9. Integration

9.1. Standard integrals

If v is a function of x, then the indefinite integral

/udw

is a function whose derivative is u. The standard integrals are:
(1) If @ is a constant, then
/ adr =axr+c

where ¢ is a constant, called the constant of integration; this means that the derivative
of ax 4 c is a.

n+1
(2) /x"dx: §+1 +c forn# -1

For example,

/2
—dr= [V dr="—4c=2
/ T = / T 1/2+c Vo +e.

(3) /sinxdx:—cosx—i-c ;/cosxdx:sinx+c.
(4) /e“dx:evac.

1 1
(5) / —dz = Inx+c, or to allow for the possibility of = being negative, / —dx =In|z|+c.
T x

(6) The inverse trigonometric functions also give some integrals, like

1
/x2+1dx:tan_1:z7+c.

9.2. Basic rules

The rules for differentiation imply the following basic rules for integration.

/audx:a/udx;

for example, [3cosxdr =3 [coszdr = 3sinz + c.
Note that you don’t need to write the constant of integration until the final answer.

2.
/(u:l:v)dx:/udle:/vdx
4
e+ a¥)de = | “dr + x3dx:ex+x—+c.
(¢ + %) a
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1. If @ is a constant then

For example



EXAMPLE 9.1. N | .
(@ 1) o= [ (@426 + () )ar -

/(:U4+2x+x_2)dx—I—+x2—x_1+c.

9.3. Definite integrals
The definite integral of f(z) from a to b is denoted by

[ rwya

[F(2)]q = F(b) = F(a),
where F(z) = [ f(z)dz is the indefinite integral.
You don’t need to include the constant of integration in F'(z) — if you do it cancels out

so there is no constant of integration in the final answer.

and it is equal to

EXAMPLE 9.2.

w/2 /2 T
/ coszrdr = [sinx] =sin——sin0=1-0=1.
0 0 2

EXAMPLE 9.3.

2 372 23 -2 8 -8 16
/xde:[x—] _Z =28 -8_16
5 312 3 3 3 3 3

The Fundamental Theorem of Calculus says that the indefinite integral f; f(z)dx
measures the area under the curve y = f(x) in the region a < x < b.

EXAMPLE 9.4. What is the area of the triangular region under y = mz between x = 0 and
r=0b7%
It is
/ b maz?1b mb?
mx dr = [—} = —.
0 2 Jo 2
Note that this is just half the base times the height, as expected.

9.4. Integration by substitution

To integrate [ ydx by substitution, do the following:
(a) Choose a suitable substitution, say u = g(x). Use it to write x in terms of u if necessary.

(b) Find dx/du, either directly, or from the formula dx/du = 1/(du/dz).
(¢) Rewrite the integral using the formula

d
/ydx: /y—xdu
du
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(this is valid because of the chain rule).

(d) Try to express the integrand y(dz/du) as a function of u alone, not involving x, so that
the integral becomes of the form [ h(u)du. If you can’t do that, the substitution is no use.
(e) Compute the integral [h(u)du, then use the substitution u = g(x) to write it in terms
of x.

EXAMPLE 9.5. Find /COS 2z dx using the substitution u = 2x.

We have z = 1u, so dz/du = 1. Therefore
1 1 . 1.
costdsz Cosuduzﬁsmu—kc:g&an—i—c

EXAMPLE 9.6. Find / e using the substitution u = cosx + 1.
cosz + 1

We have du/dx = —sinx, so dv/du = —1/sinz. Then

; i 1 1
/ sin x dx:_/smx du:_/_du:_ln\u|+C:—ln\cosx+1‘+C-
— u

cosx + 1 u  sinx

1
EXAMPLE 9.7. Fmd/—dx.
V9 — x2

Let © = 3u, so that u = 2/3. We have dz/du = 3, so

1 1
——dr = | ——=3du
/\/9—:702 /\/9—x2

1

du=sin""u-+c

| = |
=sin"'(z/3) +c.

EXAMPLE 9.8. Using the substitution u = 2% + 1, find the area under the curve y =
z/(z? 4+ 1) between x =0 and z = 3.
3
/ 23: dz .
0 X +1

x
d
/3:2+1 o

use the substitution v = z? + 1. Then du/dx = 2z, so dz/du = 1/(2x). Therefore

T T 1
dx = —d
/x2+1 . /a:2+12x “

1 1 1
:/Zdu:§ln\u|+c:§ln|x2+1]+c.
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It 1s

To find the indefinite integral




Therefore

3
x 1 51 1 1
d :[—1 2 1} — Z1n10—-Inl==In10.
/0x2+1:17 2n|:)3—|—|0 50 5 n 51

Special case.
If [ f(z)dx = F(z)+ ¢, and a and b are constants, then

/fax—i—b F(aw+b)

(this follows by putting v = ax + b).

1 1
ExXAMPLE 9.9. dr = =1In(3 5
/3x+5x 3n(m—i— )+ ¢
5 1 (42 +1)°
EXAMPLE 9.10. [(4z + 1)°dz = 16 T¢

9.5. Integration by parts

To integrate [ ydz by parts, do the following:

(a) Write y as a product of two terms, and choose one of them that you can integrate.
(b) Let dv/dx be the term you can integrate, and let v be the integral.

(c) Let u be the other term, and compute du/dz.

(d) Rewrite the integral using the formula

/ydx—/u—dx—uv—/—vda:

(this follows from the product formula).

ExXAMPLE 9.11. Find /xcosxdx by parts.

The integrand z cos x is the product of x and cosz.

We can integrate both terms, but if you choose z, it won’t help — in fact, it makes the
integral more complicated. Instead we choose to integrate cos x.

Let dv/dx = cosx, so that v = sinz. (You don’t need to include the +c here)

Let u = x. Then du/dz = 1.

Then
/xcosxdx:/u—dx—uv—/—vdx—xsmx—/sinxdw.

We know this last integral, so we get

/:Ucosxdx:xsinx+cosx+c.

EXAMPLE 9.12. Find the definite integral f02(2x + 1)e *dz.
First we want the indefinite integral

/(233 + 1)e “du.
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Take dv/dr = e ® and w = 2z + 1. Then v = —e~* and du/dx = 2. Therefore

dv du
2 1 -z — _— ot — _—
/( r+ 1)e “dx /udl_dm uv /dxvda:

=—Q2r+1)e " +2 /emd:c =—2z+1)e =2 4c¢
—(2z+3)e " +c.
Then
2
/0 (22 4+ 1)e *dz = [—(2z + 3)6_ﬂ§ =3 - Te 2

ExXAMPLE 9.13. Find fo sin x dzx.

One needs to use integration by parts twice.
Take dv/dx = sinz, so v = —cosx, and u = 2%, so du/dx = 2x. Then

/xQSinxdx:/u—dx—uv—/—vdm——x cosx—i—/?xcosxdx.

Now we already found

/wcosxdw=xsinx+cosac+c

using integration by parts, so we get

/:E2Sinxdm = —2%cosz + 2zsinz + 2cosz + c.

EXAMPLE 9.14. Find [Inxdz.
This doesn’t look like a product, but write it as
Inz=Inzx x1

with dv/dz =1 and u = Inz. Then v = 2 and du/dx = 1/x. Therefore

/lnxdx:uv—/Z—uvd:ﬁ:xlnx—/ldm:xlnx—ﬂv+c.
T

9.6. Integration of rational functions

To compute the integral of a rational function, convert it into partial fractions. Then use
the following integrals:

1 1 ; ] 1
(1) /ax I dr = Eln|ax+b\+c. Namely, letting © = ax +b we have d_z 4, 50 % -1
1

1 1 1 1
Then/ dx:/—><—du:—ln\u|—l—c:—ln\ax+b|+c.
ar +b uoa a a
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1 1 1
(2) /— dr = ——( > + ¢. To see this, let u = ax + b; then we have
(ax + b)? a\ax +b

/ 1 d—/lxld ——1<1>+ __1( 1 )+
(ax + b)? T e T T\ T T e T

EXAMPLE 9.15. What is

1
/(x+1)2(a:+2)d$?
Write
1 1 1 1
e+ 12w+ @+1)? 2+l 242
Then

1 1 1 1
do= [ ———dv— | ——d d
/(x+1)2(x+2) ’ /(:c+1)2 ’ /x—i—l x+/x+2 ’

1
= — —Injlz+1|+njz+2|+c.
r+1

To integrate rational functions with the quadratic 22 + a? in the denominator, use

1 1 =z
(3)/mdx:—tan E‘FC,

a

(4) /dezlln(ﬁ—ira?)%—c.

22+ a? 2
5r +1 T 1
dr =5 d dx.
/x2—|—3 . /x2+3 $+/x2—|—3 .

This fits the formulae with a = v/3. Therefore

20 +1 D 1 x
de = 2 In(a? —=tan! () 4.
/:172+3 x 2n(x —|—3)+\/§an 7 +c

To integrate rational functions with a more general quadratic in the denominator, complete

the square, and use a substitution.
)
/ S g,
x? + 6x + 18

2% 4 62 +25 = (22 + 62+ 9) + 16 = (v +3)? + 16

T +5 T +5
——dr= | —————dx.
x x xr

2462418 (x+3)2+ 16
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EXAMPLE 9.16.

ExXAMPLE 9.17. Find

We complete the square:

SO



Now use the substitution v = x + 3. Then x = u — 3, so dx/du = 1. Therefore

5 2 1
/—:L“—f- d$:/ t du:/ Y du+2/ du
22 4+ 62+ 25 u? + 16 u?+ 16 u? + 16

1 2
=5 In(u® + 16) + 1 tan~*(u/4) + ¢

1 1
=3 In(x? + 62 + 25) + étan_l((aj +3)/4) + c.

9.7. Worked examples

ExaMPLE 9.18. Calculate the indefinite integrals:
(i) [tanzdx
(ii) [zlnzde
(iii) [sin®*(z)dx
(iv) [e*dx

ExAMPLE 9.19. Calculate the integral

2 1
/1 x(x+1)2 du.

ExaMPLE 9.20. Calculate the integral

™4 cosx — sinz
o COSxT+sinx
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