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Abstract. After reviewing the derivation of the equations governing the evolution of
magnetic fields in electrically conducting fluids, I consider two largely distinct classes
of such phenomena in spherical shells. The first is kinematic dynamo theory, in which
a flow is prescribed, and one searches for self-excited magnetic fields. The second is
magnetic Couette flow, in which a magnetic field is imposed, and one solves for the
flow and the induced field. In both cases existing results are reviewed; in the latter case
some new results are also presented.

1 Introduction

Magnetohydrodynamics is the study of the flow of electrically conducting fluids
in the presence of magnetic fields. To understand why such flows should be so
distinct from ordinary, non-magnetic hydrodynamics as to constitute a separate
subject, one must understand the nature of the interaction between the field
and the flow. We recall from basic physics that moving a conductor through a
magnetic field induces electric currents, which in turn create new magnetic fields.
We thus see how the flow will modify the original field. In addition, we again
recall from basic physics that the combination of electric currents and magnetic
fields leads to forces, which then modify the original flow. It is this mutual
interaction between the flow and the field that makes magnetohydrodynamics
such a fascinating subject, and gives it an even greater richness than that already
found in ordinary hydrodynamics.

In addition to its intrinsic interest, magnetohydrodynamics also has a huge
variety of applications, ranging from the industrial control of liquid metals to
understanding the origin of planetary and stellar fields. Because these geo- and
astrophysical applications typically involve spherical shells of various aspect ra-
tios, I will focus attention on that geometry in this review. Nevertheless, I will
endeavour to concentrate more on the abstract and generally applicable aspects,
and less on the specific geo- or astrophysical applications. For recent reviews
devoted specifically to planetary magnetic fields, readers are referred to any one
of [1-3], and for stellar fields, to [4-5]. Finally, with an eye to stimulating greater
interaction between experimentalists and theoreticians, I will also discuss a num-
ber of interesting configurations that could be set up in a laboratory.
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2 The induction equation

To go beyond a mere qualitative description of how the fluid flow might be
expected to influence the magnetic field, we need to derive the so-called induction
equation. To do that we will need first of all Maxwell’s equations

∇ ·E = ε−1ρc , ∇×E = −∂B

∂t
, (1a, b)

∇ ·B = 0 , µ−1∇×B = J+ ε
∂E

∂t
, (1c, d)

and later also Ohm’s law in a conductor moving with velocity U,

J = σ(E+U×B) . (2)

Here E and B are the electric and magnetic fields, ρc and J are the charge and
current densities, ε and µ the permittivity and permeability, and finally σ the
conductivity.

In their complete form, we know of course that Maxwell’s equations support
wave solutions travelling at a speed c = 1/

√
εµ, which turns out to be the speed of

light, and indeed Maxwell’s great accomplishment was precisely to demonstrate
that light is an electromagnetic wave. However, if one is interested in studying
the relatively slow phenomena that we will be considering here, it is extremely
inconvenient to have to deal with equations that also support such very fast
phenomena. For example, if we are developing a numerical solution, the well-
known Courant condition [6] states that the largest timestep one can use must
be less than the time it takes for the fastest wave allowed by the equations to
travel one spatial gridspace. For comparison, the time it would take light to
travel the entire diameter of the Earth’s core is a small fraction of a second,
and yet its magnetic field evolves over timescales of tens of thousands of years.
If we really insisted on including light waves, we would thus have to take an
unpleasantly large number of timesteps!

It is thus clear that we must approximate Maxwell’s equations in such a way
as to filter light waves out again. We do that by neglecting the displacement
current ε ∂E/∂t in (1d) and reverting to the pre-Maxwell Ampere’s law

µ−1∇×B = J . (1d′)

Of course, we cannot throw away certain terms simply because it is convenient
to do so; we must justify neglecting them. So, we compare typical magnitudes
of ε ∂E/∂t versus µ−1∇×B,

ε∂E/∂t

µ−1∇×B ∼ εE/T

µ−1B/L
= εµ

L

T

E

B
= εµU

E

B
,

where L and T are typical length and time scales, and U is thus a typical velocity
scale. From (1b), we obtain further

E

L
∼ B

T
, so

E

B
∼ L

T
= U ,
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and so finally
ε∂E/∂t

µ−1∇×B ∼ εµU2 =
U2

c2
.

We thus see that in order to justify the neglect of the displacement current,
the typical velocity scale must be very small compared with the speed of light,
hardly a very onerous condition. We note in particular that if U ever did become
comparable to c, then much of our original motivation for wanting to neglect
the displacement current in the first place, namely the disparity between the
timescales T and L/c, evaporates completely. The requirement U % c is thus
quite acceptable.

There is, however, another condition that must also be satisfied for the ne-
glect of the displacement current to be justified. Returning for the moment to
Maxwell’s equations in their complete form, if we take the divergence of (1d)
and use (1a) to replace ε∇ ·E by ρc, we obtain

∂ρc
∂t

+∇ · J = 0 , (3)

which we recognize as a statement of conservation of charge. In fact, historically
(3) was not derived from (1d) and (1a) as we did here. Quite the reverse: charge
conservation was known long before the complete form of Maxwell’s equations,
and Maxwell added the displacement current to Ampere’s law precisely because
he recognized that doing so would make it consistent with conservation of charge.
That the resulting equations suddenly supported wave solutions whose speed
agreed with the experimentally measured speed of light was merely an added
bonus.

Well, if we are then proposing to neglect the displacement current again, we
will have to consider carefully what implications that might have in terms of
charge conservation. If we take the divergence of (1d’) now, we obtain simply
∇ · J = 0, and since we still do believe in conservation of charge, that implies
∂ρc/∂t = 0. This in turn implies ρc = 0, since it is simply not plausible that a
charge imbalance inside a conductor could maintain itself indefinitely in such a
way that ρc = 0 but ∂ρc/∂t = 0. We thus see that another condition that must
be satisfied for the neglect of the displacement current to be justified is that
there can be no separation of positive and negative charges. For the phenomena
we will be discussing, this condition is well satisfied, but it is important to
realize that there could conceivably be phenomena where U % c is satisfied, but
one nevertheless cannot neglect the displacement current because ρc ≈ 0 is not
satisfied.

Having considered the conditions under which the so-called magnetohydro-
dynamic approximation of neglecting the displacement current may be justified
(see also [7-9] for far more detailed discussions), we use (1b), (2), and (1d’) to
obtain

∂B

∂t
= −∇×E

= −∇× (σ−1J−U×B)
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= −∇× (σ−1µ−1∇×B) +∇× (U×B) ,

and assuming the magnetic diffusivity η ≡ 1/σµ is constant, we obtain finally

∂B

∂t
= η∇2B+∇× (U×B) , (4)

the magnetic induction equation governing the evolution of the field B under
the action of the flow U.

An important parameter in (4) is then the ratio of the inductive term ∇ ×
(U ×B) to the diffusive term η∇2B. This ratio defines the magnetic Reynolds
number

Rm ≡ UL

η
,

where U and L are again typical velocity and length scales. This magnetic
Reynolds number is sufficiently important that we want to get a feel for its
typical size in some of the applications we will be dealing with. The diffusivity
η of course is a material property of whatever fluid we happen to be dealing
with; typical values are around 1m2/s for most liquid metals, and even for many
plasmas. Variations in Rm are thus primarily due to variations in U and L; for
example, in the Earth’s core one has L ≈ 106m and U ≈ 10−4m/s, so Rm ≈ 102,
whereas in a lab one might have L ≈ 0.1m and U ≈ 0.1m/s, so Rm ≈ 10−2.
Rm is thus typically small to moderate in lab configurations, but large to very
large in planetary and stellar applications.

In view of these potentially large values of Rm, we want to explore a few
properties of the Rm =∞ limit. We begin by noting the extremely close analogy
between the perfectly conducting induction equation

∂B

∂t
= ∇× (U×B) (5a)

and the inviscid vorticity equation

∂Ω

∂t
= ∇× (U×Ω) (5b)

of ordinary hydrodynamics. A familiar result found in any textbook is then that
vortex lines evolve as material lines, a result known as Helmholtz’s vortex theo-
rem. While (5a) and (5b) are clearly not identical, sinceB andU are independent
in (5a) whereas Ω = ∇ ×U in (5b), readers are invited to check the proof of
Helmholtz’s theorem and convince themselves that nowhere does it rely on any
particular relationship between Ω and U. We therefore immediately obtain the
analogous result that magnetic field lines also evolve as material lines, a result
known as Alfvén’s frozen flux theorem.

An immediate consequence of Alfvén’s theorem is that the flux through any
material surface remains constant. When applied to most material surfaces, this
result is not very useful, since these surfaces typically become very convoluted
very quickly under the action of the flow. There is one material surface, however,
which always maintains its original shape, namely the boundary of the domain.
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We can thus conclude that the flux through the boundary remains constant.
Of course, this result isn’t very useful either, since we already know from ∇ ·
B = 0 that the flux through the boundary is in fact zero, and concluding that
zero remains constant is hardly a publishable result. However, by considering
separately those parts of the boundary where the flux is positive and those
parts where it’s negative, one finds that because these separate parts are again
material surfaces, these equal and opposite fluxes must also remain constant.
Taking absolute values and adding these various parts up again, we can thus
conclude that the so-called pole strength

∫

∂V

|B · n̂| dS (6)

remains constant (again only in the Rm =∞ limit though). And this result was
not only publishable [10], it is sufficiently important that it is referred to as the
Bondi-Gold theorem. We will see an interesting consequence of it in the next
section.

While we’re on the subject of B on the boundary, we should also discuss
the appropriate boundary conditions. It is convenient to begin by making the
so-called toroidal-poloidal decomposition

B = ∇× (gr̂) +∇×∇× (hr̂) , (7)

thereby automatically satisfying ∇ ·B = 0. Conversely, any solenoidal field can
indeed be decomposed in this way [11]. If g and h are then further expanded in
spherical harmonics,

g =
∑

l,m

glm(r, t)P
m
l (cos θ) eimφ , h =

∑

l,m

hlm(r, t)P
m
l (cos θ) eimφ ,

the decomposition (7) yields

Br =
∑

l,m

l(l + 1)

r2
hlm Pml (cos θ) eimφ ,

Bθ =
∑

l,m

1

r

d

dr
hlm

d

dθ
Pml (cos θ) eimφ +

1

r
glm

im

sin θ
Pml (cos θ) eimφ , (8)

Bφ =
∑

l,m

1

r

d

dr
hlm

im

sin θ
Pml (cos θ) eimφ − 1

r
glm

d

dθ
Pml (cos θ) eimφ ,

for the individual field components. To obtain then the boundary conditions we
should impose on g and h, we must first consider the nature of the exterior region
r > ro.

If we take this region to be an insulator, then in terms of the physics the
condition we want to impose there is that the current density must vanish. We
thus have,

Jext = 0 =⇒ ∇×Bext = 0 =⇒ Bext = ∇ψ ,
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for some field potential ψ. We also need to satisfy ∇ · Bext = 0 though, so ψ
must satisfy ∇2ψ = 0, which has suitably decaying at infinity solutions

ψ =
∑

l,m

Clm r−(l+1) Pml (cos θ) eimφ ,

and so
Bext,r =

∑

l,m

−(l + 1)Clm r−(l+2) Pml (cos θ) eimφ ,

Bext,θ =
∑

l,m

Clm r−(l+2) d

dθ
Pml (cos θ) eimφ ,

Bext,φ =
∑

l,m

Clm r−(l+2) im

sin θ
Pml (cos θ) eimφ ,

are the individual components of this so-called potential field.
Of course, what we really wanted were boundary conditions on the toroidal

and poloidal parts of the internal field, so we need to consider which field com-
ponents must be continuous across the boundary. Well, ∇ ·B = 0 implies that
the normal component must certainly be continuous, so

Clm = −l rlo hlm(ro) , (9)

which determines the external field, but doesn’t yet give us any conditions on
the internal field. So, we turn next to the tangential components. If these were
discontinuous, according to J = µ−1∇×B that would imply infinite current den-
sities. Now, in the perfectly conducting limit, such current sheets are acceptable,
and so in the Rm = ∞ limit there are simply no boundary conditions on the
internal field — which is why we didn’t need to consider any in our derivation of
the Bondi-Gold theorem. In the finitely conducting limit, however, such current
sheets are not acceptable, and so, using also (9), we additionally require

1

r

d

dr
hlm

d

dθ
Pml +

1

r
glm

im

sin θ
Pml = − l

r2
hlm

d

dθ
Pml

∣∣∣∣
r=ro

1

r

d

dr
hlm

im

sin θ
Pml −

1

r
glm

d

dθ
Pml = − l

r2
hlm

im

sin θ
Pml

∣∣∣∣
r=ro

which finally yield

glm = 0 ,
d

dr
hlm +

l

r
hlm = 0 , (10)

as the appropriate boundary conditions to impose at r = ro.
One can then obviously go through similar considerations, now using bounded

at zero solutions for ψ, and derive similar boundary conditions to impose at
r = ri. However, in terms of the physics taking the interior region r < ri to be
an insulator is often not justifiable; in planetary or stellar applications this region
is typically also a conductor. In this case, one cannot simply impose boundary
conditions at r = ri; one must solve for the field in the interior as well, and apply
appropriate matching conditions across the interface. See, for example, [12] for
a discussion of these matching conditions and their numerical implementation.
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3 Kinematic dynamo action

Having derived the induction equation and the appropriate boundary conditions,
we next consider those solutions most relevant in planetary or stellar contexts,
namely so-called dynamo solutions, in which the magnetic field is not externally
imposed, but is instead spontaneously generated. On an abstract level, this dy-
namo process is simply an instability, just like Rayleigh-Bénard convection, for
example. That is, in convection, U ≡ 0 is always a solution of the governing
equations, but once the forcing — as measured by the Rayleigh number — ex-
ceeds some critical value, this non-convecting solution becomes unstable, and
infinitesimal disturbances begin to grow. Similarly, B ≡ 0 is always a solution
of the induction equation, but once the forcing — as measured by the magnetic
Reynolds number now — exceeds some critical value, this non-magnetic solution
may become unstable, and infinitesimal seed fields may begin to grow.

Ultimately, of course, the field must equilibrate at some finite amplitude, just
as convection ultimately equilibrates. We will explore the equilibration mecha-
nism in the next section, but for now we will consider only so-called kinematic
dynamo action, in which the flow is prescribed, and no back-reaction from the
field is included. The dynamo process then becomes an eigenvalue problem, with
the eigenvalue λ being the (generally complex) exponential growth or decay rate.

That is, one looks for solutions of the form B = eλtB̂, where B̂ has the same
time-dependence — stationary or periodic — as U does. (If U has a more com-
plicated time-dependence, the definition of λ is not so precise.) The question
that kinematic dynamo theory then asks is, is it possible to choose U such that
at least one of the eigenmodes is exponentially growing rather than decaying,
and if so, what is the lowest Rm for which this occurs?

Unfortunately, all of the early results were negative, beginning with Cowl-
ing’s theorem [13] stating that no fluid flow, whatever its structure, and however
large its amplitude, can amplify a purely axisymmetric field. Quite a number of
individuals have subsequently strengthened and extended this result; for exam-
ple, whereas Cowling’s original proof only applies to steady fields, Braginsky’s
[14] applies to time-dependent fields as well. Similarly, whereas Braginsky’s proof
(reproduced in [1]) only applies to incompressible flows, Hide & Palmer [15] and
also Lortz & Meyer-Spasche [16] independently showed that Cowling’s theorem
remains valid even if compressibility is allowed, and even if variations in the
diffusivity are allowed (note how (4) would have to be modified if η is no longer
constant). These last results are particularly important, as the huge pressure
variations found in planetary and stellar contexts make variations in the ma-
terial properties of the fluid potentially far more important than they are in a
laboratory context. However, it seems that Cowling’s theorem holds true under
just about any conceivable generalization (see also [17] for some more of these
results), and so we must conclude that — if it is possible at all — dynamo action
is an inherently three-dimensional process.

Another early negative result is the so-called toroidal theorem, first suggested
by Elsasser [18], and rigorously proved by Bullard & Gellman [11], stating that no
purely toroidal flow can act as a dynamo, where the distinction between toroidal
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and poloidal flows is just like the distinction (7) between toroidal and poloidal
fields. If the flow must therefore be at least partly poloidal, the equivalent of
(8) implies it must have all three components non-zero. That is, we previously
found that dynamo action must be three-dimensional in the sense that the field
must depend on all three coordinates; we now find that it must also be three-
dimensional in the sense that the flow must have all three components. The
toroidal theorem has also subsequently been extended by Busse [19], who derived
a lower bound on the poloidal part of the flow in terms of the ratio between the
poloidal and toroidal parts of the field. This in turn suggests that a purely
toroidal field should perhaps also be impossible, a result formally proved by
Kaiser et al. [20]. We thus find that the field must also have all three components.

Yet another necessary, but unfortunately not sufficient, condition for dynamo
action is that Rm must exceed certain O(1) – O(10) lower bounds [21-23]. The
physical interpretation of all of these bounds is that the advective timescale must
be more rapid than the diffusive timescale, that is, the flow must be stretching
and thereby amplifying the field more rapidly than diffusion is damping it. As
plausible and reasonable as this condition undoubtedly is, it does make it difficult
to achieve dynamo action in the lab, where we previously saw how difficult it is
to achieve even Rm = O(1) – O(10), let alone the O(10) – O(100) that realistic
dynamos turn out to require. In planetary and stellar contexts, however, these
lower bounds on Rm should pose no problems.

The first attempt at providing a more positive result was by Bullard & Gell-
man [11], who prescribed a certain flow consisting of an m = 0, l = 1 toroidal
part and an m = 2, l = 2 poloidal part, and solved the resulting eigenvalue prob-
lem numerically. They claimed that for Rm >∼ 50 or so, they obtained a growing
mode, that is, dynamo action. However, the resolution they used, only including
spherical harmonics up to m = l = 6, and only including ten finite difference
grid points in r, was hardly sufficient to resolve the O(Rm−1/2) structures one
expects to find in the field [24], and so this claim to have obtained dynamo
action was not entirely convincing. And indeed, a subsequent recalculation by
Lilley [25] at a higher resolution showed that the Bullard-Gellman flow fails as
a dynamo. Lilley then went on to propose a different flow that he claimed did
succeed, but another recalculation by Gubbins [26] showed that this flow too
fails! One must thus be very careful about claiming dynamo action on the basis
of numerical results that are not necessarily fully resolved.

In fact, the first successful proof of dynamo action in a sphere, by Backus
[21], did not rely on numerical calculations at all. Instead, Backus chose his flow
so cleverly that it was possible to prove dynamo action entirely analytically.
The trick turned out to be to take the flow to be time-dependent, with pulses of
flow separated by stationary intervals. During these stationary intervals the field
simply decays of course, and since the higher harmonics decay more quickly than
the lower ones, one can adjust the length of these intervals so that the higher
harmonics decay away whereas the lower ones remain. And once one only has
a small number of low harmonics to deal with, one can show analytically that
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the effect of these periodic flow pulses is to amplify them from one pulse to the
next, thereby proving dynamo action.

It is also of interest to note how Gubbins [26] not only showed that the
earlier Bullard-Gellman and Lilley numerical solutions were not sufficiently well
resolved to be even qualitatively correct, but also provided probably the first
convincingly resolved numerical dynamo. In particular, the reason he succeeded
where they had failed is not only due to the increased computing power in the
intervening years, it is once again largely due to a clever choice of flow: besides
the Bullard-Gellman and Lilley flows, Gubbins also considered a purely axisym-
metric flow, for which the field conveniently decouples into distinct azimuthal
modes. Cowling’s theorem of course tells us that the m = 0 mode cannot be a
dynamo, but it says nothing about the m = 0 modes. That is, Cowling’s theo-
rem only states that the field must depend on all three coordinates, but the flow
may still depend on only two, in which case the dependence of the field on the
third coordinate is sufficiently trivial that effectively one is still solving only a
two-dimensional problem.

In recent years, the available computing power has increased so much further
that even genuinely three-dimensional fields can now be fully resolved, and the
kinematic dynamo problem continues to attract a surprising amount of attention.
For example, Love & Gubbins [27] show that there is no corresponding “poloidal
theorem”, by presenting an example of a purely poloidal flow that does act as a
dynamo. However, given that a poloidal flow already has all three components
non-zero, it is perhaps not so surprising that a purely poloidal flow could succeed
where a purely toroidal flow necessarily fails. Also of interest is the work of
Gubbins et al. [28], who show that dynamo action is surprisingly delicate, in
that a relatively slight change in the flow can completely destroy its dynamo
properties. In the next section we will very briefly mention some of the possible
implications of this result. In this context it is also worth mentioning Love &
Gubbins [29], who have come up with an ingenious method of systematically
adjusting the flow to optimize its dynamo properties, by solving a related inverse
problem rather than the direct forward problem.

Having demonstrated that dynamo action in general is possible, we end this
section with a brief discussion of the so-called invisible dynamo. That is, is
it possible to have a dynamo that is completely contained within the sphere,
with no external field at all? The possible existence of such dynamos would
obviously have considerable geo- and astrophysical implications, as we can only
ever observe the external fields of such bodies. Remembering our matching and
boundary conditions (9) and (10), where we found that only the poloidal field
extends outside the sphere, whereas the toroidal field always remains inside,
we see that the most obvious way to have an invisible dynamo would simply
be to have a purely toroidal field. However, remembering also the result [20]
that a purely toroidal field dynamo is impossible, we realize that this option
is not available. One should be careful not to conclude from this, though, that
an invisible dynamo is necessarily also impossible. After all, [20] show that one
cannot have a dynamo with the poloidal field zero everywhere, but not that one
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cannot have a dynamo with the poloidal field zero everywhere on the boundary,
which is all that we require.

Now, at this point one might legitimately object that such a configuration is
highly contrived. After all, why should the dynamo just happen to arrange its
poloidal field in such a way that the single boundary condition (10b) is effectively
replaced by the much more stringent double condition hlm = dhlm/dr = 0? Well,
it turns out that there is in fact a very good reason why the dynamo might be
compelled to tend toward such a configuration, namely the constraint imposed
by the Bondi-Gold theorem. We saw earlier that the Bondi-Gold theorem states
that the pole strength (6) can only change through diffusion, so if there is a dy-
namo operating inside the sphere, it can only generate an external field through
diffusion. But that means that in the limit of increasingly large Rm, as diffu-
sion becomes weaker and weaker, it becomes increasingly difficult to generate
an external field, and so one should expect the field to become increasingly con-
tained within the sphere, that is, to tend to an invisible dynamo. This hypothesis
has been verified in a direct numerical simulation by Hollerbach et al. [30], who
were able to go up to Rm = 105 by using the same trick as Gubbins [26] did
of choosing a purely axisymmetric flow. Furthermore, this same result was also
conjectured by Rädler [31], and proved by Rädler & Geppert [32], in the context
of so-called mean-field dynamics, in which the flow is assumed to be turbulent,
and certain large-scale averages are taken. A discussion of mean-field dynamics
is obviously beyond the scope of this review, but readers are referred to [33].

It is certainly gratifying to find that two such radically different approaches
both lead to the same conclusion, that in the limit of sufficiently large Rm
invisible dynamos are not only possible but almost inevitable, but it does raise
the question as to how the Sun, for example, does manage to have an external
field? The answer is that the Sun is not operating as a kinematic dynamo, with
no influence of the field back on the flow. If one does include this effect, one
finds that there are powerful forces, such as magnetic buoyancy [34], that act to
bring the field to the surface, where the solar wind can then also help to extend
it outward. However, these results about the invisible dynamo do illustrate two
points. First, it is not enough to generate a field inside some object; one also has
to be able to extend it outward. And second, for many objects, including the
Sun, it is still quite likely that the internal field is many times stronger than the
external field.

4 The Lorentz force

Turning next to this influence of the field back on the flow, we note that the
combination of electric currents and magnetic fields gives rise to the so-called
Lorentz force J×B, which can also be written as

J×B = µ−1(∇×B)×B = −µ−1∇|B|2/2 + µ−1(B · ∇)B,

using first (1d’) and then a standard vector identity. It is in this latter form
that this force is particularly amenable to physical interpretation; we recognize
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right away that the term −µ−1∇|B|2/2 amounts to an isotropic magnetic pres-
sure. For the largely incompressible flows in planetary interiors this part of the
Lorentz force is relatively unimportant, but for the highly compressible flows in
stellar interiors it is enormously important. For example, this magnetic buoyancy
alluded to above [34] is caused by the magnetic pressure force: regions of strong
field respond to their high magnetic pressure by expanding; the resulting lower
density then gives rise to an upward buoyancy force. The physical interpretation
of the term µ−1(B · ∇)B is not quite so straightforward, but it can be shown
(see for example [7-9]) that it amounts to an anisotropic magnetic tension, in
which the magnetic field lines act like elastic bands. This part of the Lorentz
force is important in virtually all situations; we will see some interesting effects
of it and its highly anisotropic nature in the next section.

This tension in the field lines also allows us another interpretation of dynamo
action, which we have previously thought of from a purely kinematic point of
view as simply the stretching and hence amplification of field in accordance with
Alfvén’s frozen flux theorem. We now realize that from a dynamic point of view,
stretching the field lines in this way will require us to do work against the mag-
netic tension, and assuming conservation of energy, this work will presumably
reappear as an increase in the magnetic energy, that is, an amplification of the
field.

Of course, we shouldn’t simply assume conservation of energy; we should be
able to derive it from the governing equations, and prove that the work done
against the magnetic tension really does reappear as magnetic energy. We can
do so easily enough by adding the dot products of the induction equation with
µ−1B and the momentum equation with U to obtain

∂

∂t

( 1

2
ρU2 +

1

2
µ−1B2

)
= µ−1

[
B · ∇ × (U×B) +U · (∇×B)×B

]
+ . . . ,

where we’re focussing attention only on the two terms coupling U and B. Again
using standard vector identities, one can then show that

B · ∇ × (U×B) +U · (∇×B)×B = ∇ ·
[
(U×B)×B

]
.

Integrating over the volume and using the divergence theorem, these terms thus
contribute

µ−1

∫

∂V

[
(U×B)×B

]
· n̂ dS (11)

to the global energy balance. So if our boundary conditions are U = 0, we
obtain the desired result immediately. Of course, the boundary conditions aren’t
alwaysU = 0 — the Couette flows considered in the next section for example are
driven entirely by inhomogeneous boundary conditions on U. However, in that
case one can show with only a little more effort that (11) corresponds precisely
to the external work done against a possible magnetic torque on the boundary,
so once again we obtain the desired result.

This magnetic tension also provides the equilibration mechanism that pre-
vents a dynamo field from growing indefinitely; eventually the field must surely
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become so great that its tension simply prevents the flow from stretching it any
further. In fact, the precise details of this equilibration mechanism are poten-
tially extremely complicated, and are the subject of most current research in
dynamo theory. For example, the Lorentz force could simply reduce the ampli-
tude of the flow everywhere until the magnetic Reynolds number is just critical.
Alternatively, it could leave the amplitude of the flow largely unchanged, but
subtly alter its structure and thereby its dynamo properties to the point where
the field stops growing — we recall from our discussion of kinematic dynamo
theory that only very slight changes in the flow are needed for this to happen.

Finally, and most dramatically, the Lorentz force could cause the whole sys-
tem to switch to a completely different state. This possibility is particularly
relevant in planetary dynamos, where it is generally believed that the extremely
rapid rotation leads to the existence of distinct weak and strong field regimes,
characterized by very different amplitudes and structures for both the field and
the flow. A detailed discussion of the dynamics leading to these two states is
beyond the scope of this review, but see Jones [35], who also estimates just how
rapid the rotation must be for these two states to emerge. And as if this wasn’t
complicated enough, Zhang & Gubbins [36] then speculate — again on the basis
of the known fragility of a flow’s dynamo properties — that neither of these
states will be stable, so that the system might oscillate between the two.

In fact, one need not go to such extreme parameter values to observe a system
switching between completely different states in response to the Lorentz force;
Fuchs et al. [37] provide very nice examples of what they call “self-killing” and
“self-creating” dynamos. In the first scenario one starts with a flow that is a
dynamo, but the Lorentz force switches it to a flow that is not, and even after
the field then decays away, one does not switch back to the original flow. In the
second scenario one starts with a flow that is not a dynamo, but if one starts it
off with the right finite amplitude field, the Lorentz force switches it to a flow
that is a dynamo.

We thus see that although the general principles whereby the Lorentz force
must ultimately equilibrate a dynamo field are well understood, the details of
how this may come about are surprisingly subtle and varied. There is undoubt-
edly much still to be learned in this area, not just on specific planetary or stellar
applications, but also in terms of more abstract, general principles.

5 Magnetic Couette flow

We end with a discussion of various phenomena that occur when magnetic fields
interact with Couette flows. Although this subject dates back to Chandrasekhar
[38], it has rather languished since then. However, given that this volume is
devoted primarily to Couette flows of various kinds, and given the range of
interesting phenomena that can occur in magnetic Couette flow, it seems ap-
propriate to discuss it here, and in the process perhaps arouse further interest
in it. We will present two configurations; in the first both spheres are rapidly
rotating, with a slight differential rotation between them, in the second only the
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inner sphere is rotating. In both cases we will consider the effects that imposing
magnetic fields with various orientations and amplitudes has on the previously
non-magnetic solutions.

If both spheres are rapidly rotating about the same axis at almost the same
rate, the non-magnetic solution consists of the so-called Stewartson layer situated
on the tangent cylinder C, the cylinder circumscribing the inner sphere and
parallel to the axis of rotation. The reason this particular cylinder is singled
out is because of the Taylor-Proudman theorem, stating that in rapidly rotating
systems the flow must be independent of the coordinate along the axis of rotation.
As a result of this requirement, the tangent cylinder naturally separates the flow
into two distinct regions, with the fluid outside C in solid-body rotation at a rate
Ωo, and the fluid inside C in almost solid-body rotation at a rate intermediate
between Ωo and Ωi.

Since there is a slight difference between Ωo and Ωi, this implies that there
must be a jump in angular velocity across C, proportional to the differential
rotation ∆Ω. The detailed structure of the shear layer that resolves this jump
was deduced by Stewartson [39], and consists of three intricately nested layers,
an innermost one of thickness E1/3, and two outer ones of thicknesses E2/7 just
inside C, and E1/4 just outside C. The Ekman number E = ν/ΩoL

2 is an inverse
measure of the overall rotation rate. The Stewartson layer has been reproduced
numerically by Hollerbach [40] down to E = 10−5, and by Dormy et al. [41]
down to E = 10−8, who both obtained results in excellent agreement with the
asymptotic scalings.

So, the obvious next question to ask is, what effect might a magnetic field
have on this layer? The first to address this question were Ingham [42] and
Vempaty & Loper [43], who considered the effect of imposing a uniform field
aligned with the axis of rotation. (Actually, they considered a very similar shear
layer in cylindrical rather than spherical geometry. However, the non-magnetic
layers in the two geometries are virtually identical, the main difference being
that what was the E2/7 layer in spherical geometry becomes another E1/4 layer
in cylindrical geometry. Given this similarity, it is then likely that the magnetic
adjustments are also similar.) They found that the field has no effect at all until
Λ >∼ 1, where the Elsasser number Λ = σB2

0/ρΩo is a measure of the strength of
the imposed field B0. There is then a transition regime 1 <∼ Λ <∼ E−1/3 in which
the E1/3 layer is unchanged, the E1/4 layers become thinner (E/Λ)1/4 layers,
and a new Λ−1 layer emerges. All three of these layers merge when Λ ≈ E−1/3,
and for Λ >∼ E−1/3 there is a single thinner (E/Λ)1/4 layer.

We thus find that imposing an axial field has relatively little effect until its
strength becomes quite large, and even then it acts to enhance the shear, that is,
to reinforce the effect of the rapid overall rotation. On reflection, that is hardly
surprising, since the tension in the field lines is acting to couple the same re-
gions that were already coupled by the Taylor-Proudman theorem, namely these
nested cylindrical shells each undergoing essentially solid-body rotation. This
does suggest, though, that we could achieve very different results if we imposed
a different field, one coupling regions not previously coupled. In particular, if
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we chose a field with a component perpendicular to the Stewartson layer, the
magnetic tension should surely act to suppress the shear.

The first to explore this possibility was Hollerbach [40], who imposed a dipole
field, and showed numerically that it does indeed suppress the shear, and at
quite small field strengths. The asymptotic scalings of this configuration were
subsequently deduced by Kleeorin et al. [44], and are in complete agreement
with the numerical results. Their main results are: first, the E2/7 and E1/4

layers become thinner (E/Λ)1/2 layers once Λ exceeds E3/7 for the E2/7 layer
and E1/2 for the E1/4 layer. However, even though these layers become thinner,
the shear is already starting to be suppressed, because the jump across them
decreases even faster. Once Λ ≈ E1/3 then, these layers merge with the E1/3

layer, which is thus far unaffected. And finally, once Λ exceeds E1/3, there is a
single thicker Λ layer.

So we see that imposing different fields does indeed lead to radically different
results; in one case a thinner (E/Λ)1/4 layer once Λ >∼ E−1/3, in the other a
thicker Λ layer once Λ >∼ E1/3. But again, both of these results are only to be
expected, since in one case the field does not have a component perpendicular to
the Stewartson layer, whereas in the other it does; so in one case the tension in
the field lines has no tendency to oppose the shear whereas in the other it does.

For the dipole configuration, once Λ = O(1), this Λ layer then fills the whole
shell, that is, the shear layer is completely suppressed, and the whole fluid is in
essentially solid-body rotation, with all of the adjustment to the imposed differ-
ential rotation occurring in the Ekman-Hartmann boundary layers. Increasing
Λ still further though, it turns out that entirely new shear layers arise once
Λ >∼ E−1/3, as Starchenko [45] was the first to realize. He noted first that for
any given imposed field there could be some field lines that only connect to the
inner sphere, some that only connect to the outer sphere, and some that connect
to both. And given that at such large field strengths the magnetic analog of the
Taylor-Proudman theorem states that the flow should be constant along field
lines — essentially the frozen flux theorem in reverse, with the fluid frozen to
the field rather than vice versa — we should expect those field lines that only
connect to the inner sphere to co-rotate with it, those that only connect to the
outer sphere to co-rotate with it, and those that connect to both to rotate at
some intermediate rate. So the location of these new shear layers will be wherever
we switch from one type of field line to another. Starchenko went on to show that
the thickness of these new layers is once again (E/Λ)1/4. We thus realize that
our previous (E/Λ)1/4 layer is really nothing more than a special case of these
new layers; it just so happens that for an axial field you switch from one type
of field line to another in the same place as you previously had the Stewartson
layer, so it’s not so obvious that it’s really a fundamentally different layer.

In fact, if we examine the thickness of these layers in more detail, we find
that since

(E
Λ

)1/4
=
( ν/ΩoL

2

σB2
0/ρΩo

)1/4
=
( νρ

σB2
0L

2

)1/4
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doesn’t actually involve the overall rotation Ωo at all, it should be possible to
obtain the same layers in our second configuration, in which only the inner
sphere is rotating. The advantage of this is that we thereby have one parameter
less to deal with; that is, instead of having one parameter measuring viscous
to Coriolis forces (E), and another measuring Lorentz to Coriolis forces (Λ),
we dispense with the Coriolis force entirely, and simply have one parameter
measuring Lorentz to viscous forces, the so-called Hartmann number M2 =
σB2

0L
2/νρ. In terms of this parameter, we then expect these layers to scale as

M−1/2.
Since we will be considering this configuration in some detail, we note the

precise equations we will be solving. In the limit of small Rm, the momentum
and inductions equations can be simplified to

∂U

∂t
+ReU · ∇U = −∇p+∇2U+M2(∇× b)×B0 , (12)

0 = ∇2b+∇× (U×B0) , (13)

where the Hartmann number is as above, and the Reynolds numberRe = ΩiL
2/ν

is a measure of the inner sphere’s rotation rate. The total magnetic field is then

B = B0 +Rmb ,

where B0 is the externally imposed field, and Rmb the induced field. That is,
Rm no longer appears at all in the equations to be solved, only in the meaning
we subsequently ascribe to the solution b. This is precisely why we’re willing
to limit ourselves to small Rm in this way, to effectively eliminate yet another
parameter from the problem.

The boundary conditions associated with (12) are of course just the usual
spherical Couette flow boundary conditions, namely matching to U = r sin θ êφ
at r = ri and to U = 0 at r = ro, where we will take ri = 1 and ro = 2.
The boundary conditions associated with (13) depend on whether we take the
regions r < ri and r > ro to be insulators or conductors. Since it will turn
out that this choice has a surprisingly large effect on the solutions we obtain,
we will systematically consider all four possibilities II, CI, IC, and CC, where
the first letter denotes the inner boundary and the second the outer. Also, we
might just note that in this small Rm limit, where the field adjusts to the flow
instantaneously, it is possible to simply impose boundary conditions even at
conducting boundaries. See, for example, [46] for a detailed derivation of these
simplified equations and boundary conditions.

For our externally imposed field B0, we will consider in turn axial (A), dipole
(D) and quadrupole (Q) fields, normalized so that |B0| = 1 at r = ro, θ = 0.
Figure 1 then shows the angular velocity of the steady-state solutions, at a
Hartmann number M2 = 105 and a Reynolds number Re = 0, corresponding to
a very strong field and an infinitesimally weak rotation. From left to right we see
the three field configurations A, D and Q, respectively, and from top to bottom
the four boundary configurations II, CI, IC, and CC.
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Fig. 1. Contours of the angular velocity, for the three field configurations A, D and
Q (from left to right), and the four boundary configurations II, CI, IC, and CC (from
top to bottom). M2 = 105, Re = 0, and a contour interval of 0.2Ωi throughout.
The regions of counter-rotation are indicated by the dashed contour lines; the regions
of super-rotation by the gray-shading. The maximum values in the bottom row are
−1.67, 3.87, and 4.06, respectively. Finally, all of these solutions are symmetric about
the equator
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Focussing attention on II first, we note that these results are exactly as we
expected, with the shear layers occurring on precisely those field lines separating
regions magnetically coupled only to one boundary or the other from those
coupled to both. Furthermore, if we were to vary M2, we would find that the
thickness of these layers does indeed scale as M−1/2. We can already see some
hint of this in the D and Q results, where the field strengths, and hence the local
Hartmann numbers, vary considerably throughout the shell, and sure enough
the shear layers are much thinner at ri than at ro.

Turning next to CI and IC, we note that the primary effect of switching either
boundary from insulating to conducting is to lock the fluid to that boundary.
This is particularly apparent for the axial field, where all the fluid inside the
tangent cylinder, which was rotating at a rate Ωi/2 for II, is now completely
locked to the inner boundary for CI, and to the outer boundary for IC. The
reason for this behaviour is that across an insulating boundary forces can only
be transmitted viscously, whereas across a conducting boundary they can also be
transmitted magnetically, and since the Hartmann number measuring magnetic
to viscous forces is large, one should expect the coupling across a conducting
boundary to be so much stronger that it completely overwhelms the coupling
across an insulating boundary.

We also note two other curious effects in the CI and IC configurations: For
DCI and QCI, there are small regions of super-rotating fluid, fluid rotating faster
than Ωi. This super-rotation, which at this aspect ratio amounts to ∼40% in
both cases, has previously been obtained numerically by [41] and analytically by
[45], and is largely independent of M2 (although the region in which it occurs
becomes thinner and thinner as M2 increases). Similarly, for AIC, there is a very
small region of counter-rotating fluid, fluid rotating in the opposite direction
from Ωi. This ∼25% counter-rotation has not previously been obtained, but it
too is largely independent of M2. Both of these phenomena obviously require
explanation. However, because we will encounter far more dramatic examples of
both in the CC configuration, we defer discussion until after presenting those
results.

Turning to CC then, we note that one reason why one might be interested in
considering it is that it is not so obvious where the adjustment to the imposed ro-
tation will now occur. That is, we was previously that switching either boundary
from I to C will completely suppress the Hartmann layer at that boundary, so
presumably CC shouldn’t have any boundary layers at all, and yet somewhere
in the fluid the adjustment from a rotation rate of Ωi at ri to 0 at ro must
take place. The results in the bottom row of Fig. 1 show that there are indeed
no Hartmann layers now; the adjustment occurs throughout the whole of the
interior instead.

Far more dramatically, though, what was previously a relatively weak counter-
or super-rotation is now a powerful jet far exceeding Ωi. Furthermore, the
strength of these jets is no longer independent of M2, but instead increases
with increasing Hartmann number, roughly as M0.6 for all three. These jets,
reported here for the first time, clearly do require explanation now. In order to
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understand the origin of both, we need to consider not the angular velocity, but
the meridional electric current instead. Figure 2 shows this, just for the II and
CC configurations now.

Fig. 2. Streamlines of the meridional electric current, for the three field configurations
A, D and Q (from left to right), and the boundary configurations II (top row) and CC
(bottom row). The sense of circulation is counter-clockwise for A and D, clockwise for
Q, with the recirculation through the outer boundary not shown in the bottom row.
Finally, A and D are antisymmetric about the equator, Q is symmetric.

Focussing attention on A first, we note that the overall pattern is strikingly
similar for both II and CC, consisting of a broad downward flow inside C and a
narrow upward flow just outside C. The most obvious difference of course is that
for II the current must recirculate through the Hartmann layers, whereas for CC
it may recirculate through the interior and exterior regions. This difference turns
out to be crucial in terms of its effect on the amplitude of the current; having it
recirculate through the boundaries is so much easier than having it recirculate
through the boundary layers that the CC current is 24 times greater than the II
current. Indeed, the scalings with M are completely different; if both boundaries
are conducting, the current is independent of M , whereas if either boundary is
insulating, it becomes increasingly difficult to recirculate the current through an
increasingly thin — scaling as M−1 — Hartmann layer, with the result that it
then also scales as M−1. And this difference in current amplitudes is precisely
what explains the counter-rotating jet for CC but not for II; we note that in both
cases the current right at the equator of the inner sphere is radially outward, so
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in both cases the Lorentz force j×B0 is in the −êφ direction, but only in one
case is it sufficiently strong to overwhelm the effect of the rotation in the +êφ
direction.

Turning to D and Q next, the overall current patterns are again similar for
II and CC, but the amplitudes are completely different, with CC independent of
M but II scaling as M−1. By working out which way j and B0 are oriented, one
can show that the Lorentz force at the appropriate places is in the +êφ direction
now, but once again it is only for CC that it is sufficiently strong to induce
such a powerful super-rotating jet. Finally, the reason we already had a slight
super-rotation for CI is that the much smaller and thinner inner Hartmann layer
poses a far greater limitation to the recirculation of current than the larger and
thicker outer layer does, so switching it alone already increases the current by
close to an order of magnitude. However, because the existence of the outer layer
still limits the scaling of the current to M−1, this slight super-rotation does not
increase with M .

We thus realize that switching the boundary conditions from insulating to
conducting has very substantial — and initially completely unexpected — effects,
but that once we explore all aspects of the solutions, we can make sense of the
results. Nevertheless, there are still a great many questions to be answered, such
as, why do these jets scale as M0.6? The detailed scalings in the regions where
they are tangential to the boundary clearly enter into this, but how precisely?
And is this M0.6 scaling a general result, or does it depend on these specific
choices of B0? Indeed, what is it about these choices of B0 that yielded counter-
rotation for one but super-rotation for the other two? Is it possible, for example,
to impose a B0 that will simultaneously yield counter-rotation in some regions
and super-rotation in others? So although we understand the results presented
here, there is still a great deal of work to be done on these shear layers and jets.

All of the results presented so far were in the limit of infinitesimally weak ro-
tation, so we might consider next what happens as we gradually increase Re. (In-
cidentally, we note that one can go to quite large Re before the above assumption
of smallRm breaks down, because the ratio of the two,Rm/Re = ν/η = O(10−6)
for most liquid metals.) At some point inertial effects must surely lead to insta-
bilities of some kind. The (non-axisymmetric) instabilities of the AII and ACC

configurations have been computed by Hollerbach & Skinner [46], who found
that the critical Reynolds number for onset scales as M0.66 for AII and as M0.16

for ACC. But again, there is a great deal more work to be done on the instabilities
of some of the other configurations.

Instead of considering only very large Hartmann numbers, we could also
consider more moderate values. In particular, the limit M2 = 0 corresponds to
non-magnetic spherical Couette flow, and given the huge range of interesting
phenomena found in that problem (see, for example, the contribution by Junk
& Egbers in this volume), it might be worthwhile to see what effect including a
moderate magnetic field would have. For example, Fig. 3 shows an initially non-
magnetic Taylor vortex pair being distorted by imposing a D or Q field. The
effects of the two fields are evidently quite different, with the (predominantly
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vertical) D field suppressing the vortices, but the (predominantly horizontal)
Q field enhancing them. And perhaps not surprisingly, applying CC boundary
conditions again has a greater influence than II. Of course, these are just sample
calculations, and no significance should be attached to these particular parameter
values, but the magnetohydrodynamic extension of classical spherical Couette
flow is clearly another promising area of research, both theoretically and ideally
also experimentally.

Fig. 3. Streamlines of the meridional circulation, showing the effect of various field
configurations on a Taylor vortex pair. From left to right, the initial non-magnetic
solution, then DII, QII, DCC, QCC. All at an aspect ratio (ro−ri)/ri = 1/3, Re = 1000,
and M2 = 250 for the four magnetic solutions

Finally, uniting the two thus far largely separate aspects of this review, one
might wonder whether spherical Couette flow could act as a dynamo. Well, re-
membering first that dynamo action requires Rm to exceed O(10), and remem-
bering also that Rm/Re = O(10−6), we realize that Re would have to exceed
O(107). While that might just be feasible experimentally, numerically it is not,
as such a flow would be fully turbulent. It certainly would be interesting to see
how the Lorentz force would ultimately equilibrate such a dynamo though. For
example, would the field also be largely small-scale, or would large-scale struc-
tures emerge, perhaps aligned with the rotation axis? And would the tension in
the field lines perhaps suppress some of the turbulence again? The one thing we
can be sure of is that something interesting would emerge!
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