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1. Introduction

Spherical Couette flow is the flow induced in a spherical shell by fixing the
outer sphere and rotating the inner one. Magnetic Couette flow is then the
natural magnetohydrodynamic extension in which the fluid is taken to be
electrically conducting, and a magnetic field is imposed. For the very strong
fields we will consider here, the topology of this imposed field - which field
lines thread both boundaries, and which only one or the other - turns out
to be crucial. In this work we will therefore present a systematic survey of
the possible field configurations, and in each case study the effect on the
resulting flow.
The reason the topology of the field lines is so important is due to the

anisotropic nature of the magnetic tension force, coupling different regions
only along the field lines. There is thus a natural, and dynamically ex
tremely important division of the fluid into regions magnetically coupled
to both boundaries, or only to one or the other. Starchenko (1997) was
the first to appreciate this point, and to explore some of its logical conse
quences. In particular, he addressed the question of what behaviour should
be expected on those field lines separating one region from another, and
showed that one obtains a shear layer across which the fluid adjusts from
one regime to the other. Similarly (and independently), Dormy et al. (1998)
discovered that this shear layer can in fact contain within it a super-rotating
jet, in which the fluid essentially over-compensates, and ends up rotating
faster than the imposed rotation of the inner sphere.
Aside from the fact that Starchenko's work is asymptotic whereas Dormy

et al.'s is numeric, the only other difference is that Dormy et al. took the
inner region r < ri to be a conductor and the outer region r > ro to be
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an insulator, whereas initially Starchenko took them both to be insulators.
Although it is not immediately obvious why, switching the inner boundary
from insulating to conducting must therefore be the underlying cause of
the jet. And indeed, when Starchenko redid his asymptotic analysis with a
conducting inner boundary, he too obtained a jet.
Motivated by this finding that the precise choice of electromagnetic

boundary conditions can have such a strong, and entirely unexpected ef
fect, Hollerbach (2000) systematically considered all four possible choices,
namely taking both inner and outer boundaries independently to be either
insulating or conducting. He found that taking both boundaries to be con
ducting yielded more dramatic results still. In particular, the strength of
the jet then appears to increase indefinitely with increasing imposed field
strength, whereas before it had ultimately leveled off, at around 30% of the
imposed rotation. In this work we will therefore also take both boundaries
to be conducting.

2. Equations

As in Hollerbach and Skinner (2001), in the limit of small magnetic Reynolds
number Rm, the governing equations become

au
at + ReU· \7U = -\7p+ \72U + M 2 (\7 x b) x Bo,

o= \72b + \7 x (U x Bo),
where B o is the imposed field and Rm b the induced field - and we note
that Rm only enters here, in the meaning we ascribe to b, but not in the
actual equations to be solved. The two non-dimensional parameters that
do appear in the equations are the Hartmann number

M = BOTi

(J-tPVT]) 1/2

measuring the strength of the imposed field, and the Reynolds number

Re = nor;
v

measuring the imposed rotation.
Hollerbach and Skinner took the axial field Bo = ez for their imposed

field, and computed not only the axisymmetric basic state as it depends on
M and Re, but also the non-axisymmetric instabilities that arise for suffi
ciently large Re. In this work we will also ins.ist that Bo be purely axisym
metric, to ensure that we still have an axisymmetric basic state. However,
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we will then consider only these axisymmetric solutions, and only in the
Re = 0 limit of infinitesimally small imposed rotation. We therefore have a
two-dimensional, linear problem that depends only on the spatial structure
of Bo and the Hartmann number M, enabling us to do a systematic sur
vey of these two dependencies. For the details of the conducting boundary
conditions and the rest of the numerical implementation the reader is again
referred to Hollerbach and Skinner.

3. Choice of Bo

Let us begin by considering the question of how many fundamentally differ
ent field topologies there are. We agreed above that there are three different
types of field line, namely ones threading both boundaries, and ones thread
ing only one or the other. (Requiring Bo to be a potential field excludes
the possibility of field lines threading neither boundary, that is, of field
lines forming closed loops entirely within the shell.) There are thus eight
fundamentally different types of field, corresponding to the three types of
field line being independently either present or absent. Of course, one of
these eight, namely when all three types of field line are absent, is just non
magnetic Couette flow again, which is certainly an interesting problem, but
not the one we want to consider here. Also, one can show easily enough that
having all field lines threading both boundaries, and none only one or the
other, would require Bo to have a monopole component. We are thus left
with the six possible configurations

bi, bo, bio, ~, 0, ZO,

where the b/i/o indicates the presence of field lines threading both bound
aries/inner only/outer only. Of these six, only bi and bo have been consid
ered so far, with Hollerbach (2000) finding that a dipolar field (bi) yields a
super-rotating jet, whereas an axial field (bo) yields a counter-rotating jet,
both occurring on the particular field line separating the b region from the
i/o region (as expected), and both increasing with increasing field strength
roughly as MO.6. So, our goal in this work is to come up with simple ex
amples of the other four configurations as well, and see whether they yield
super- or counter-rotating jets, or something else entirely, and also whether
whatever structures emerge again scale as MO.6 , or something else.
Very conveniently, we can produce examples of all six configurations

simply by taking appropriate linear combinations of the dipolar and axial
fields
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Figure 1. The field lines of Bo, with the top row showing B+ and the bottom row B_.
In both cases { = 1/4, 1/2, 1, 2, 4, 8 and 16, going from left to right.

Figure 1 shows the result of taking

and then of course renormalizing so that the volume-averaged IBol2 = 1.
Considering B+ first, we see that for E < 1/2 the field is qualitatively

like a purely dipolar field, that is, it is of bi type. Between E = 1/2 and
E = 4, however, an X-type neutral point first appears at To (=2), steadily
moves inward, and finally disappears at Ti (=1). In this range of E, the field
is seen to be of bio type. And finally, for E > 4 it is of bo type, and is
qualitatively like a purely axial field.
Considering B_ next, we now find that for E < 1 it is of bi type, and

for E > 8 of bo type. At E = 1 and 8, though, it is i and 0, respectively,
and in the intermediate range 1 < E < 8 it is io. We thus see that these
simple linear combinations of Bd and B a do indeed yield examples of all
six configurations, and are thus ideally suited for our purposes here.

4. Jets

For B+ we will take E = 1/2, 4/1.53 and 4, corresponding to the X-type
neutral point being at T = 2, 1.5 and 1, that is, just appearing, exactly
half-way, and just disappearing. The reason we wish to consider E = 1/2
and 4 as well, even though technically they are just the bi and bo cases
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Figure 2. Contour plots of the angular velocity for B+, with a contour interval of 0.2.
From left to right (' = 1/2, 4/1.53 and 4, and from top to bottom M = 102 , 102 .5 and 103 .
Regions of super-rotation (11 > 1) are dark-shaded, regions of counter-rotation (11 < 0)
light-shaded.

already considered, is that they are somewhat degenerate cases. In partic
ular, Hollerbach and Skinner conjectured that this MO. 6 scaling must have
something to do with the scalings of the boundary layer at precisely these
points where the field line separating b from i/o just grazes the outer/inner
boundary, that is, where B r = 0, so if we choose degenerate fields for which
Bo = 0 there as well, it might perhaps yield a different scaling. And of
course E = 4/1.53 is the genuinely new bio case.

Figures 2 and 3 show these results, and we note that bi/bo again yield
super-/counter-rotating jets, and that bio yields super- and counter-rotating
jets simultaneously. Furthermore, the strengths of all of these jets once
again increase with increasing M, and even with roughly the same 0.6 ex
ponent as before (although it is perhaps worth noting that all four curves
are still becoming slightly flatter, so presumably the true asymptotic expo
nent is somewhat less than 0.6). It would thus appear that this degeneracy
mentioned above has no effect on the scalings after all. Finally, we note that
as M increases, the width of all of these jets decreases, at a rate consistent
with the expected asymptotic scaling M-l/2 (Starchenko, 1997).
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Figure 3. The top row shows cross-sections through the jets shown in figure 2, that is,
n as a function of r, at () = 7r/2 (the equator). The five curves in each panel correspond
to log(M) = 2, 2.25, 2.5, 2.75 and 3. The bottom row shows the strengths of the jets as
functions of log(M), and indicates the scaling roughly as Mo.G•

5. Vortices

For B_ we take € = 1, 8/1.53 and 8, corresponding to the dividing line be
tween i and °being at r = 2, 1.5 and 1. These are thus the three remaining
cases i, io, and o. The results, shown in figures 4 and 5, look rather different
now. In particular, whereas before we had increasingly strong but narrow
jets, here there is remarkably little variation with M. Focussing attention
on the equatorial regions first, shown in cross-section in the top row of figure
5, we note that there are again regions of super-rotation and other regions
of counter-rotation, which again become increasingly thin with increasing
M. Now, however, the degree of super- or counter-rotation never exceeds
10%, and does not increase with M, but appears to saturate instead. These
are thus more like the jets obtained by Dormy et al. and Starchenko.

The most interesting dynamics in these cases occur not at the equator,
but at the pole, shown in cross-section in the bottom row of figure 5. We
clearly see a counter-rotating vortex in the i case, and a super-rotating
vortex in the °case. And like the jets above, the strengths of these vortices
too appear to saturate with increasing M, at around 70% for the counter
rotating one, and around 100% for the super-rotating one. Unlike any of the
previous jets though, these vortices do not become thinner and thinner with
increasing M; they seem to become essentially independent of M instead.
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Figure 4. As in figure 2, but now for B_, and I: = 1, 8/1.53 and 8.
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Figure 5. As in figure 3, the top row shows n as a function of r, at () = "Tr/2. The bottom
row shows n as a function of r, at () = O.

6. Discussion

In order to even begin to understand the results presented here, one must
consider not just the angular velocity, but also the induced electric currents
j = \l x b, shown in figure 6. Perhaps not surprisingly, the currents follow
the imposed field lines very closely, so that the Lorentz force j x Bo is less
than one might have expected. However, if one looks carefully one finds
that j is not parallel to Bo everywhere; it is in fact just at the regions of
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Figure 6. Streamlines of the meridional current corresponding to the M = 103 cases
in figures 2 (top row) and 4 (bottom row). The contour intervals are 10-2 and 10-4 for
the top/bottom rows respectively, reflecting the scalings as MO and M- 1 (see figure 7).
Solid lines indicate counter-clockwise circulation, and dashed lines clockwise, with the
recirculation through the outer boundary not shown.

strongest super- and counter-rotation that the misalignment, and hence the
Lorentz force, is greatest - and of the right sign to explain the anomalous
rotation.

Nevertheless, to fully understand the origin of these anomalous rota
tions, it is not enough to compare j with Bo and simply see where the
Lorentz force is greatest. In particular, in the corresponding problem with
insulating inner and outer boundaries (not presented in detail here due to
lack of space), one obtains a surprisingly similar spatial structure for j, with
the only obvious difference being that the currents must now recirculate
through Hartmann boundary layers rather than through the boundaries
themselves. One does not obtain any anomalous rotations though, so the
spatial pattern alone cannot explain the conducting boundary results.

In order to explain these results, one must therefore consider not just
the spatial structure, but the magnitude of j as well, where one does find
a striking difference between the conducting and insulating cases. Figure 7
shows these results, and one notes that for all choices of Bo the current is
much weaker in the insulating case, and even appears to have a fundamen
tally different scaling with Hartmann number, M-1 versus M O for one set,
and M-1.3 versus M-l for the other. Why this should be is easy to under
stand, at least qualitatively: it is simply much easier to recirculate current
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Figure 7. The magnitudes of the currents, log(jtot), as functions of log(M), with the
top and bottom rows corresponding to the solutions in figures 2 and 4, respectively. The
solid lines in each case correspond to the conducting boundary results, the dashed lines
to the insulating boundary results. The dotted lines indicate the presumed asymptotic
scalings.

through the boundaries rather than through increasingly thin boundary
layers. It is not immediately obvious though how that leads to the specific
scalings obtained here; that can only emerge from a detailed asymptotic
analysis of this problem, which clearly deserves further study.
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