely, we can also understand all the other di¬er-
ences. In particular, we note that in both cases there is an out®ow of current right
at the equator, so in both cases the Lorentz force j £ êz is in the ¡ê¿ direction. In
the insulating case this force is then just strong enough to bring the ®uid back to
rest just outside C , but in the conducting case it is so strong that it induces this
counter-rotating jet just outside C . And once established at the equator, the strong
magnetic coupling along eld lines then extends it in the vertical direction as shown.

Having explained the origin of this jet in general terms, we also realize that its
specic scaling as M 0:6 must have something to do with the scalings in the equatorial
region, since the magnitude of the Lorentz force depends not only on the magnitude
of j, but also on its (mis)alignment with the vertical. The detailed scalings in this
region are likely to be quite complicated, and almost certainly di¬erent from either
the standard parallel or Hartmann layer scalings. For example, Roberts (1967) con-
sidered the singularities of the Hartmann layer at points, such as the equator here,
where the normal component of the eld vanishes, and showed that over a region
scaling as O(M ¡1=3) its thickness is O(M ¡2=3) instead of O(M ¡1). And the problem
under consideration here is likely to be more complicated still, since the intersection
with the parallel layer also occurs in this region. In a similar problem in which a
shear layer is generated by imposing a rapid overall rotation rather than a magnetic
eld, Stewartson (1966) also found the scalings in the equatorial region to be very
di¬erent from either the boundary or shear layer scalings. Similarly, Kleeorin et al .
(1997) considered a magnetic extension of Stewartson’s problem, and found yet more
complicated scalings. A detailed asymptotic analysis of this problem here would thus
be of some interest, particularly as only an asymptotic analysis can reveal whether
the exponent really is precisely 0.6 or whether, for su¯ciently large M , it ultimately
tends to a di¬erent value.

Turning next to the presence/absence of the Hartmann layers in the insulat-
ing/conducting case, that too can be explained by the ®ow of current through the
boundaries in one case but not the other. In particular, in the insulating case the
®uid is coupled to the boundaries only viscously, which is so much weaker than its
own internal magnetic coupling that all of the adjustment in angular velocity must
occur in these boundary layers. In contrast, in the conducting case the coupling is
everywhere predominantly magnetic, and so one should expect the adjustment to
occur throughout. This contrast between purely viscous versus predominantly mag-
netic coupling across the boundaries also means, incidentally, that the torque one
must exert on the inner sphere to maintain its rotation is considerably greater in the
conducting than in the insulating case, as shown in table 1.

Finally, as an aside, one can then already predict what should happen with one
insulating and one conducting boundary; the ®uid should completely lock on to the
conducting boundary, with all the adjustment occurring across the insulating one.
Because there is still one Hartmann layer though, the current should still scale as
O(M ¡1), and so there should be no counter-rotating jet. The structure on C should
therefore consist of either a shear layer of twice the strength as the one consid-
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Table 1. The four contributions to the energy equation (2.7)
for the six solutions shown in ¯gures 1 and 3

(Note how the totals do indeed add up to zero, as they must for steady solutions. Note also how
the total work done seems to be tending toward an O(M ) scaling in the insulating case, but
toward an O(M 2 ) scaling in the conducting case.)

insulating M = 102 M = 102 :5 M = 103

¡ 16
3 ºr3

i ¡ jr £ U j
2

dV ¡120:9 ¡306:9 ¡868:2

¡M 2 jr £bj
2

dV ¡85:4 ¡258:6 ¡799:8

¡ r
4 @

@r

U¿

r
sin

2
³ d³d¿

r = r i

206.3 565.6 1 668.0

conducting M = 102 M = 102 :5 M = 103

¡ 16
3 ºr

3
i ¡ jr £ U j

2
dV ¡216:4 ¡795:6 ¡3 493:6

¡M 2 jr £bj
2

dV ¡804:9 ¡6 327:6 ¡55 389:3

¡ r
4 @

@r

U¿

r
sin

2
³ d³d¿

r = r i

183.9 471.2 1 293.4

¡M 2 r
3
b¿ cos ³ sin

2
³ d³d¿

r = r i

837.5 6 652.0 57 589.4

ered here if the conducting boundary is the inner one, or nothing if the conducting
boundary is the outer one. Hollerbach’s (2000a) review paper contains sample cal-
culations of all four possible boundary congurations, and shows these conclusions
to be broadly correct. Since these two mixed boundary congurations thus yield no
fundamentally new dynamics, we will not consider them further here.

4. Linear onset of instability

All of the above results are in the Re = 0 limit of innitesimally small rotation, and
are therefore purely linear. The next point to address is, thus, what happens as we
gradually increase Re. These axisymmetric basic states in fact change surprisingly
little. For example, gure 2b shows the strength of the counter-rotating jet not just
for Re = 0, but for 1000 as well, and one notices very little di¬erence. The shear
layer is similarly una¬ected. The one new feature to emerge for Re > 0 is a secondary
meridional circulation, in both cases consisting of a ®ow toward the inner sphere just
inside C and a return ®ow toward the outer sphere just outside C . This ®ow is always
very weak though, never amounting to even 1% of the total kinetic energy. The basic
states are thus always dominated by the shear layer and jet, and are indeed largely
independent of Re.

Nevertheless, as inertia becomes increasingly important, there must surely come
a point where these basic states become unstable, by a mechanism similar to the
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Figure 4. The critical Reynolds numbers as functions of the Hartmann number, for the di®erent
azimuthal wavenumbers: (a) insulating and (b) conducting. Not shown are m = 1 in (a) and
m = 1 and 2 in (b), as they are nowhere the most unstable modes. The dotted lines indicate the
presumed asymptotic relationships.

well-known Kelvin{Helmholtz instability, in which a shear layer rolls up into a series
of vortices. For su¯ciently large Re we would therefore expect both the shear layer
and the jet (which is, after all, nothing more than two back-to-back shear layers)
to become unstable to non-axisymmetric disturbances. Our goal in this section is to
nd out what constitutes `su¯ciently large Re’, and also which non-axisymmetric
modes go unstable rst.

Very conveniently, the problem continues to be purely two dimensional, even
though it is no longer axisymmetric. That is, if we linearize (2.3) about the existing
axisymmetric basic states, all the di¬erent non-axisymmetric m modes decouple, and
can thus be considered separately. In fact, since the basic states always remain equa-
torially symmetric, each value of m further decouples into equatorially symmetric
and antisymmetric modes, which can again be considered separately. The procedure
is thus as follows. We begin by choosing values for M and Re, and computing the
corresponding axisymmetric basic state. We then load this state into the linearized
version of the code, and time-step until the dominant eigenmode emerges. If this
eigenmode has a negative growth rate, then the basic state is still stable to that
particular m and equatorial symmetry. In this case Re needs to be increased and the
whole procedure repeated until the critical Reynolds number is obtained where the
growth rate just turns positive and instability sets in. By repeating this procedure
in turn for a range of Hartmann numbers, Rec can be mapped out as a function of
M for any given value of m, and for both equatorial symmetries.

Figure 4 shows these onset-of-instability curves for the equatorially symmetric
modes; the antisymmetric ones do not appear to go unstable at all, certainly not
in the range of Re considered here. We note that in both cases Rec increases with
increasing M , roughly as M 0:66 and M 0:16 for insulating and conducting, respectively.
Although this di¬erence may seem quite considerable, we can explain much of it by
noting that in the insulating case the jump across the shear layer remains constant
at 1

2
, whereas in the conducting case the strength of the jet increases as M 0:6. That

is, if we were to dene a new Reynolds number

Re¤ = j«jm axr2

i
=¸;
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based on the maximum angular velocity achieved anywhere in the interior, rather
than on the particular angular velocity imposed at the boundary, then we would have
Re¤ = Re, and hence Re¤

c ¹ M 0:66, in the insulating case, but Re¤ ¹ M 0:6Re, and
hence Re¤

c
¹ M 0:76, in the conducting case. That is, measured in terms of Re¤, the

critical Reynolds number actually increases faster in the conducting case. Similarly,
we note that in both cases there is a progression to higher and higher m, but again
increasing faster in the conducting case.

That Rec and m should both increase with increasing M is perhaps not surpris-
ing; the increase in Rec is presumably due to the rigidity induced by the increasingly
strong magnetic tension force, and the increase in m due to the shorter and shorter
lengthscales in the basic states naturally leading to shorter azimuthal lengthscales
also being preferred in the instabilities. The precise details of how and why these par-
ticular scalings obtained here come about are not known though; a detailed asymp-
totic analysis, perhaps along the lines of Busse’s (1968) analysis of the instabilities
of the Stewartson layer, would thus be of considerable interest, particularly since
once again only an asymptotic analysis can reveal whether the exponents really are
precisely 0.66 and 0.16 or whether they too ultimately tend to di¬erent values.

5. Nonlinear equilibration

We turn next to the nonlinear equilibration of these instabilities in the supercritical
regime. Because these calculations are now fully three dimensional, we cannot explore
this regime as thoroughly as we did the linear onset. Instead, for each of the two
cases, insulating and conducting, we will focus on two di¬erent values of M , and
increase Re to around twice supercritical for each. For the insulating case, we choose
M = 101:9 and 102:4, where, according to gure 4a, the most unstable wavenumbers
are m = 2 and 3, respectively. For the conducting case, we choose M = 101:9 and
102:1, where according to gure 4b the most unstable wavenumbers are m = 4 and 5,
respectively. In each case we are thus at least beginning to explore this progression
to higher and higher m, and so we may perhaps be able to draw some conclusions
about the general behaviour.

In all cases, even the most highly supercritical, the equilibrated solutions continue
to be equatorially symmetric, and steadily drifting in longitude. The torque one must
exert on the inner sphere is thus also steady, and so we can use it to conveniently
summarize all four sets of calculations, as shown in gure 5. In all four cases, the
dotted curves labelled m0 = 0 correspond to the axisymmetric basic states, with the
®atness of these curves re®ecting the basic states’ lack of variation with Re.

Next, the solid curves labelled m0 = 2, 3, 4 and 5 correspond to the instabilities
mentioned above; in these solutions only multiples of the given wavenumbers m0 are
present. Two points then immediately stand out. First, in all four cases this initial
bifurcation is supercritical. This suggests that the instability curves shown in gure 4
are indeed the boundary below which one would not obtain any disturbances to the
basic states at all. Second, in all four cases the torque increases beyond its previous
value on the m0 = 0 curves. This is of course hardly surprising, since we would expect
the onset of any kind of instability to increase the dissipation, and according to our
energy equation (2.7)|which, incidentally, is again satised to the same accuracy as
in table 1|for steady solutions an increase in dissipation must be balanced by an
increase in work done (which is the same as the torque once « and ri have both been
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Figure 5. The total torque one must exert on the inner sphere, as a function of the Reynolds
number, for the four cases indicated, and the various solution branches shown. Each branch
is labelled by its basic wavenumber m0 , and only contains multiples of that wavenumber. The
instabilities shown in ¯gure 4 thus occur at the transitions from m0 = 0 to m0 > 0. (a) Insu-
lating boundaries, M = 101 :9 ; (b) insulating boundaries, M = 102 :4 ; (c) conducting boundaries,
M = 101 :9 ; (d) conducting boundaries, M = 102 :1

non-dimensionalized to 1). It is nevertheless gratifying that the torque curves show
such a sharp increase in slope at Rec, since once again the torque would be the most
obvious measurement to make, and hence observing this increase in slope would be
the easiest way of verifying this onset of instability experimentally.

Finally, in three of the four cases, these solutions containing only multiples of the
original wavenumber eventually become unstable in the increasingly supercritical
regime, to perturbations involving other wavenumbers. These secondary bifurcations
turn out to be subcritical, so one jumps instead to a completely di¬erent solution,
which in all three cases turns out to be the one containing only multiples of the orig-
inal wavenumber minus one. That is, corresponding to each wavenumber in gure 4
there is a primary branch bifurcating directly from the axisymmetric basic state, and
containing only multiples of that wavenumber, and we have simply jumped from one
such branch to the next lower one. This also explains why the insulating M = 101:9

case does not undergo this secondary bifurcation, because in that case there is no
next lower primary branch to jump to.

Once on this next lower branch, one can reduce Re again before eventually encoun-
tering the same type of bifurcation, and jumping back to the original branch. The
dashed curves labelled m0 = 2, 3 and 4 show these second branches, and it is inter-
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Table 2. The seven solutions

(A, the energy in the axisymmetric part of the °ow as a percentage of the total energy. B, the
energy in the axisymmetric part of the vertically averaged horizontal °ow as a percentage of the
energy in the axisymmetric part of the total °ow. C, the energy in the non-axisymmetric part
of the vertically averaged horizontal °ow as a percentage of the energy in the non-axisymmetric
part of the total °ow.)

insulating conducting

M 101 :9 102 :4 102 :4 101 :9 101 :9 102 :1 102 :1

Re 1000 2000 2000 800 800 1000 1000

m0 2 3 2 4 3 5 4

A 95.6 98.5 97.0 98.0 97.9 99.0 98.6

B 93.8 97.6 97.5 76.3 76.2 75.9 75.8

C 80.2 81.7 86.8 71.5 75.4 73.9 76.4

esting to note that in all three cases the torque increases at the jump from the rst
branch to the second, but is almost unchanged at the jump from the second back to
the rst. It is as if the system seeks to maximize its dissipation, and will therefore
jump back to the original branch as soon as it allows a greater dissipation again.

Having discussed this general sequence of bifurcations, we turn next to the actual
structure of the solutions. The rst di¯culty is then in deciding how best to display a
fully three-dimensional ®ow. Based on gures 1 and 3, however, we suspect that the
most interesting features will continue to be largely independent of z, which rather
simplies things. In particular, we can conveniently present the horizontal (that is,
the s and ¿ in standard cylindrical coordinates z; s; ¿) components of the ®ow by
showing contours of the stream function of the vertically integrated horizontal ®ow
(which is necessarily solenoidal and hence has a stream function representation).
And of course we can easily check to see how much of the original ®ow is repre-
sented thereby, by calculating what fraction of the total kinetic energy is contained
in this ®ow. Table 2 shows these results, and we note not only that the ®ow con-
tinues to be overwhelmingly dominated by the axisymmetric component, but the
z-averaged horizontal ®ow does indeed contain the bulk of the kinetic energy, both
in the axisymmetric and non-axisymmetric parts of the ®ow. This stream function of
the vertically integrated horizontal ®ow will thus show us the most signicant part
of the total ®ow.

Nevertheless, we would still like to have some idea of the structure of the vertical
component of the ®ow as well, even if the horizontal components dominate. Showing
the z-average of Uz would make no sense though, since Uz is antisymmetric about
the equator, and so its z-average is necessarily zero. So instead we will simply show
contours of Uz in the planes z = §2, midway between ri = 1 and ro = 3. And
the same applies to the current, where, according to gure 3, the most interesting
component is jz , which is also antisymmetric.

Figures 6{9 then present these results for the seven solutions indicated in table 2,
showing, from left to right, this stream function of the horizontal ®ow, the vertical
®ow, and the vertical current. We also note that in all cases the structure is essentially
as expected, that is, these instabilities do indeed consist of a series of vortices in the
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Figure 6. The m0 = 2 solution obtained with insulating boundaries and M = 101 :9 and
Re = 1000 (= 1:54Rec ). From left to right, the stream function of the vertically integrated hor-
izontal °ow, and the vertical velocity and current in the z = §2 planes, with the grey-shading
indicating °ow toward the equator. The contour intervals are 0.04, 0.01 and 0.002, respectively.
The location of the tangent cylinder C is indicated by the dashed lines; the outer circles cor-
respond to s = 2:24, where the planes z = §2 intersect the outer sphere ro = 3. Finally, this
whole pattern then drifts in longitude at a rate 0:121« , that is, in a prograde direction.

Figure 7. As ¯gure 6, but now showing the m0 = 3 and m0 = 2 solutions obtained with insulating
boundaries and M = 102 :4 and Re = 2000 (= 1:48Rec ). These solutions drift in longitude at
rates 0:179« for m0 = 3 and 0:150« for m0 = 2.

horizontal ®ow spawned by the shear layers or jets, for the shear layers (gures 6
and 7) at the outer edge, and for the jets (gures 8 and 9) at both the inner and
outer edges.

Turning next to the vertical ®ow, we note rst that most of its structure is again
concentrated in the vicinity of the tangent cylinder, as one might expect. The other
interesting feature is that, whereas the conducting cases have comparable axisymmet-
ric and non-axisymmetric components, the insulating cases have almost no axisym-
metric components. Finally, the vertical current is also largely as we would expect,
consisting of a ®ow toward the inner sphere inside C , and a return ®ow toward the
outer sphere outside C , just as in gure 3. One other interesting point to note here is
that, whereas in the conducting cases the maxima in the return current are almost
perfectly aligned with the vortices at the jet’s inner edge, in the insulating cases they
are not.
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Figure 8. The m0 = 4 and m0 = 3 solutions obtained with conducting boundaries and M = 101 :9

and Re = 800 (= 1:37Rec ). The contour intervals are now 0.04, 0.01 and 0.01, respectively. As
in ¯gures 6 and 7, the horizontal °ow is counterclockwise (as seen from above) inside C , but now
there is also the clockwise jet outside C , with vortices occurring both at its inner and outer edges.
The longitudinal drift rates for these solutions are 0:142« for m0 = 4 and 0:136« for m0 = 3.

Figure 9. As ¯gure 8, but now showing the m0 = 5 and m0 = 4 solutions obtained with
conducting boundaries and M = 102 :1 and Re = 1000 (= 1:33Rec ). The drift rates are 0:116«
for m0 = 5 and 0:126« for m0 = 4.

Finally, we would like to consider just the axisymmetric parts of these solutions.
In particular, by comparing them with what the solutions would have been in the
absence of the instabilities (which we can easily compute with the purely axisym-
metric version of the code), we might hope to gain some insight into the mechanism
ultimately equilibrating the instabilities. Unfortunately, a direct comparison shows
no discernible di¬erences. On re®ection this is probably not surprising; if the insta-
bilities never amount to more than a few per cent of the total energy (as shown
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Figure 10. The di®erences in angular velocity between the axisymmetric parts of the full solutions
and the corresponding purely axisymmetric solutions. From left to right the solutions shown in
¯gures 6{9, respectively. The contour interval is 0.01 throughout, with zero contours suppressed
to concentrate on the actual di®erences. Unshaded contours are positive (greater than or equal
to 0:01), shaded contours negative (less than or equal to ¡0:01).

in table 2), one probably should not expect them to perturb the underlying ®ow
by more than a few per cent either. So, in gure 10 we show instead the di¬erence
between the axisymmetric parts of the full solutions and the purely axisymmetric
solutions, and then simply use a much ner contour interval. And we note rst that
these perturbations do indeed amount to a few per cent. Next, as small as they are,
they are of the sign we would expect anyway, that is, they are consistently such as to
reduce the underlying shear. In particular, just inside C the angular velocity has been
decreased, whereas just outside it has been increased, which will tend to reduce the
shear in both the shear layers and the jets. It is di¯cult to believe though that this
slight reduction of the shear is enough to account for the equilibration of the insta-
bilities; presumably the enhanced dissipation associated with the higher harmonics
of m0 also plays a role.

6. Conclusion

In this work we have considered a simple magnetohydrodynamic extension of classical
spherical Couette ®ow, but one which nevertheless leads to radically di¬erent ®ow
structures. In particular, we found that depending on the electromagnetic boundary
conditions imposed, the basic state consists of either a shear layer or a counter-
rotating jet, both situated right on the tangent cylinder, and both becoming thinner
and thinner for increasingly strong imposed elds, but with the jet also becoming
stronger.

We next computed the non-axisymmetric instabilities of these basic states, and
found that for increasingly strong elds the critical Reynolds numbers for onset
increase in both cases; if one uses the experimentally more convenient measure Re,
then Rec increases faster for the shear layer, but if one uses the physically more
relevant measure Re¤, then Re¤

c
increases faster for the jet. In all cases the structure

of these instabilities was as expected, consisting of a series of vortices situated right
on the shear layer, and on the inner and outer edges of the jet. Interestingly enough,
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we also found that in all the cases where a next lower branch exists, a secondary
bifurcation occurs in the supercritical regime, in which the number of vortices (vortex
pairs for the jet) is reduced by one.

An interesting question then is whether yet further bifurcations occur for still
higher supercriticality, in which perhaps the number of vortices is reduced further
still. Unfortunately, this regime is not accessible to us numerically, as the computa-
tional requirements rapidly become excessive. It would thus be of enormous interest
to do the actual experiment, and see not only how good the agreement is with the
results presented here, but also what further bifurcations there may be, and how the
®ow ultimately becomes fully turbulent.

Finally, one might ask what would happen if we imposed not a uniform axial
eld, but something else, say a dipole. That certainly does not change the equa-
tions very much; in (2.3) one merely replaces B0 = êz by a dipole. As noted above,
Hollerbach (2000a) also shows some sample calculations for this case, and obtains a
super-rotating jet again scaling as M 0:6. Similarly, Hollerbach (2001) considers linear
combinations of dipole and axial elds, and shows that it is possible to have super-
and counter-rotating jets simultaneously, as well as super- and counter-rotating polar
vortices. It would thus be of interest to consider the instabilities of some of these
eld congurations as well, and compare and contrast them with the ones obtained
here.

In summary, strongly magnetic Couette ®ow, with a variety of imposed eld struc-
tures, and both insulating and conducting boundaries, promises to be just as rich
a subject as classical, non-magnetic Couette ®ow, and by exploring it analytically,
numerically and experimentally, one might hope to learn a great deal more about
magnetohydrodynamic ®ows and their instabilities.
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