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S u m m a r y : We consider the effect of including both dipole and quadrupole parities
in the previous mean-field model of Hollerbach and Jones (1995), which considered dipole
parity only. Allowing for both parities, we find that the onset of dynamo action occurs at
a0 « 6, in the form of a purely quadrupolar dynamo wave. A symmetry-breaking bifurcation
then occurs at ao « 11, beyond which the solutions are of mixed parity. The quadrupolar
component still oscillates about a zero time-average, but the dipolar component about a
non-zero average. For even greater aco we obtain an unconnected upper-branch solution.
In sharp contrast to the HJ95 pure-parity upper branch, however, this mixed-parity upper
branch is steady-state rather than periodic. Although it does not appear to be possible to
connect these two upper branches by any simple sequence of bifurcations, we nevertheless
suggest how aspects of the mixed-parity branch may help in understanding features of the
previous pure-parity branch.
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1. INTRODUCTION

Although geodynamo modelling has now progressed to the point where fully three-
dimensional simulations are feasible (Glatzmaier and Roberts, 1997 and references
therein), it is occasionally still worthwhile to consider purely two-dimensional simu-
lations. The difficulty with 3D models is that they are only just feasible, and even
then only on supercomputers. It is therefore still not possible to do enough runs
to establish the details of bifurcation sequences, for example. In contrast, with 2D
models one can more readily do the many runs required. There is the danger, of
course, that the bifurcations one obtains in a 2D model will be wholly unrepresenta-
tive of the bifurcations one would have obtained in a 3D model. However, given the
close connection between bifurcations and the underlying symmetries of the system
(Crawford and Knobloch, 1991), and given that two- and three-dimensional models
share many of the same symmetries, it seems likely that the bifurcations one obtains
in a 2D model will at the very least be suggestive of some of the bifurcations one
could obtain in a 3D model. It is in this spirit that we will consider one particular
2D model in this work, and explore the bifurcations that arise from breaking the
equatorial symmetry — a symmetry, one might add, that is indeed common to two-
and three-dimensional models.
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2. THE MODEL

The particular two-dimensional model we will consider is that of Hollerbach and
Jones (1995), who established with this model the magnetically stabilizing influence
that the Earth's inner core can have on the dynamics of the outer core. Hollerbach
and Jones, however, restricted their attention not only to purely two-dimensional
solutions, but also to purely dipolar ones (even these 2D models are sufficiently
CPU intensive that one likes to start with the simplest possible model). It turns
out that one can indeed restrict attention to purely dipolar solutions even in the
fully nonlinear regime; see for example Gubbins and Zhang (1993) for a general
discussion of the symmetry properties of the geodynamo equations. However, it
could well turn out that these purely dipolar solutions would be unstable if one
allowed for quadrupolar solutions as well, with the result that one could end up
with mixed-parity solutions. It is this possibility that we want to explore in this
work, in this one particular mean-field model.

The equations solved by HJ95 were,

for the magnetic field in the inner and outer cores, respectively, and

for the fluid flow in the outer core. The decompositions

will also be useful in discussing the results. As in HJ95, we prescribe the a-effect a =
oto cos 9, including only that component that regenerates poloidal from toroidal field.
We will then be interested in the sequence of bifurcations we obtain as we gradually
increase a0. We similarly prescribe the buoyancy 0 = — 200 r cos2 d, chosen to drive
a thermal wind essentially independent of 6. The Ekman number e is fixed at 5.10-4,
again as in HJ95.

Indeed, the only difference between this model and that of HJ95 is that here we
will include both dipole and quadrupole parities for all quantities, whereas HJ95
once again considered dipole parity only, for which A and v are symmetric about
the equator, and B and tf> antisymmetric. However, rather than extending the HJ95
code to include both parities, we chose instead to use the Glatzmaier and Roberts
(1993) mean-field model, now extended to include a finitely conducting inner core as
well. By doing so we were able to start by seeing how well the GR93 code reproduces
the HJ95 results, thereby benchmarking both codes. And indeed, we found that the
GR93 code exactly reproduces the strongly nonlinear upper-branch solution of HJ95,
giving us renewed confidence in both codes.
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3. RESULTS

Before presenting the mixed-parity bifurcation sequence, it might be worthwhile
to review briefly the previous pure-parity bifurcation sequence, so we can compare
the two more clearly. HJ95 found that the onset of dynamo action occurs at a0 » 8,
in the form of dynamo waves travelling from the equator to the pole. A secondary,
pitchfork bifurcation then occurs at a0 » 12, beyond which these dynamo waves
are oscillations about a non-zero rather than zero time-average. For even larger
a0, they found that one eventually jumps to a periodic upper-branch solution that
appeared to be totally unconnected to these lower-branch solutions. In this work
we will find that for mixed-parity solutions one also obtains quite distinct lower and
upper branches to the bifurcation diagram, but the details of each branch will be
rather different.

Right at the linear onset the solutions must of course have a pure parity (see
for example Roberts, 1972), so unless the quadrupole modes are excited before the
dipole modes, we will at least start off with the same onset as above. Well, it turns
out the quadrupoles are excited before the dipoles, so our new bifurcation sequence
is different right from the start. The onset of dynamo action now occurs at a0 » 6,
but again in the form of dynamo waves travelling from the equator to the pole. And
just like the previous dipole waves, these new quadrupole waves also oscillate about
a zero time-average (as of course they must, since both arose out of simple Hopf
bifurcations). Figure 1 shows one period of the solution at a0 — 10.

If we continue increasing a0, a secondary bifurcation again occurs, this time at
a0 « 11, beyond which the solutions have mixed parity. This bifurcation will there-
fore turn out to break not only the zero time-average symmetry, but also the equa-
torial symmetry. Figure 2 shows one period of the solution at a0 = 15, and one
notes that at any instant in time the equatorial symmetry is indeed broken by the
presence of both parities simultaneously. However, if one looks carefully, one notes
that there is still an equatorial symmetry of sorts; if one compares plots half a period
apart, one discovers that these solutions have the symmetry

that is, the same equatorial symmetry that a purely dipolar solution would have
without the half-period shift in time.

In order to understand the origin of this slightly unusual symmetry, one must
consider which harmonics in time are present in the quadrupolar and dipolar com-
ponents of these solutions. Just before the bifurcation, when only quadrupole com-
ponents are present, the magnetic field consists of all the odd harmonics eiwt, e3iwt,
etc. It then turns out that just after the bifurcation the quadrupolar part of the field
still consists of only the odd harmonics (and so it still oscillates about a zero time-
average), whereas the dipolar part of the field consists of only the even harmonics
(and so it oscillates about a non-zero time-average). It turns out that this combi-
nation of odd harmonics for the quadrupole and even harmonics for the dipole then
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Fig, 1. The solution at ao = 10, showing from top to bottom contour plots of Ar sin0, B,
v/r sin 9 and ip r sin & for six (from left to right) uniformly spaced time intervals throughout
the period of 0.22. Contour intervals of 0.05, 0.5, 25 and 0.25.
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Fig. 2. The solution at a0 = 15, showing from top to bottom contour plots of ArsinO, B,
v/r sin 6 and tj} r sin 8 for six (from left to right) uniformly spaced time intervals throughout
the period of 0.17. Contour intervals of 0.05, 0.5, 25 and 0.25.
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yields this symmetry (4), See for example Jennings and Weiss (1991) for a general
discussion of all possible symmetries in mean-field dynamo models, and hence of the
possible bifurcations between different symmetry states. Jennings and Weiss in fact
used a simple a-quenching for their nonlinearity, but because the symmetries of the
equations are still the same, the possible bifurcations are also the same. That two
otherwise unrelated models should nevertheless yield exactly the same allowed bifur-
cations merely emphasizes the value in studying the underlying symmetries of one's
system. (See also Hollerbach (1991) for another model having the same symmetries,
and again exhibiting many of the same bifurcations.)

This lower branch becomes unstable at around a0 w 30, and for even larger
a0 one eventually jumps to a steady-state upper branch. The precise mechanism
whereby the lower branch loses stability is unfortunately not known, as even these 2D
simulations become increasingly CPU intensive for increasingly large a0. However,
just as for the pure-parity solutions, these lower and upper branches also appear
to be totally unconnected. Figure 3 shows the upper-branch solution at a0 = 50,
the same value incidentally as the upper-branch solution of HJ95. One notes that
the equatorial symmetry is now completely broken; because this is now a steady
solution there is no possibility of recovering an equatorial symmetry by shifting in
time as in (4). This means, incidentally, that there are now really four distinct
solutions, corresponding to reversing the quadrupolar or dipolar components of the
field separately. That is, there is no particular reason why these maxima in the
various quantities had to end up below the equator, they could equally well have
ended up above it, and both of these solutions could then have had a reversed field,
yielding four solutions in total.

Fig. 3. The solution at a0 = 50, showing from left to right contour plots of Ars inO, B,
v/rsin8 and i/jr s inO. Contour intervals of 0.5, 1, 50 and 5.
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This mixed-parity upper-branch solution may also help explain one of the most
puzzling features of the previous pure-parity upper-branch solution, namely the pe-
culiar nature of its periodic cycle, with a very slow growth of field followed by a very
sudden collapse. Figure 3 shows very clearly that all four quantities A, B, v and ij)
arrange themselves so they each have a single maximum at essentially the same loca-
tion for all four. So one might conjecture that the pure-parity solution is attempting
to accomplish something similar. If one is restricted to a pure dipole solution, how-
ever, a single maximum in A would have to lie right on the equator, where B in turn
is necessarily zero. So in attempting to create a solution where A and B have single
maxima at the same location, one has indeed caused a catastrophic collapse in the
toroidal field, entirely consistent with the situation observed in HJ95. However, one
should stress that this explanation is qualitative at best. In particular, it does not
appear to be possible to connect the mixed- and pure-parity upper branches by any
simple sequence of bifurcations, and so one should be cautious about using aspects
of one to explain features of the other.

4. CONCLUSION

In this work we have seen some of the ways in which the equatorial symmetry can
be broken in dynamo models. Prom the point of view of someone interested in 3D
modelling of strong-field dynamos, however, the most important result is probably
that the transition to mixed-parity solutions seems to occur before the transition
to the upper-branch solutions. By restricting attention to pure-parity models, one
is thus quite likely to obtain solutions radically different from the ones one would
have obtained in mixed-parity models. Despite the considerable extra computational
expense, it is therefore probably safest not to restrict attention to pure-parity models,
a conclusion also emphasized by Sarson et al. (1998).

Finally, one last question one would like to have addressed is which of these
solutions are Ekman states, and which are Taylor states? See for example Hollerbach
(1996) for a discussion of these two states. One might surmise that the lower branch
is the Ekman state, and the upper branch the Taylor state, but short of doing many
more runs at varying Ekman numbers one cannot be sure. The lack of a sufficiently
small Ekman number is also one reason why we cannot say where Jault's (1996)
asymptotic solution should fit into our bifurcation diagram. It is clear that even
with such a simple mean-field model there are still issues one could pursue further!
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