
A note on the Σ1 spectrum of a theory

Michael Möllerfeld
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Abstract

Let T be a suitable system of classical set theory. We will show, that the Σ1

spectrum of T, i.e. the set of ordinals having good Σ1 definition in T is an initial
segment of the ordinals.

Introduction

Let L be the constructible hierarchy and T be a sufficiently L-sound theory formulated
in the language of set theory with classical predicate logic underlying. An ordinal α has
a good Σ1-definition in T if there is a Σ1 formula φ(x) with free variable x such that
T ` ∃!ξφ(ξ) and L |= φ[α]. The Σ1 spectrum of T, specΣ1

(T), is the set of all ordinals
having a good Σ1-definition in T. We will show that under very weak assumptions on T,
the spectrum is an initial segment of the ordinals.
For an introduction to the notations the reader is referred to Barwise’s textbook, [1].

The Σ1 spectrum

Let T be a theory such that T ` φ implies L |= φ for all Σ1- and Π1-sentences φ. We shall
require that T contains a modicum of primitive recursive set theory, where by primitive
recursive set theory we mean that all primitive recursive set function are provable in T.
In particular, we assume that the function η 7→ Lη is provable in T. Moreover, we shall
assume that T ` ∀α ∃λ ≥ α[λ is a limit]. Then the following holds.

Theorem: specΣ1
(T) is an initial segment of the ordinals.

The proof makes use of the notion of stable ordinal. An ordinal η is β-stable if η ≤ β and
Lη is a Σ1-elementary substructure of Lβ.
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Proof of the theorem: Set σT := sup(specΣ1
(T)). For each η ∈ specΣ1

(T) we pick a
Σ1-formula φη such that

T ` ∃!ξ φη(ξ) and L |= φη[η]. (1)

We shall proof, by induction on α < σT, that α ∈ specΣ1
(T).

For this assume α ⊆ specΣ1
(T).

For each limit ordinal λ ∈ specΣ1
(T) with λ > max(ω, α), define

Aλ := {a ∈ Lλ | there is a Σ1-definition of a in Lλ using parameters < α.}
Let ρλ be the least ordinal not in Aλ. By the proof of Theorem 7.8. in chap. V of [1], we
get

Aλ = Lρλ
and ρλ is the least λ-stable ordinal ≥ α. (2)

In actuality, this proof assumes that λ is admissible. However, ruminating on the proof,
it turns out that all which is required is that the predicate x ∈ Lδ (of x and δ) and the
constructible ordering <L are absolute for Lλ. Therefore it suffices to assume that λ is a
limit > ω (for more details see [2], II, Theorem 5.2).
Note that α ≤ ρλ ≤ λ.

Case 1: α < ρλ for some λ ∈ specΣ1
(T), where λ is a limit > max(ω, α).

Then α has a Σ1-definition in Lλ using parameters β1, . . . , βn < α. Let ψ(x, β1, . . . , βn)
be the defining formula. Put

θ(x) :=
[
Lλ |= ∃!ξ ψ(ξ, β1, . . . , βn) ∧ x ∈ Lλ ∧ Lλ |= ψ(x, β1, . . . , βn)

] ∨ (†)[
Lλ |= ¬∃!ξ ψ(ξ, β1, . . . , βn) ∧ x = λ

]
.

θ is a Σ1-formula with parameters λ, β1, . . . , βn all of which are in specΣ1
(T). Using the

formulae φλ, φβ1 , . . . , φβn (see (1)), we can rewrite θ to an equivalent Σ1-formula such that
T ` ∃!η θ(η). Moreover, L |= θ[α]. Therefore α ∈ specΣ1

(T).

Case 2: For all limits λ ∈ specΣ1
(T) with λ > max(α, ω), it holds α = ρλ.

By (2), α is λ-stable for all such λ. Therefore α is σT-stable, as σT is the limit of all
these ordinals. However, from T ` ∃!ξ ψ(ξ) with ψ Σ1, we get LσT

|= ∃ξ ψ(ξ) and hence
Lα |= ∃ξψ(ξ), which yields specΣ1

(T) ⊆ α, contradicting α < σT. ut
Remark: The reader familiar with ordinal analysis might have expected that the spec-
trum of a theory bears interesting connections to the notation system used for its ordinal
analysis (of course, provided that there is one). By the theorem above this is, in general,
far from being the case as specΣ1

(T) is not a recursive set of ordinals if T proves the ex-
istence of admissible ordinals. However, we expect that the situation differs considerably
when one considers systems of intuitionistic set theory as the argument used in the proof
above (see (†)) wouldn’t be applicable then. There is some hope that characterizations
of Σ1 spectra of intuitionistic set theories would contribute to a better understanding of
ordinal informative proof theory and the role of ordinal representation systems therein.
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