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Abstract

We study the semi-simplicity of the second dual of the Banach algebra of operators
on a Banach space, B(E)"”, endowed with either Arens product. It was previously
shown that if E is a Hilbert space, then B(E) is Arens regular and B(E)” is semi-
simple. We show that for a large class of Banach spaces F, including subspaces of L?
spaces not isomorphic to a Hilbert space, B(E)” is not semi-simple. This is achieved
by deriving a new representation of B(IP)’, and then constructing a member of the
radical of B(IP)", for p # 2.
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1 Introduction and algebraic background

When F is a Banach space, E” is its second dual space, and we have a canonical
isometry  : £ — E”. We can thus view E” as an “extension” of E. The same
is true of a Banach algebra 2A: the first and second Arens products, O and
&, are defined on A" extending the algebra product on 2. When these two
natural products coincide, we say that 2 is Arens regular.

In [3], it was shown that B(E), the Banach algebra of operators on a Banach
space, is Arens regular whenever FE is super-reflexive. The proof uses an in-
jective homomorphism B(E)” — B(F') (for either Arens product) where F' is
another reflexive Banach space— one can take F' = (I?(E))y, where (I*(E))y is
an ultrapower. This is a natural approach to take, as ultrapowers are another
form of “extension”, and one which is closely linked to second duals (see |8,
Section 2]).

Email addresses: matt.daws@cantab.net (Matthew Daws),
read@maths.leeds.ac.uk (Charles Read).

Preprint submitted to Elsevier Science 30 April 2004



When FE' is a Hilbert space, B(E) is a C*-algebra, which gives another way to
show that B(E) is Arens regular in this special case, and to show that B(E)”
is semi-simple. It thus seems natural to ask whether B(F)” is semi-simple for
any super-reflexive Banach space. In this paper, we shall show that, for a large
class of spaces E, including F = LP(v) for any measure v and p # 2, B(E)"
is not semi-simple. Indeed, the only spaces E for which B(E)” is known to be
semi-simple are those spaces which are isomorphic to a Hilbert space.

1.1 Algebraic Background

Throughout, if £ is a Banach space, then E’ is its dual space, the space of
all continuous linear functionals on E. If x € E and A € E’ then we write
(A, ) = A(z). We maintain the convention that the left-hand side of (.,.) is a
member of the dual of the space which contains the right-hand side member

of (.,.).

For a Banach space E there is a natural map kg : E — E” given by

(kp(z), 1) = (n,2)  (z€ B, peL).
Then kg is an isometry, and we say that E is reflexive if kg is an isomorphism.

When FE and F are Banach spaces, B(E, F') is the Banach space of all bounded
linear maps from E to F', with the operator norm. By IC(E, F') we denote the
ideal of compact operators in B(F, F); by F(E, F) the ideal the finite-rank
operators. The closure of F(E, F) in B(E, F') is the ideal of approximable
operators, A(E, F). We write B(E) = B(E, E) for the Banach algebra of
operators on a Banach space E, and similarly IC(E), F(F) and A(E).

We denote the tensor product of Banach spaces FF and F by F¥® F. Then we
can give F' ® F the projective tensor norm, defined for u € E ® F' by

ully = mf{z ledlllfll s u =3 e, ®fz}-
=1 =1

Then the completion of E ® F under || - || is EQF, the projective tensor
product of E and F. See [10, Chapter 2] for more details.

There is a natural norm-decreasing map from EQE’ to B(E) given by
<Z T ® u,) (x) = inwi,@ (Z T, @ u; € EQF  x € E’) )
i=1 i=1 i=1

We say that E has the approximation property (AP) when this map has trivial
kernel. In this case, A(E) = IC(E). See [10, Chapter 4] for more details.



Finally, we can identify B(E, F’) with (EQF)’ by
(T.e® f)=(T(e).f) (TE€BE,F)exfeERF)

and linearity. In particular, if E is reflexive, then (EQE') = B(E).
1.2 Arens products

For a Banach algebra A, a,b € A, A € A" and & € A" we define a.\ € A,
Aa €A NP e and PN €A by

aX:b— (A\ba) , Aa:br— () ab),
AP :b— (P, DN, DA b (D AD),

and then define two products O and < on 2" by
(BOW,\) = (B, T.)) , (DO, \) = (T, \.D) (@, T eA" Ae).

Then (2A”,0) and (A", <) become Banach algebras, and both O and < agree
with the original algebra product on 2. We call O and < the first and second
Arens products respectively. If O and < agree on the whole of 2", then 2 is

said to be Arens regular. For further details we refer to reader to [1, Section
2.6] or [2].

In [3] (or see [2] for a different presentation) it is shown that whenever a
Banach space F is a super-reflexive, B(E) is Arens regular.

For a Banach space E, an index set [ and an ultrafilter U define
[®(E, 1) ={(xi)icr C E: sup ||z:]| < oo},
1€

Ny = A{(x;) € I*°(E,I) : 116%1 ||lz:]| = 0}.

Then Ny is a closed subspace of [*°(E, I'), and we define (E)y, to be the quotient
space [*°(E, I)/Ny. It is easy to check that if (z;) is some representative of an

equivalence class in (F)y, then ||(x;)|| = lim;ey ||2;||. For more details see [3]
and [8].

If F is a reflexive left B(E)-module, then define a map ¢ : F® F' — B(E)' by

(p(f@p),T)=uT.f) (foueFRF,T e B(E)).

In [3] it is shown that ¢’ : B(E)"” — B(F') is a homomorphism for either Arens
product on B(E)”. In particular, if ¢ is surjective, then ¢’ is an isomorphism
onto its range, so that B(E) is Arens regular.



It would be natural, in the above construction, to consider using F' = (E)
for some ultrapower U, but it seems unlikely that, in general, ¢ even has
dense range in this case. However, we can make [*(E) into a left B(E)-module
by letting B(E) act co-ordinate wise, and then (I*(E)), naturally becomes a
left B(E)-module as well. As E is super-reflexive, [*(E) is super-reflexive, so
(I%(E))y is reflexive. In [3] it was shown that for a suitable ultrafilter U, if we
set ' = (I*(F))y, then ¢ is a surjection. In section 3.1 of this paper, we shall
show that for a suitable ultrafilter U, if E = [P for 1 < p < oo, then ¢ is a
surjection with ' = (E)y.

1.8 Semi-simplicity and radicals

We state (see [1]) that for a unital Banach algebra A, with unit e, the radical
of Ais

rad(A) = {a € A: e —ba is invertible (b € A)}
={a € A:e—abis invertible (b € A)}
={a € A:Sp(ab) = {0} (be A)}
={a e A:Sp(ba) = {0} (be A)}
—fac A Jim (@)1 =0 (b A)
—fac A Jim 0|1 =0 (b€ A))

where Sp(c) = {\ € C: Ae — ¢ is not invertible} is the spectrum of ¢ in A.

2 A case when B(FE)” is not semi-simple

For this section, let E be a reflexive Banach space. Let k : EQE' — B(E)' be
the usual isometry from the Banach space EQE’ to its second dual. Then &’
is a linear map from B(E)"” onto B(E).

Proposition 2.1 Let E and s be as above. Then we have the following:

(1) k is a B(E)-bimodule homomorphism;

(2) k' is a B(E)-bimodule homomorphism;

(3) for ® € B(E)" and 7 € EXE', we have ®.k(1) = k(x'(®).7) and
K(T).® = k(T.K(D));

(4) k' is a homomorphism for both Arens products on B(E)";

(5) if we identify B(E) with its image in B(E)"”, then k' is a projection onto
B(E), and so we have B(E)" = B(E) & ker &’.



(6) Writing B(E)" = B(E) @ ker &/, we have
(T, Fl)D(S, Fz) = (TS, TPQ + Fls + F1DF2) S B(E) @ ker K]/,
for (T,I'1),(S,Ty) € B(E) @ ker ', and similarly for the product <.
Proof.
(1) For S,T € B(E) and 7 € EQE’ we have
(K(T'7),8) = (S, T'r) = (ST, 7) = (s(r),5T) = {T'w(r), 5)
and similarly x(7.7) = k(7).T.
(2) This is now standard from (1).
(3) For T € B(E) we have

(D.5(7),T) = (P, k(7).T) = (D, k(7.T)) = (' (®),7.T)
=(Tor'(®),7) = (T, (®).7) = (k(K'(®).7),T),

and similarly k(7).® = k(7. (D)).
(4) For ®,¥ € B(E)" and 7 € EQE’ we have

(£ (@0W), 7) = (D, V.k(7)) = (P, k(K (P).7)) = (K (®) 0 ' (V), T)
and
(K'(®OW), 7) = (U, k(7).®) = (U, k(1.£'(D))) = (K'(P) 0 '(V), 7).

(5) We wish to show that for 7" € B(E), we have x'(T) = T, which follows
because (k'(T),7) = (T, k(7)) = (T, T).

(6) We have «/'((T'+11)0(S +19)) = &'(T'S) + '(I'1).S +T.k'(T'y) + &' (I'y) 0
H/(F2> =TS.

O

Proposition 2.2 Let & € B(E)" and suppose that x'(®) # 0. Then ¢ ¢
rad B(E)" for either Arens product.

Proof. Pick © € E and p € E' with '(®)(z) # 0 and (u,<'(®)(x)) = 1.
Then let T = z ® p € B(E), so that £ (T0®)(z) = T(x'(P)(x)) = z, and
hence k/(Id =7T'0®) has non-trivial kernel and so cannot be invertible. Thus
Id —=7T0® is not invertible in B(E)", so that & ¢ rad B(E)". The same holds
for the product <. a

Note that Proposition 2.1(6) shows that ker x’ is an ideal of B(E)" for either
Arens product. Consequently, by Proposition 2.2, rad B(E)" = (rad B(E)") N
ker k' = rad ker x’. Thus we can concentrate on ker ' C B(E)” when consid-
ering the radical of B(E)".



2.1  An example where B(E)" is not semi-simple

We look at a Banach space £ = F @ G, where F is reflexive (so that F' and
G are reflexive), and use the results of the last section. We can regard B(E)
as an algebra of two-by-two matricies with entries from B(F'), B(F,G) etc.
Indeed,

B(E) B All Agl ‘ All € B(F),Agl € B(G, F),
A Ap | A € B(F,G), Asy € B(G) |

and so

B(E)H i q)ll (I)12 ) (1)11 - B(F)”, (1)12 I~ B(G, F)l,’
Dy Do ®yy € B(F,G)", ®9 € B(G)”

Lemma 2.3 Let A be a unital Banach algebra, and let p,q € A be orthogonal
idemopotents (that is, p*> = p,q*> = q and pq = qp = 0) such that p+ q = e4.

Then
Ap pA
4 [PArpAT)
qAp qAq

Let A be a subalgebra of A, and let B be an ideal in A, so that

pAp 0 00
2A C , BC .
(qu qu) (qu 0)

Then ‘B lies in the radical of .

Proof. Firstly note that if a € 2, then a = egaeq = pap + paq + qap + qaq,
so that 2 does have the form of a two-by-two matrix algebra. Pick b € B and
a € 2. Then

p0 0 0) (pap O p 0
ey + ba = + = 7
0gq qbp 0] \ qap qaq qbpap q

which has inverse (_ dbpap 2). Thus, as a € 2 was arbitrary, b € rad 2. a
We can certainly apply this lemma to A = B(F & G)" = B(E)”, with either
of the Arens products (with p and ¢ being the projections onto F' and G
respectively). Then, with reference to the comment after Proposition 2.2, we
wish to impose conditions on F' and G so that ker / = 2 (by which we mean



that ker &’ has, as a matrix algebra, the correct form to apply the preceding
Lemma).

Lemma 2.4 If every bounded linear map from G to F' is compact, then
ker k' = 2.

Proof. We need to show that, if B(G,F) = K(G, F), then if & € B(G, F)”
with £ (§ %) =0, then ® = 0. Now, &' (J§) = 0 if and only if (®,\) = 0 for
each A € GRF' (noting that (GR®F')" = B(G, F)). Thus it is enough to show
that kegp GRF' — B(G, F)' is surjective, that is, GRF" is reflexive.

Now, GRF" is reflexive if and only if B(G, F) is reflexive. By [10, Theorem
4.19], if B(G, F) = K(G, F), then B(G, F) is reflexive, so we are done. O

Finally, we would like B to not be the zero space.

Lemma 2.5 With F', G and k as above, there is a non-zero ¥ € ker k' N
B(F,G)" if and only if B(F,G) is not reflexive. If one of F or G has the
approximation property, then B(F,G) is not reflexive if and only if B(F,G) #
K(F,G).

Proof. As K’ restricts to a projection of B(F,G)"” onto B(F,G), the first part
is clear.

As (FRG") = B(F,G), the space B(F, () is reflexive if and only if FRG’ is
reflexive. The second part of the lemma then follows from [10, Theorem 4.21].
O

Theorem 2.6 Let F' and G be reflexive Banach spaces such that one has the
approximation property, B(F,G) = K(F,G) and B(G,F) # K(G,F). Then
B(F @& GQ)", with either Arens product, is not semisimple.

Proof. This follows directly from the above results. a

Corollary 2.7 Choose p and q so that 1 < p < q < co. Then B(IP @ 19)" is
not semi-simple.

Proof. By [10, Theorem 4.23], B(19,1?) = K({%,1?). By considering the formal
identity map from [P to 19 we see that B(IP,19) # IC(IP,17). O

3 The case where F =[P

In this section, we will show that B(I?)” is not semi-simple for 1 < p < oo,

p# 2



If A is a Banach algebra, denote by .A°? the Banach algebra whose underlying
Banach space is A but with reversed product. It is then clear that A is semi-
simple if and only if A°P is, and that (A”)°® = (A°?)"” when A is Arens regular.
Thus we can restrict ourselves to the case where 1 < p < 2, the other cases
following from the anti-isomorphism B(I?) — B(l?),T — T’ (where, as usual,
p gt =1)

Our approach is to try to adapt the method used in Section 2, but instead
of writing £ = F & G with B(E, F') being very small (that is, all compact
operators), we shall construct an operator T' € B(F) which is “in the limit”
compact, in the sense that we can find a system of operators (P4) so that
weak -lim4 TP, is in the radical. If B(E,F) = K(E, F), then any T would
do, with P, being such that weak -lim4(Id —P4) = Id. We have to work
somewhat harder for the space F = [P.

3.1 Action of B(E)" on (E)y and (I*(E))y

For an ultrafilter i/ and a super-reflexive Banach space F, recall that we define
¢ (E)u@(E' )y — B(E) by

(@((z:) @ (i), T) = (i), T(2)) = L (s, T (3))

for T € B(E) and (z;) ® (1;) € (E)y®(E")y. When we need to stress which
ultrafilter is being used, we shall write ¢,. Then we have ¢’ : B(E)" — B((E)y)
given by

(1, 0'(®)(2)) = (P, 9(z @ p)) (P € B(E)",x € (E)y,pu € (E')u).

Then ¢’ is a homomorphism for either Arens product (by results in [3]). If
¢ € B(E)", then we know that, for some ultrafilter W and some bounded
family (T,) in B(E), we have weak -limaecyy T, = ®. Thus we see that, for
x € (E)y and p € (E')y, we have (u, ¢'(®)(z)) = limaew (1, To(z)) and so

#(@)(x) = weak Iim Tu(2)  (z € (F)u),

which makes sense because (E) is reflexive.

Lemma 3.1 For each ® € B(E)", x € (E)y and € > 0 we can find S € B(E)
with [|S]| < [|[| and [|¢/(®)(x) — S(z)|| <e.

Proof. Let X = {S(z) : S € B(E), ||S|| < ||®||} so that, by the above, ¢'(P)(x)
is in the weak closure of X. Since X is convex and bounded, ¢/(®)(x) is thus
in the norm closure of X, so we are done. O



As stated above, in general, it is not the case that ¢ is surjective. However,
define amap p: E x E' — (E)y®(E")y by p(z, ) = v ® pu, where we identify
E with its image in (E)y and E’ with its image in (E£’)y. Then p is norm-
decreasing and so extends to a norm-decreasing map p : EQE' — (E)y&(E)y.

Lemma 3.2 The map p is an isometry, and ¢ o p : EQE' — B(E) is the
map k : EQE" — B(E)'.

Proof. It T' € B(E) then

(P(p(z @ ), T) = (, T(x)) = (r(x @ ), T),

so, by linearity and continuity, ¢ o p = k. As k is an isometry, and ¢ and p are
norm-decreasing, p must also be an isometry. O

In the rest of this section, we shall prove that, when £ = [P for 1 < p < o0,
the map ¢ actually is surjective for a suitable ultrafilter /.

Let E be a reflexive Banach space with the approximation property, so that
A(E) = EQFE', with the duality given by

(x@u,T) = (u, T(x)) (z®p € EQE,T € A(E)).

For more details, see [10, Theorem 5.33]. Consequently we shall identify A(E)”
with B(E), and it is easy to check that the canonical map k4 : A(E) —
A(E)" = B(E) is just the inclusion map. Thus EQE’ is complemented in
BéE)’ with projection /g : B(E) — E®E' and B(E) = EQE & A(E)°
where

AE) ={ e B(E) : (\,\T) =0 (T € A(E))}.
We can form the quotient algebra B(E)/A(F), which in a natural way has

dual space A(E)°. For T' € B(E), write T'+ A(F) for the image of T" in
B(E)/A(E), so that

IT + A(E)| = inf{||T + S|| : S € A(E)}.

Then in the case where E = [P (which does have the approximation property),
define P, € B(I?) to be projection onto the first n co-ordinates, and @, =
Id —P,, for n € N. Then we have the following.

Proposition 3.3 For T € B(I?), we have
IT+ A@)| = lim [TQu] = lim | QuTQul.

We may also replace lim,,_., by inf,,.



Proof. As (||TQ.|)5, and (||Q.TQ.|)5S, are decreasing sequences, we can
interchange taking limits and taking infima. Then as T'Q), = T — TP, and
TP, € A(l?), we have | T + A(?)|| < ||ITQ.] for every n. Assume that we
have S € A(I?) with |T + S|| < inf, ||TQ,]|, so that as S = lim, SP,, we
have lim, [|[SQ,| = 0, and so lim,, |TQ.,| = lim, [[(T + S)Q.| < ||T + S| <
lim, |7Q,||.- This contradiction shows that

1T+ A(P)|| = lim [[TQn]|.

Forn € N, we have QnTQn = T_TPn - PnT+PnTPna and so ||T+A(lp)|| <
|@nT@nl|. Hence

17+ A@) | < tim [QuTQull < lim [ TQu]| = 1T + AW
so we must have equality throughout, completing the proof. O

The following is a variant of Helley’s Lemma, and is a standard result.

Proposition 3.4 Let F' be a Banach space, ® € F" and M C F' be a finite-
dimensional subspace. Then fore > 0 we can find x € F so that (u,x) = (P, p)
for each p € M, and

o]l < &+ max{| (@, )| : jr € M, |ul] = 1}.

Proof. This follows easily from [7, Lemma 1.6.2]. O

Let (e;)2, be the standard unit basis vectors of [P. For © = >2°, z,e; € [P,
define the support of x to be supp(z) = {i € N : z; # 0}. Then P,(z) =«
if and only if supp(x) C {1,... ,n}, and Q,(x) = z if and only if supp(x) C
{n+1,n+2 ...}

Lemma 3.5 Let M C B(IP) be a finite-dimensional subspace, € > 0 and x €
[P. Then there exists an Ny € N so that ||Q,(T(x))|| < €||T|| for each T € M
and n > Ny. For each m € N, there exists Ny € N so that | P, TQ,| < |||
for each T € M and n > Nj.

Proof. Firstly, assume towards a contradiction that for each n € N, we can
find T,, € M with ||T,,|| = 1 and ||Q,(T(2))|| > €||T.]| = . Then, as M has

compact unit ball, we can find a subsequence (n;) so that for some T' € M,
T,, — T as i — co. Then we have

0 = lim [[Qu, (T(x))]| = lim | Qu, (T, (x))]] > =

which is the required contradiction.

10



For the second part, pick 6 > 0 and, by the compactness of the unit ball of
M, let (T;)Y, be in M with ||T;|]| = 1 for each 7, so that for each T' € M with
|T|| = 1, we can find ¢ with ||T"— T;|| < 6. Then we claim that we can find
N; € N so that n > Ny implies that || P, T;Qn| < 0||T;|| for 1 <i < N.

It is enough to show this for each separate i as we have only finitely many to
consider. Then, towards a contradiction, if lim, ||P,T;Q,| # 0, then we can
find & > 0 and n; < ny < --- so that || P, T;Qn,|| > 20 for each j. Then we
can find (v;)22, with ||z = 1 and Q,,(z;) = z; so that || P, T;(x;)|| > ¢ for
each j. However, we have

m 1/p
llm | P Ti(z5)|| = hm (Z e, T, )
. 1/p
= (3 Jim ezt ) _o,

k=177

which is the required contradiction.

So if T'e M with ||T']| =1 and n > Ny, for some i we have |17 — T;|| < ¢ and
S0

| PrTQn| < ||PnTiQnll +6 < O||T;|| + 6 = 20.
Thus, if 6 = ¢/2, we have ||P,,TQ,|| < € as required. O

A block-basis in [? is a sequence of norm-one vectors (z,,)5, in ? such that
supp(z,) is finite for each n, and such that maxsupp(z,) < minsupp(x,1)

for each n.
For A C N, let P4 be the projection on [P defined by

Pa(er) = {en (n € A),
0 (ngA).

Proposition 3.6 Let A\ € A(IP)° with ||| = 1, M C B(I?) be a finite-

dimensional subspace with M N A(IP) = {0}, n; € N and (g,,) be a sequence of

positive reals. Then we can find a block-basis (x,,) in P and (A,)22 | a sequence

of pairwise-disjoint subsets of N such that:

(1) N T)| < (1+eq)sup, |T(z,)|| for each T € M;

(2) 1P, (T(zn)) || < enlIT|| and || Pa, (T(xm))|| < em|[T]| for eachn,m € N
with n #=m, and each T € M;

(3) supp(x,) C {ny +1,n1 +2,...} for each n € N.

Proof. As M has a compact unit ball, let (7,,)32, be a dense sequence in
{T' € M : |T|| = 1}. Then for T}, we can find z; in [? with finite support,

11



|z1]] = 1, minsupp(z1) > ny and (1 + 1) ||71(z1)]] > [(A, T1)]. We can do this
because, using the fact that A € A(IP)°, |(A\,T1)| = (N, T1Qn,)| < [|[T1Qn, |-
Then using Lemma 3.5 we can find r; € N so that ||Q,,T(z1)|| < 1T for
each T' € M.

Assume inductively that we have found (z;)%_; C IP of norm one and with

pairwise-disjoint support, and 0 =rg < r; < 19 < --- < 1} so that:
(1) for 1 <i <k, [(AT3)| < (1+ )| Ti(:)|];

(2) for 1 <i<kand T € M, ||Q,,T(z;)| < 3&:|T;
(3) for1<i<kand T € M, |P,,_,T(x)| < 3&T]-

i—1

We shall show how to choose zj; and 7;,1. By Lemma 3.5 we can find m € N
so that ||P,, TQm(2)|| < sep1||T|l|z|| for each T € M and each x € IP. We
may suppose that m > max supp(xy), so as

[(A T} = [ Tr1 Q)| < ([ Toe1 Qi

we can find a unit vector zy,; € [P with finite support, minsupp(zy1) > m,
and [(\, Tr41)| < (14 €1)||Tk+1(zx+1)||- Then, by our choice of m,

1
1P T (@rrn)ll < Sennll Tl (T € M).

By Lemma 3.5 we can find rj; so that, for ' € M, we have ||Qy,,, T (zx+1)|| <
sere [T

So by induction we can find a block basis (2,)2%, and 0 =ryg <r; <1y < ---
with the above properties. For each n € N, set A, = {i : r,_1 <@ < 1.}
Then, for T' € M, we have

[Paa, T (@)l < 1B, T () [| + 1@, T () || < €nl|T|
and, if n < m,
1Pa, T (@) < 1P, T(zm)ll < 1P i ()l < 5Emll TN < enllT1,
while, if n > m, we have,

[Pa, T (@)l < 1@ T ()|l < (1@, T ()|
< NT@@m)ll = 15, T ()
< geml|T(@m)ll < em| T,

as required.
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Finally, let T" € M. Then, for each § > 0, there exists an n € N so that
|T — T,|| <6, and thus

(AT < [T +0 < (1 +e1) || Talan)]| +0
< (T4 e)|IT(zn)]] +6(2 + &1).

As this holds for each § > 0, we see that [(\, T)| < (1 + &) sup,, [|T(z,)]]. O

We can now prove our key result, which tells us that any member of A(I?)° can
be approximated, on a finite-dimensional subspace of B(I?), by an elementary
tensor in [P®I1¢ (recalling that p~! 4+ ¢~ = 1).

Theorem 3.7 Let A € A(IP)°, M C B(IP) be a finite-dimensional subspace
and € > 0. Then we can find x € IP and p € 17 with ||z|| < ||A||*/P(1 + ¢)¥/?
and ||ull < [AIV4(1 + &), and such that [(A, T) — (p, T(x))| < el AT for
each T' € M.

Proof. We can find n; so that ||TQ,, || < ¢[|T'|| for each T € M N A(IP). This

follows by a compactness arguement, similar to those used above. Let MCM
be a subspace of M so that MNA(I?) = {0} and M = M&(MNA(IP)). Let (&,)
be a sequence of positive reals so that >.7° ; €, < /3. If the result is true in the
special case that ||| = 1, then we can find z and p with ||z|| < (1+¢)/? and
]l < (14 &)Y and with |[|A]|7Y\, T) — {(u, T(z))| < ¢||T|| for each T € M.
Then let & = ||A||YP2 and i = [|A||"u so that ||Z| < [[A]|Y?(1 + &)/? and
4]l < [INIY49(1 4 €)Y/ and, for each T € M, we have [(\,T) — {j1, T(2))| <
e||AIIIT]], as required. Thus we may suppose henceforth that ||[A|| = 1.

We can use Proposition 3.6, applied to M, to find sequences (x,) and (A,).

Let I*(I?) be the Banach space of all absolutely-summable sequences of vectors
in [P with the ! norm, so that

P ) = {(ynm Pl =3 ol < oo},

n=1
and let [*°(I?) have a similar definition. Then [!(19)" = [>*(I?). Let
X = {(T(za))iy : T € M} CI°(IP),
so that X is a finite-dimensional subspace of [*°(I?). Define ® € X’ by
(@, (T(xa)) = (NT) (T € M).

Because |[(A\,T)] < (1 4 &1)|[(T'(zn))|loo, we have ||®|| < 1+ &;. Then, by
Proposition 3.4, as X is finite-dimensional, we can find (u,) € *(19) so that
St [l € T+er+er <1+eand (@, (T(z,))) = X505 (fn, T(x,)) for each
TeM.
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For each n € N| set i, = Pa, (i), and set

z = talliwV? and p= 37 7Y,

n=1 n=1

so that

1/q

= (S 0) < v = (Sl) < v
Then, for T' € ]\77 we have
By condition (2) in Proposition 3.6, for each T' € M, we have

> (Pa, (i), T

n#m

JEPI[9> PA,L<T<xm>>>|

<D el Z enl Tl < (T <Z 5m> (Z HMH) e(1+e1+e)||T]
n=1 m=1 m=1

Then, again by condition (2), for T € M, we have
‘ Z fin, T
< ulim Tl < 7 (sup il (3= 20) < deta 42+ 20

n=1

v))| < i Vaall Py (7)) — T

Consequently, if T' € M , then
[\ T) =, T(2))] < 3e(1+e1+e2) || T,

and we may suppose that %5(1 +e14e2) <e. Finally, if T € M NA(IP), then,
by the choice of ny, we have

(1, T())] < Zl\(PA (1), T (n))] < Z e 1T Q]
<ze(l+e+e)|T] < €||T||
as required, since (\,7) = 0 and ||| = 1. O
Theorem 3.8 Forp € (1,00), the map ¢ : (IP)yu®@(1%)y — B(IP) is surjective

for a suitable ultrafilter U. In fact, for X € B(IP)', we can find o € (IP)y,@(19)y
with ¢(o) = X and ||o|| = ||A|.

14



Proof. Let I be the collection of finite-dimensional subspaces of B(I?), partially
ordered by inclusion. Let U/ be an ultrafilter on / which refines the order filter,
so that, if M € I, then {Nel: M CN}elU.

Pick A € A(IP)° and, for M € I, let xp; € [P and puy € 19 be given by
Theorem 3.7 applied with ey, = (dim M)~L. Then |lzp|| < (1 + ear)VP|| NP
and ||par]] < (14 en) Y9N, so that if we set x = (x37) and g = (ppr) then
x € (IP)y, p € (1%)y, and

(el = Jim flzar([llpar] < Jim (1) = [JA]]
Then, for each T' € B(I?), we have
[AT) = (b(z @ p), T) = [(AT) = lim (e, Tar))| < Jim en I 7] = 0,

so that ¢(x ® u) = A, and hence ||z[|||g|| = |||

Let A € B(1?)". Then let A = A+7 where 7 = Kaam(A) € PRI and A = A\—7 €
A(IP)°. Then we can find zo € (IP)y and pg € (I9)y with [|zol||| ol = |A]| and
d(xo ® o) = A. We see that

$(p(7) + 0@ o) = A, [lp(r) + 20 ® pol| < I + Al

For each € > 0, we can find S € F(I?) and N € N so that ||S|| =1, PySPy =
S, |(r, S)| > HTH —¢, and (QnRQn,7)| < ¢||R|| for R € B(I?). Next, we can
find T € B(I?) with ||T|| =1 and |(\, QNTQN)| = [(\,T)| > ||| — &. Then,

for each z € [P, we have

|PASPy@7 + QT Qu(x) )

(
< (ISPl Px (@) 1P + 1QNTQx IP|Qn () )17
< [lzlf max{[|S1, 171} = [l=1]-

15(z) + QNTQN(2)]| =

Thus ||S + QnT Qx| < 1, and so
A= 1I7 + Al = [(7 4+ A, S + QnTQN)| > [I7]| + [|Al] - 3e.
As ¢ > 0 was arbitrary, we see that
171+ 1A < I = [l6(o(r) + 20 @ po)ll < lo(7) + 20 & poll < |71 + 1A,
and so we must have [|A|| = ||p(7) + o & o], as required. O

We can thus identify B(IP)" with a quotient of (I?),;&(19)y, and hence the map
¢ B(I?)" — B((I?)y) is an isometry onto its range.
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3.2 Systems of projections

Let W be an ultrafilter on N, and partially order W by reverse inclusion (so
that A < B if and only if B C A). Then, as W is a filter, W is a directed set
with this order, and so we can let V be an ultrafilter on W refining the order
filter. Hence for each A € W we have Vy ={B el : B C A} € V.

For A C N, recall the definition of P, from above:

e, (neA),

Paten) = {o (n & A).

Let U be some ultrafilter on N, and define ¢ € B((I?)y) by,
() = weilé;}hm Py(z) (x = (z;) € (I")u).
Lemma 3.9 The map ¢ is a projection onto the subspace

{z € (P)y: Ps(x) =2 (AeW)}.

Proof. If p € (17); and B € W, then

(1 Potb(x)) = lim (Ph(s0), Pa()) = lim s1, Pora ()
= lim (4 Pa(2)) = {1 (),

so that Pgot = 1), and hence o) = 1. If x € (IP)y, with Pa(z) = x for each
A €W, then clearly ¢(x) = z, so we are done. O

Lemma 3.10 For each x € (IP)y, the limit limacy Pa(z) exists (we only know
a priori that the limit exists in the weak topology, not the norm topology).

Proof. Let C' be the convex hull of {Ps(x) : A € W}, so that the norm
and weak closures of C' coincide. Thus for each € > 0 we can find a convex
combination S = Y_I' | \; Py, so that ||S(z) —¢(z)|| <e. Let A= A;N---NA,,
so that A € W, and Pa(S(x)) = Y1 \iPaPa,(2) = Pa(x). Then

[1Pa(x) = ¥(x)|| = [|Pa(S(2)) = Pa((2))|| < [|Palle =e.
Hence for each B € V), we have
1Pp(z) — ()] = [|Pe(Palz)) = Pp(¢ ()] < |[Palz) — ()] <e.
Hence {B € W : |Pg(z)—¢(z)|| < e} D V4 € V, so that ¢(z) = limaecy Pa(x).

O
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3.3  Hilbert spaces in [P

When E and F are Banach spaces and ¢ > 0, amap T € B(E, F) is said to be
a (14 ¢)-isomorphism if 7" is an isomorphism onto its range, and (1 —¢)||z|| <
|T(x)|| < (1+¢)|x| for each z € E.

For n € N and p € [1, 0], let I? be C™ with the {? norm. If A C N, then [P(A)
is the subspace of [” consisting of vectors x with supp(z) C A. If |A]| < oo,
then [P(A) is isometrically isomorphic to If,.

By a result of Dvoretsky (see, for example, [6]) we know that for any Banach
space £, ¢ > 0 and n € N, we can find a (1 + ¢)-isomorphism 7" : [2 — E.

Choose an increasing sequence (ny) of integers, and let No = 0, N3 = ny,
Niy1 = Ni+ni41 and Ay, = {i : Ny_1 < i < Ni}. Then we can find a linear
map 7' : [ — [P which maps lin{e; : i € Ay} toa (1 + %)—isomorphic copy of
I2  say w; = T(e;). By this, we mean that if (a;);ca, is a sequence of scalars,

ne?
I 1 1/2 k1 1/2
— (E i laiIQ) < < (E |ai|2) :

then
iCA, i€ Ay

Z a; Wy

1€EAL

Further, we may assume that, when k # [, the sets {w; : i € A} and {w; :
i € A} are disjointly supported in [P. That is, if i € A; and j € Ay, then
supp(w;) N supp(w;) = 0.

In the case where 1 < p < 2 and (ay) is a sequence of scalars, we have

p\ 1/p
(55 )

1/p

» p/2
< Z(%) (Z’ai\z) < 2[[(ar)llp- (1)

k 1€EAL

Z a; W;

1€AL

o) 5o

k i€Ag

Thus T' € B(I?) with ||T]] < 2.
3.4 Construction of an operator in the radical

Now fix p € (1,2) and form T as above (where we shall choose (ny) later). For
each A C N, let

ANA
ud(A) = limsup M,
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and let F = {A C N:ud(N\ A) = 0}. Then F is a filter on N; let W be an
ultrafilter on N refining F. By Theorem 3.8, there is an ultrafilter ¢, on some
suitable index set I, such that ¢y : (IP),®(19)y — B(IP)' is surjective and such
that ¢}, is an isometric isomorphism onto its range. Define

® = weak -lim TP, € B(I?)".
Aey

Recall the definition of ¥ from section 3.2.
Lemma 3.11 We have ¢j,(®) =T o) and ¢ # 0.

Proof. Choose x € (IP)y, and let y = ¥ () = limaey Pa(z) (the limit exists by
Lemma 3.10), so that, if u € (19)y, we have

{11, & (@) (2)) = lim (p, TPa()) = (T" (1), y) = (1, T(4(2))).

Thus ¢),(®) = T o 1. Actually, we have also shown that ¢{,(®) = T o9 in
B((I)y).

Now let @ : W — N be such that a(A) € A for each A € W. Then let
T4 = eqa) s0 that © = (z4) € (I”)y. For each B € W, we have

{AeW: Pg(xa)=a4t={AeW:a(Ad) e Bl D{AeW :AC B} eV,

and so limyey || Pg(za) — zal] = 0. Thus Pg(z) = z. So, by Lemma 3.9,
Y(z) = z, and clearly T'(x) # 0, so that ¢},(®)(z) # 0, and hence ® # 0. O

3.5 B(I")" is not semi-simple

We shall now show, by contradiction, that this functional ® (as defined above)
is in the radical of B(IP)".

Proposition 3.12 Let E be a super-reflezive Banach space such that there
exists a surjection ¢y : (E)yu®(E )y — B(E) (for ezample, E = IP for1 < p <
o). If & € rad B(E)", then, for some W € B(E)", the operator ¢'(Id —V®) €
B((E)y) is not bounded below.

Proof. As ® ¢ rad B(E)”, we can find ¥ € B(FE)” with 1 € Sp(V®). Thus, by
rescaling ¥, we may suppose that 1 is in the boundary of Sp(¥®). Thus we
can find a sequence (A,) in C so that A\, — 1 and A, Id —U® is invertible for
each n € N. Let U, = (\,Id —¥®)~! and suppose that (U,) is a bounded
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sequence. Then

HUn(Id —\Ilq)) —1Id H = HUn()\n Id —\Ilq)) + Un(Id—)\n Id) —1Id H
= HUnH(l - )‘n) — 0,

which contradicts the fact that Id —W® is not invertible. Indeed, we have
shown that no subsequence of (U,,) can be bounded.

Let S, = ¢'(U,)||¢'(U,)|| 7" for each n € N, so that [|S,|| = 1 for each n, and
note that ||¢'(U,)||~" — 0, because ¢’ is an isomorphism onto its range. Then

1¢'(1d =T @) S, || < [[¢ (A Id =T, [[[|6'(Un)| 7 + (1 = An) — 0,

so ¢'(Id =¥ ®P) cannot be bounded below. 0

Let us say that C' C N is B-reasonable if |C'N Ag| < B for every k. For any r,
a vector x € [" is B-reasonable if supp(z) is B-reasonable. For an ultrafilter U,
x € (I")y is B-reasonable if for some representative (z;) of x, x; is B-reasonable
for every 1.

Proposition 3.13 If & & rad B(I?)", then there exists ¥ € B(I?)", B € N
and a B-reasonable z € (IP)y with the following properties:

(1) |zl < 1;

(2) Pa(z) =z for each A € W;
(3) if = € (1w with {p*, z) = ||z|| and [|p*[| = 1, then

{7, &' (O)(T'(2)))] > %!I‘PH_l-

Proof. By Proposition 3.12, we can find ¥ € B(I?)” and x € (I?),, with ||z| =1
and

9" (W) () — x| = [[(¢'(¥) o T'o ¥)(z) — ]| <&,

where € > 0 is to be chosen later. By Lemma 3.10, lim4cy P4(z) exists; set
y = limyeyp Pa(z), so that |ly]| <1 and ||¢'(¥)(T(y)) — z|| < e, and hence also

[ (UNT (W) > 1 —e.

Choose a representative (y;) of y with, for each i € I, ||y;|| = [|y|| and y; =
1/p
> Yije;. Then let v = (ZjeAk |yz',j|p) , and let 0; , = maxjea, |v;;|- Then,
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for each k and 7, we have

1/2 | ’
(Z ’yi,jlz = Yik (Z i )
JEAL JEAL ’%

vz 2 |y IP v 1-p/2_p/2
=0 Z » = 0i ik -

JEA |71,k’|

1/2
|yl]| 2 —p p 2
Z |p zk zk

]EAk ’fyl

Hence, by (1), we have

/p
(k+1)P 12 !
IT() (z 2 ijk/) . @)

k

Pick K € N and choose B € N so that B > |A| for ¥ < K, and BY/P~1/2 >
(K + 1)/Ke. For each i € N choose a B-reasonable set D; C N so that
> jep; |Yij|P is maximal. For each 7 let g; = Py p,(y:), and define ;. and &k
for ¢; in an analogous manner to the definitions of «; ;, and ¢; ;. Note that, if
B > | A, then 4, = 0 for each i. For each i and k, %; x < 7;x, and we have

We= >, lulP+ D |yl > B max ly;;|P = B!

JEARND; JEAR\D;

so that &k < B*I/p%k. Thus, by (2),

1/p 1/p
k+1)Pn_ 2 k+1)P B
1T(3:) < (Z %5%} p/2)7£k/2) < (Z %Bpﬂ 1'7zp,k>

kE>K k>K

— BTy <€

1
kv _E+1
T ) ST

_ pl/2-1/p (Z

k>K
by our choice of B.

Let z =y — g = (Pp,(y:)), so that z is B-reasonable, and ||z|| < 1. For each
A € W, we have y = P4(y), and so

1Pa(2) = 2l = lim [ Pa(Pp, (4:) — o, (v:)

< %g{{lHPA(yz) —uill = [[Pa(y) — vyl = 0.

Now let p* = (uf) € (19)y be such that ||u?|| = 1 and (uZ, z;) = ||2|| for each
i. Then, for each i, supp(z;) = supp(u?) so that

<Mf,yi - Z’L> = <PDi(:uf)’ PN\Di (yz)> = 0.
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Thus (p?, z) = (u*,y). For A € W, as Pa(z) = z we have P,(p*) = p?, and so

Izl = (w7 2) = (s y) = lim (u®, Pa(@)) = lim (Pa(p®), z) = (7, ).

Let Tk be T restricted to the subspace of vectors in [P whose support is
contained in Uys x Ax. Then we have T'(z) = T'(y — 9) = Tk(2) and ||Tk|| <
(K+1)/K. As |¢/(V)(T'(y))|| > 1 —¢ and ||T(9)| < &, we have

2l = 1Tl Twe ()] = K (K + 1T W) = 1T = 2)I)

> K(K+ 17 (le' ()T @)l —e)
> K(K+1) (1 =9)v]™ —¢)

So finally we have

{1, ' ()T )] = [, & (ONT )] = [Tz =yl

> |
> [, 93>|—|<M z — ¢ (W) (T () —ell¥|
2 ||zll = & =l w].

Thus, for each § > 0, we can, by a choice of ¢ > 0 and K € N, ensure that

(%, &' (O)T ()] = [[P[I7H(1 = 9).
We thus have conclusions (1) and (2), and setting 6 = 1/2 we get conclusion

(3). O

We shall now study maps from [? to [P, and show how this gives rise to a
contradiction with the above proposition.

Lemma 3.14 Fiz M > 0 and € > 0, and let

O = 0p(M,e) = S;lp—|{1 <n<k:|(Sklen),en)| > €} (ke N)

where Sy, varies over B(I3,18) with ||Sk|| < M. Then limy_ ... 6 = 0 and (kdy,)
15 eventually a decreasing sequence.

Proof. If (§x) does not tend to zero for some M > 0 and £ > 0, then for
some d > 0, we can find infinitely many values of k for which there exists
S, € B(I2,18) so that [{1 < n < k : |(Sklen),en)| > €}| > kd. Move to
a subsequence (k;) for which this is always true. By composing Sk, with a
permutation operator, we may suppose that

’<Skj(€n)76n>| > € (€N, 1<n < k).

For each j € N, let a; : [? — ZJQ- be projection onto the first j co-ordinates, and
let (3; : [7 — [P be the natural inclusion. Then (3, 0.Sy oy, € B(i?,1P) for each
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j. As B(I?,17) = KC(1%,1?) is reflexive, we can define R = weak-lim;ey By, o Sk, 0
ok, € B(I?,17). Then |R|| < M, R is compact, and, for each n € N, we have

[(R(en), en)| = I [ (S, (en), en)] 2 €,

because eventually n < k;0. This clearly contradicts the fact that R is com-
pact, showing that limj_,.. dx = 0.

Now fix £ € N, and choose | € N so that ké, < [ < k. Let ¢; : ll2 —
I2 be the canonical inclusion, and ¢y : ¥ — IV be the projection onto the
first [ co-ordinates. Choose Sy € B(IZ,1) so that, for 1 < i < kdy, we have
|(Sk(ei),e;)| > . Let R =1508,0u € B(I#,17), so that |[(R(e;),e;)| > e for
1 <@ < kd,. We conclude that 16; > kdr, and thus that, if k is sufficiently
large, kdx > (k+ 1)0p41- O

For each M > 0,e > 0 define (§x(M,¢)) as above, and let
d(M,e) = inf{ké(M,e) : k € N} = klim kop(M,e).
As kép(M,e) € N, eventually kdp(M,e) = 6(M,e).

Lemma 3.15 Let M > 0, > 0, S € B(I%,1?) with ||S|| < M, (z;)7; be an
orthonormal set in I? and (A;)", be a pairwise disjoint family of subsets of
N. If, for each i, ||Pa,(S(z;))|| > €, then n < 06(M,¢).

Proof. For each i, choose p; € 19 with ||| = 1 and (us, S(;)) = || Pa, (S(:))]|,
so that supp(p;) € A;. Choose U € B(I?) with ||U]| = 1, and U(e;) = x; for
1 < i < n, and choose V' € B(19) with |V| =1, and V(e;) = p; for 1 <i <n.
Let R=V"0SoU so that |(R(e;),e;)| = |{pi, S(x;))| > €. Hence, by Lemma
3.14, for each k > n, we have kd, > n, and so n < §(M,¢). a

Lemma 3.16 If the sequence (ny) is such that ny — oo, then, for each S €
B(lP), each B € N and each ¢ > 0, we can find A € F C W so that for
any B-reasonable x € I? and p € 17 with (u,z) = ||p|| = ||z|| = 1, we have
20z [ PaynaST Paya(z))| < e

Proof. For k € N, let Ty = T o P4, so, as [} is canonically isomorphic to
[P(Ag), the image of Py4,, we can view T} as a map from /2 to [”. Then, for
z €lh , we have

kE—1 kE+1
)2 < [[Th(2)]| <

]2,

so we can view T} as an isomorphism from lik onto its image in [P. Thus, for
each k, let Sy = SoT o Py, : I — 17, so that ||Si| < 2/S]. Let m € N be
maximal so that we have (z;)", a set of B-reasonable norm one vectors in

lik with disjoint support, and (B;)™, a set of B-reasonable pairwise disjoint
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subsets of Ay, so that ||Pp,(Sk(x;))|| > €. Let Cy = U, supp(z;) UU, B; C
Ay.

If 2 € I2 is B-reasonable with Cy Nsupp(z) = (), and p € 19 is B-reasonable
with supp(p) N Cy = ), then, by the maximality of m,

[y Sk(@N)| < N[l Pouppey (Sk (@) < ellpall |-
Also, by Lemma 3.15, m < 6(2||5]|,€), so that |Cy| < 2Bm < 2B§(2]|S]],¢).

Let A =N\ U2, Ck, so that for each k, we have
(N A) N Ag[[Ax[ ™ = [Crll Al ™" < 2B8(2(1S]], e)ni. ™,

and thus limsup, . [(N'\ A) N Ax[|Ag]~" = 0, so that A € F. For a B-
reasonable x € [P, and p € 17 with 1 = (u, x) = ||z|| = ||ul|, & is B-reasonable,
and so we have

> i, PaynaST Payna(z))| = Z 1y Pa,naSkPana(z)))
k=1 k=1

<& Panali)llPanal@)l]

k=1
1/p

00 1/9 / ~
< (S 1Pacntlr) (S 1Panatallr) <
k=1 =

as required. a

Proposition 3.17 If the sequence (ny) increases fast enough, then for S €
B(?), B € N ande > 0, we can find A € F so that for any B-reasonable x € [P
and p € 19 with (u, x) = ||z|| and ||u|| = 1, we have |{u, PAST Pa(x))| < ¢||z||.

Proof. First note that it is enough to prove the result in the case where ||z|| = 1,
for otherwise let y = ||z|| 7z, so that ||y|| = 1 and {(u,y) = ||=||"(u,z) = 1,
so that |[(u, PAST Pa(x))| = ||z|||{p, PaSTPa(y))| < €||z|| as required. Hence
we shall suppose that [|z|| = 1.

By (ng) increasing fast enough, we mean that
21+k+n1+...+nk,1/nk N O

as k — 00.
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If v = 30, @e; and p = 332, pie; then, for each i € N, p; = 7|z [P~2. We
then have

|(it; PAST Pa())| =

> xj|$j|p_2$z‘(€jaST(6z‘)>‘

i,J€A

Z Z Z Tjlz; P wi(es, ST (€:))

=1 i€ANAg jJEANA,

Z

< ap + ag + ag,

where we shall define a1, as and as below. Note that, if we can find A; € W
so that with A = Ay, oy is small, and similarly for Ay and As, then setting
A=A NAy;N A; € F will ensure that |(u, PaST P4(x))]| is small.

We first ensure that «; can be made as small as we like by a choice of A € F.
Indeed,

T e],snez»\

k=1 |l=k+1 ZEAﬂAk JEANA,;

<BQZ Z

Ic li= Ic+1

<BQZ Z

k=11=k+1

a5 [P~ il | e, ST (e:)]

zeAﬂAk ]EAOA

[{ej, ST (e4))] (3)

ZeAﬂAk ]EAﬁA

because both  and p are B-reasonable. Let C be chosen later to be much
larger than B. For each kK € N and ¢ € Ay, let E; C Apy1 U Agia U -+ be
chosen so that, for each | > k, |E; N Aj| < 27MC and Y ;g (e, ST (e:)) P is
maximal. Let A = N\ U2, E;, so for each k,

Nk_1

UEmAk

Ni_1 Nk_1

(N\ A) N Al = < Z |E;N Ay < C Z 2tk < CQNe-1 kTl

and so |(N'\ A) N Ay||Ax|7! < C2ttkfmt+m—1 /pn, By the assumption on
(ni), we thus have |(N\ A) N A||Ax]™* — 0 as n — oo, so that ud(N\ A) = 0,
and so A e F.

Now, foreach k € N, [ > k,i € ANA, and j € ANA; we have j € Al\Uf,V;‘ll E.,
so certainly j € A; \ E;, and hence

IS = 15T (e)” = i [(es, ST (e:))[”

s=1
= > Kes, ST(e))I"+ >_ Kes, ST(e))”
SEANE; SEAZ\EZ'
> > Nes, ST(e)I” = [NV Eill(ej, ST(e)) I,

SGAZ ﬂEi
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so that |(e;, ST(e;))| < 2||S||(2+C)~Y/P. Thus

< B? 2||5)|(2"'B") P
“ kz:llzk—;—l’LEAmAk JEANA; HSH( )

< 2HS||B26”1/1”Z Z 9—(Nx+1)/p

k=1 1=k+1
< DB*||S||C7'/

for some constant D depending on (ny)s,. Thus, by choosing C sufficiently
large, we can make oy arbitrarily small, independently of z and pu.

Now we will look at as, which is

oo |k—1

Z Z Z Z Tl [P wi(es, ST (e:))

k=1|1= lzeAﬂAkjeAﬂAl

<BQZ Z

k=11=k+1

(TS (e:), €)1

zeAmAk geAmAl

Compare this to (3), and we see that we can use exactly the same argument
as above to ensure that ay is arbitrarily small.

Finally, we need to show that a3 can be made small, where
a3 = i S TP iley, ST () i {4, Pana, ST Pana, (2))] -
k=1 |i,jEANA, k=1
So by Lemma 3.16, we are done. a
We now put Propositions 3.13 and 3.17 together.
Theorem 3.18 For 1 < p <2, B(IP)" is not semi-simple.

Proof. Choose and fix (ny) so that Proposition 3.17 can be applied. If ¢ ¢
rad B(I?)", then by Proposition 3.13, there exists W € B(IP)"” and z € (I?),, with
(12, ¢ () (T'(2)))| > 1/2|¥||. Using Lemma 3.1 we can find S € B(I?) with
IS < 9] and 6/ ()(T(=)) — ST(2)|| < e, so that |{i, ST())| > 1/2]¥|
if € > 0 is sufficiently small. As z is such that Ps(z) = z for every A € W, we
also have P4(p*) = p* for every A € W. Thus we have

o N
lim (%, PAST PA(2)| > 1/2]1 ]

However, by Proposition 3.17, for every § > 0 we can find A € F C W so that
|(uz, PAST Pa(z;))| < d for each i. Thus we have

(17, PAST Pa(2))] <6,

25



and as 0 > 0 was arbitrary, we have
lsy 4", PASTPA(2))| = 0.

This contradiction shows that actually ® € rad B(I{?)"” and so B(I?)" is not
semi-simple. a

4 A generalisation

We can use the same idea as in Lemma 2.3 to find further examples of Banach
spaces E such that B(FE)” is not semi-simple.

Proposition 4.1 Let A be a unital Banach algebra, and let p,q € A be or-
thogonal idemopotents (that is, p* = p,q* = q and pqg = qp = 0) such that
p+ q = ey. If the subalgebra pAp is not semi-simple, then A is not semi-
simple.

Proof. As in Lemma 2.3, we can view A as a matrix algebra. Let ¢ € rad pAp
be non-zero, let a = pcp € A, and pick b € A. Then

a— | PP 0) [pbp pbq) [ pcpbp pcpbg
0 0/ \qbp qbq 0 0 ’
so that
. [ (pepbp)™ (pepbp)™~* (pepbq)
(ab)" =

0 0

As ¢ € rad pAp, we see that lim,, ., || (pepbp)™||V/™ = lim,, o || (cbp)™||*/™ = 0.
We then have

1(ab)™||*™ = ||(pepbp)™ + (pepbp)™" (pepbg)||/™
< (| (pepbp)™ || + || (pepbp)™ || lpepbg| )™ — 0

as n — 0. Thus, as b was arbitrary, a € rad A, and so A is not semi-simple. O

Let F' and G be Banach spaces, and let £ = F' & G. Then

b P
BEY ={| " 7| dy € B(F), &1, € B(G, F)" etc.
q)21 (1)22

We can thus apply to above proposition to see that if E is a Banach space with
complemented subspace F' such that B(F')” is not semi-simple, with respect
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to one of the Arens products, then B(F)” is not semi-simple with respect to
the same Arens product.

We now set out some results about general LP-spaces, with the aim of showing
that B(LP(u))” is semi-simple if and only if LP(u) is isomorphic to a Hilbert
space.

Proposition 4.2 Let ¢ > 0, p € (2,00) and v be an arbitrary measure, and
let (x,) be a normalised sequence in LP(v) equivalent to the canonical basis of
I[P. Then there exists a subsequence (Tn(;)) which is (1 + €)-equivalent to the
basis of 1P, and whose closed linear span is (1 4 €)-complemented in LP(v).

Proof. This follows from the proof of [9, Theorem 2[; see also the proof of [8,
Theorem 10]. O

Proposition 4.3 Let p € [1,00) and E be a separable subspace of LP(v) for
some measure v. Then E is isometrically isomorphic to a subspace of L*[0, 1].

Proof. This is [7, Theorem IV.1.7]. O

Proposition 4.4 Let p € [2,00) and E be an infinite-dimensional subspace
of LP[0,1]. Then either E is isomorphic to I or, for each e > 0, E contains a
subspace which is (1 4 ¢)-isomorphic to [P.

Proof. This is [7, Corollary 1V.4.4]. O

Theorem 4.5 Letp € (2,00), v be an arbitrary measure, and E be a subspace
of LP(v) such that E is not isomorphic to a Hilbert space. Then B(E)" is not
semi-simple.

Proof. Choose a separable subspace F' of E, so that, by Theorem 4.3, F' is
isometrically isomorphic to a subspace of L?[0,1]. Then by Proposition 4.4,
either F is isomorphic to %, or F' contains an isomorphic copy of [P. If the
latter, then by Proposition 4.2, F' contains a complemented copy of [P, and so,
by an application of Proposition 4.1, B(F)" is not semi-simple.

So the only case left to consider is when every separable subspace of E is
isomorphic to [2. However, then FE is itself isomorphic to a Hilbert space, a
contradiction of a hypothesis. O

The class of £J, spaces are defined in [4, Section 3.13], for 1 < p < oo,
1 < XA < o0, to be Banach spaces E such that for each finite dimensional
subspace M of E, and each ¢ > 0, we can find R € B(M, %)) and S € B(I?, E)
for some m € N, so that SR(x) = x for each z € M, and ||S||||R|| < A +e.
Then E is an-£9 space if it is an £ \-space for some A. In [4, Section 23.2], it
is shown that for 1 < p < oo, E is an £9-space if and only if F is isomorphic
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to a complemented subspace of some LP (1) space. Thus we have the following.

Corollary 4.6 Let E be a complemented subspace of LP(v) for 1 < p < o0
and some measure v (that is, E is an £J-space). Then B(E)" is semi-simple
if and only if E is isomorphic to a Hilbert space.

5 Conclusion

Summing up our results, we have the following.

Theorem 5.1 Let E be a Banach space such that at least one of the following
holds:

(1) E is reflexive and E = F @& G with one of F' and G having the AP,
B(F,G)=K(F,G) and B(F,G) # K(F,G);

(2) E is a complemented subspace of LP(v), for some measure v and 1 < p <
o0, such that E is not isomorphic to a Hilbert space;

(3) E is a closed subspace of LP(v) for some measure v and 2 < p < 0o, and
FE is not isomorphic to a Hilbert space;

(4) E contains a complemented subspace F so that F' has property (1), (2)

or (3).
Then B(E)" is not semi-simple. O
In particular, at present the only Banach spaces E for which B(E)” is semi-
simple are those isomorphic to a Hilbert space. We conjecture that B(E)” is

semi-simple only if E' is isomorphic to a Hilbert space, at least when E is
super-reflexive.
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