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Solutions 5

Integration

1. a) /5x4+8md;€=x5+4x2+c;
6 1/2 -2 2 372 -1
b) [Ve+ Sdr= [ x4 6z d;v:gx — 6z + ¢
x
1.
c) /(m2+3)2dx:/$4+6z2+9dx:ga:"+2z3+9x+c;

d) /cosx+3dx:sinx+3x+c;

2 2
e) / 5xt + 8z dr = [m5+4x2} =(2° +4x2%) — (0° +4 x 0%) = 48;
0 0
° 6 2 32 o -1 2 3/2 Ly 2 132 2 a3/2 2

1
2V3 + 30;

g) /1 (x? + 3)*dx = {x‘% + 22% + 933} = (14+2+9) — ((-1)° +2(-1)> +9(-1)) =
(14249 — (-1-2-9)—24;

/2 /2 3
h) / cosx + 3 dx = [sinx—l—Sx} :1—1—7.
0 0

1
2. a) If u= 2z, then v = u/2, so dz/du=1/2, ie. do = édu. Then

1 1 1
/sin(2x) dx = /sinu§ du = —gcosu +c= —3 cos(2zx) + c.

b) If u=x/2, then © = 2u, so dz/du = 2, i.e. de = 2du. Then

/ffm/2 dx:/e“Qdu:2e“+c:Qex/2+c,

1
c) fu=2x+1,then z = (u—1)/2, so dz/du=1/2,ie. do = §du. Then

1 11 1 /1 1 1
dr= [ ~Zdu=> [ =~ du=>1 — —2r+1+e
/2x+1 * /u2 “ 2/u u=ghlul+e=gmpe+if+e

1




d) If u =22 — 1 then du/dx = 2x, so dz/du = 1/(2x). Thus

1
/xcos(x2 —1)dz = /xcos(ac2 —1) x %du

1 1 1
z/icosuduz §sinu+c: isin(xz—l)—kc.

e) If u=a+3then z =u— 3, s0 dx/du=1. Thus

10 u9

/x(x+3)8d:c:/(u73)u8du:/u9—3u8du:z—Of?Jrc
(x+3)19  (z+3)°

= - +c.

10 3

f) If w =sinz then du/dx = cosz, so dz/du = 1/ cosz. Thus

. . 1
coszsin?xdr = [ cosxsin?z x du
Ccos T
3 .3
. u sin® x
:/smzxdu:/uzdu:?—kc: 3 +c.

g) If u = tanz then du/dx = sec® x, so dz/du = 1/sec® x. Thus the indefinite integral is

4 4
U tan™
/Sec2xtan3;rdx:/tan?’xdu:/usdu:Z+c: 1 +ec.

Thus the definite integral is

/4 4 /4 4 4 1
/ sec? ztan® z dx = tan” 2 = M —
0 4 o 4 4

h) If u = 1 — 2% then du/dx = —2x, so dr/du = —1/(2x). Thus the indefinite integral is

—1
/xvl—xde:/:c\/l—xQx 2—du
x
1 1 1
= fi/ﬁdu:f§u3/2+c:f§(1fx2)3/2+c.

Thus the definite integral is
1

/0 o122 dr = {—éu —a;?)ﬂ = (3 X (- = (3 x (1-0) =

0

3. a) Let u=x and dv/dx = €*, so v = ¢® and du/dx = 1. Then

/xe“”dx:/u@dx:uv—/d—uvdx:xem—/ezdx:xem—em—&—c.
dx dzx

b) Let u = 22 and dv/dx = €, so v = e and du/dx = 2x. Then
/xQemdxz/u@dxzuv—/d—uvdxza?ex —/2xemdx
dx dz
The integral on the right is already calculated in (a), so we get

/ﬂchz dr = z?e” — 2(we” — ) +c = (2? — 22+ 2)e” +c.
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¢) Let w=1Inx and dv/dx = 2®, so v = 2*/4 and du/dx = 1/x. Then

d d 4] 3 4] 4
[atmade = [uflar = w— [Tt = 25— [Tan = TR The

d) Let v = Inz and dv/dx = 272, so v = —x~! and du/dr = 1/z. Then the indefinite
integral is

| d d 1 1 1
/ﬂdmzfu—vdmzuv—/—uvdmz—E—F/x*zdx:—E—f—i-c.
x2 dx dzx x x oz

Thus the definite integral is

/Slnxd_ Inz 1 _<h173 1) (hﬁ 1)_h172 hli?’_,_}
. v - 2 2272 T3 T

(In decimals this is 0.147)

e) Let uw =2z and dv/dx =sinx, so v = —cosz and du/dx = 1. Then the indefinite integral
is

. dv du .
rsinx dr = ud—dac:uv— d—vdac:—xcosx—l— cosxdr = —xcosx +sinz + c.
T T

Thus the definite integral is

/xsinxdmz{—xcosx—i—sinx} = (—mcosm+sinm) — (—0cos0+sin0) = .
0 0

We try to write
5T + 3 A B

G D@e+ ) o+l 2w+l
Multiplying through, we need
5 +3=AQ2x+1)+ Bz +1).

Substituting x = —1 gives —2 = —A, so A = 2. Substituting z = —1/2 gives 1/2 = B/2, so
B = 1. Now clearly we do have

50+3=202zx+1)+ (z+1),

so that
5z + 3 2 1

CrDEe+l) 241 2mt1

5z + 3 1 1
=Y o dr=92 | ——
/(x+1)(2w+1)dm /x+1dx+/2x+1dx

Now the second integral in the sum has been worked out in question 2(a), so

Thus

5T +3 1
————dx =21 1|+ =1In|2 1 .
/(x—|—l)(2x—|—l) x nlx + \+2n|x+ |+ ¢

Thus the definite integral is

1
5 + 3 1
——dz = |21 1 —1In|2 1
/0 @+ e+ [ mlet i+ ginfes + ]

1
0
1 1 1
=(2In2+ 51113) —(2In1+ ilnl) =2In2+ 51113.
Using properties of logarithms we can rewrite this as follows.
1
22+ S In3 = In(22) 4 In(v/3) = In4 + In(v/3) = In(4v/3).
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5.

a) By division, we find that

Hence 5 )
1
/ * dx:/(szrx;E_l)dw:%+§ln|x3fl|+c.

a3 —1
b) We use the identity
cos? 1 n cos 2z
2 2
(Prove this yourself!) Then
T sin2zx

1 cos2z
2 = —_ = —
/cos asdxf/(2+ 5 )dx 2+ 1 +c.

c) We have
/cos?’ xdr = /cosaccos2 xdr = /cos z(1 —sin® ) dz.

du
Let u = sinz. Then — = cosx. Therefore, the integral becomes

3 sin® x

/(lfuz)du:uf%Jrc:sinxf

d) Let u = cosz. Then % = —sina. Therefore, we get
/ sin® 2 dm:—/sjnzxdu:/UQ_ldu
1+ cosz 1+u u+1
u?
:/(u—l)du:?—u—i—c
2

cos“ x
= — cosx + c.




Solving differential equations

/ldy:/éldx
Y

Iny =4z +c,

6. a) Separating the variables gives

SO

so the general solution is
Y= €4m+c _ Oe4a:
writing C' = €.

b) Separating the variables gives

/ldy:/x—i—?dx
Y

1
Iny = 5:1c2—|—2m—|—c7

SO

so the general solution is

y = e%z2+2x+c _ Ce%ac2+2m
writing C' = €.

c) Separating the variables gives

/eydy:/cosxdm.

ey =sinx + c.

SO

Thus the general solution is

y = In(sinz + ¢).

d) The general solution is y = Ce?®. If y = 3 when x = 0, then 3 = Ce®, so C = 3. Thus

the particular solution is
y = 3ei2.

e) The general solution is y = Cez’+2e_ If y = 2 when = 0, then 2 = Ce®, so C = 2.

Thus the particular solution is

Y= 9e3 0 +2

f) The general solution is y = In(sinz 4 ¢). If y = 1 when @ = 7/2, then 1 = In(1 + ¢), so
14+ c=-¢e' =, s0 c=e— 1. Thus the particular solution is

y=In(sinz +e—1).

t



