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Abstract

We extend Droste’s classification [8] of all the countable 2-transitive trees, and that of Droste,
Holland, and Macpherson [7], of the countable weakly 2-transitive trees, to countable 1-transitive
trees. The preliminary work for this was done in [2], where the so-called countable lower 1-
transitive linear orders were classified. Since the maximal chains in any 1-transitive tree are
easily seen to be lower 1-transitive, but not necessarily 1-transitive, this was an important
first step. We extend this to a coloured version of the same classification (where ‘colours’
correspond to various types of ramification point) and use this to complete the description of
all the countable 1-transitive trees. This involves describing how the possible coloured branches
can fit together, with particular attention to the possibilities for cones at ramification points.
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1 Introduction

This paper concludes the work begun in [2], where the countable lower 1-transitive linear orders
were classified. The reason for considering such structures at all was that they arise naturally as
branches (that is, maximal chains) of countable 1-transitive trees, and these are the structures we
are really aiming to describe.

A tree is taken to be a partially ordered set in which any two elements have a common lower
bound, and the set of all lower bounds of any one element is linearly ordered. These are also called
lower semilinear orders (for instance in [1]), since they are linear going downwards. Droste
initiated the study of sufficiently transitive trees in [8]. Let us say that a tree is k-transitive if
for any two isomorphic k-element substructures, there is an automorphism taking the first to the
second. Droste showed that in non-trivial cases, no tree can be 4-transitive, and he classified the
countable 2- and 3-transitive trees.

Now in a tree A there are two different kinds of 2-element substructure, chains and antichains,
so it is required by the definition of 2-transitivity that the automorphism group of A act transitively
both on the set of 2-element chains, and on the set of 2-element antichains. If we relax the condition,
and only require transitivity on the former, then we arrive at the class of weakly 2-transitive trees,
as defined and studied in [7]. The key and immediate difference that this makes is that there need
no longer be a constant value throughout the tree of ‘ramification order’ (degree of branching;
see below for the formal definition). Any ramification point is the greatest lower bound of a 2-
element antichain, and so if we require transitivity on 2-element antichains, it easily follows that the
ramification order is the same throughout.

For weakly 2-transitive trees, since ramification order can vary wildly, it is quite easy to find 2ℵ0

non-isomorphic countable ones. It used to be thought that the uncountability of a class of structures
would render its classification futile. However, it is still quite easy to describe fairly explicitly what
all the countable weakly 2-transitive trees are, in terms of a ‘real parameter’ (or an arbitrary subset
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of ω), and so one can regard this as as good as a classification. (Another famous example of a
classification of an uncountable class of structures is Cherlin’s [5], where the countable homogeneous
directed graphs are given, again in terms of a real parameter.)

The weaker the hypothesis on a structure, the more complicated one expects any classification
of such structures to be, and for trees the weakest natural condition seems to be to require just
1-transitivity. There are some immediate difficulties. For weakly 2-transitive trees, it is easy to
check that all the maximal chains, from now on called branches, are order-isomorphic to the ordered
rationals Q, because one checks directly that they are densely ordered without endpoints. If we
drop 2 to 1, then we would expect that the branches B should be 1-transitive. This is however not
clear, since if we seek to show that x ∈ B can be mapped to y ∈ B, all we can say is that there
is an automorphism of A taking x to y, but there seems to be no obvious reason why it should fix
B setwise. Similarly, it seems impossible to demonstrate that all the branches will be isomorphic.
Thus we are inevitably led to revised definitions; the most we seem to be able to say is that if
x, y ∈ B, then there is an isomorphism between the initial segments determined by x and y, which
we call being lower 1-transitive, and that if B1 and B2 are branches, then there is an isomorphism
between initial segments of B1 and B2, which we call being lower isomorphic.

Now the countable 1-transitive linear orders are described by Morel [9]. They are Zα and Q.Zα
for countable ordinals α (where we are taking restricted lexicographic powers). The class of lower
1-transitive linear orders is however vastly bigger than this, as is shown in [2], and for any sort of
adequate description requires the notion of a ‘coding tree’, introduced in [3] and used more heavily
in [4]. This use of the word ‘tree’ is not quite the same as for the class of structures we are trying
to classify, so in order to avoid confusion, we use ‘downward growing’ trees as coding trees, which
are meant to describe the way in which the linear orders are built up iteratively from singletons.

The classification in [2] describes all the main features of what is required for that stage of our
task. It does however only treat the ‘monochromatic’ situation. In fact we require something a
little stronger here, since it is not merely the branches which have to be lower 1-transitive and lower
isomorphic, but the branches with ramification points taken into consideration as well. These we
may view as coloured chains, and so the first part of our job is to describe all the possibilities for
countable colour lower 1-transitive linear orders which can arise. Note that in the case of countable
2-transitive trees we only have two ‘colours’, corresponding to whether a point lies in the original
structure, or not. (Actually there are also uncountably many irrational points which lie in the
Dedekind–MacNeille completion but not in A and are not ramification points; we never need to
consider these, and therefore restrict to A+, the ‘definable completion’ of A, which comprises just
A together with its family of ramification points.) For weakly 2-transitive trees, more than just
two colours are needed, and they may be characterized in the general case as the orbits of the
automorphism group of A on A+. It is preferable however to have an explicit description of what
these colours actually are. It is shown in [7] that two points have the same colour if and only if
they both lie in A, or they are ramification points having the same number of cones with a least
element, and the same number of cones with no least element, and it is this idea that we generalize
to 1-transitive trees. Throughout we shall reserve c̄ to stand for the colour of points of A.

We focus a little further on the structure of a countable weakly 2-transitive tree A, since this
will indicate how we tackle the more complicated classification in the 1-transitive case. First note
that weak 2-transitivity at once implies that branches are densely ordered without endpoints, hence
order-isomorphic to Q; it is not however immediately clear that the same is true in the coloured
version. For A+ as introduced above, and X a branch of A, X+ will stand for the coloured linear
order obtained from the branch of A+ containing X. This need not now be dense; however, the only
possibility for consecutive elements x < y is that y ∈ X and x 6∈ X, as is easy to see. If these pairs
are ‘collapsed’ and viewed as single points, the result is densely ordered, and indeed is QC where
C is the colour set, the ‘C-coloured version of the rationals’. The point y may be described as the
least member of a cone at x. As mentioned in the previous paragraph, at any ramification point x
there will be cones: some may have least elements, but not all, and the numbers arising sum to the
total ramification order: both need to be taken into account in specifying what the ‘colour’ is at x.
Any ramification point having a cone with a least member is called ‘special’.

Giving a few more details from [7], the ‘type’ of a tree is specified by the following information:

2



(i) a list of all the ramification orders which arise at non-special ramification points (which will
be numbers between 2 and ∞ inclusive),

(ii) whether the points of A ramify; if so there will be no special ramification points, but the
ramification order of points of A should be given,

(iii) if the points of A do not ramify, whether there are any special ramification points; if so then
the number of cones there with or without a least element should be given.

In [7] this information is realized as a certain triple. Given this notion, the following steps are
then required: (i) any countable weakly 2-transitive tree has a type, (ii) any two countable weakly 2-
transitive trees having the same type are isomorphic, (iii) any type satisfying certain stated properties
is the type of some countable weakly 2-transitive tree.

For 1-transitive trees the situation is even more complicated. For a start the branches will be
lower 1-transitive linear orders without greatest element, and any two branches occurring will be
lower isomorphic. Note that this also holds with regard to the coloured versions, so the results of [2]
are not sufficient (though pointing us very much in the right direction). Part of the classification will
therefore require a description of a family of lower isomorphic colour lower 1-transitive countable
linear orders without greatest elements, and we characterize precisely which ones can arise. The
other, and more complicated ingredient, is to describe the possible ramification behaviour. Gener-
alizing what we have just said about the weakly 2-transitive case, we distinguish various possible
types of ramification point, which take into account how it interacts with the structure of the colour
lower isomorphism class of linear orders forming our branches. The classification of the colour lower
1-transitive linear orders comes along with a notion of ‘level’ (and the family of levels is the same
throughout a colour lower isomorphism class), and for each possible level there is a corresponding no-
tion of cone, which roughly speaking means that there is a least equivalence class in the equivalence
relation corresponding to that level but not for any smaller one. The special and normal cones for
the weakly 2-transitive case then correspond to equivalence classes at distinct levels, as is illustrated
in Figure 3. The cone type will correspond to the ‘colour’, and this will tell us the numbers of
cones there are for each possible level. It is clear that any two ramification points having the same
colour must share all possible such properties; the harder work is to show that the information we
list is sufficient as a characterization of colour.

The paper is organized as follows. The first main section, section 2, describes the classification of
the possible branches of a countable 1-transitive tree, which are viewed as colour lower 1-transitive
linear orders. This amounts to an extension of the monochromatic case discussed in [2] to certain
countable colour lower 1-transitive linear orders, namely those in which one of the colours c (standing
for the points of A), is dense in the whole linear order, where this means that if x < y, then some z
such that x ≤ z ≤ y is coloured c, with some extra conditions. This classification is given in terms of
‘coding trees’. Because trees occur at two points in our work, as coding trees, forming one ingredient
in the classification, and also as the structures being classified, it is important to distinguish the
two. To help do this, first we use A for the 1-transitive tree, and T for a coding tree; also coding
trees will be thought of as growing ‘downwards’, following the intuition as in computer science (for
instance parse trees); and they will be labelled, the labels telling us how the coloured linear order is
built up in stages. In addition to the symbols used in [2], we require three extra labels in the tree
(as well as extra colour labels). Since, apart from this, much of this is as in [2], we omit details at
various points.

The main part of the paper in sections 3 to 5 analyzes the possible structure of countable 1-
transitive trees. In section 3 we introduce some of the main definitions needed, principally regarding
the behaviour of cones as outlined above. We distinguish types of cone corresponding to levels, and
in terms of these define ‘cone type’, which is an abstract definition intended to capture the possible
disposition of the cones at a ramification point as the level varies. Section 4 introduces the notion
of ‘structured tree’, and it is shown that a countable tree is structured if and only if it is (proper
and) 1-transitive. In order to analyze more precisely which trees are structured, the notion of the
‘type’ of a countable 1-transitive tree, generalizing the ideas for the weakly 2-transitive case just
mentioned, is introduced, and the ‘characterization theorem’, that two countable 1-transitive trees
are isomorphic if and only if they have the same type, is given. In section 5 we find precisely which
types can arise as types of a countable 1-transitive tree, giving an explicit construction in these
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cases, thereby concluding the classification desired.
We collect here a number of definitions which are needed throughout the paper, some of which

were introduced in [2]. If (A,≤) is a tree, then a ramification point of A is the greatest lower
bound of two incomparable elements. For any tree there is then a least tree A+ containing A such
that any two of its elements have a greatest lower bound, also called its ‘definable completion’,
and if A is countable, so is A+. This may also be viewed as a subset of its ‘Dedekind–MacNeille
completion’ in which every non-empty bounded above subset has a least upper bound (see [11] for
more precise details). The Dedekind–MacNeille completion is however generally uncountable, but
it is needed (in its dual version) when forming a coding tree. At any point a we may partition the
points above it into cones, which are maximal lower directed subsets of {x ∈ A+ : a < x}, that is,
subsets C such that any two members of C have a lower bound in C. The number of cones at a is
called its ramification order (and then a point is a ramification point if and only if its ramification
order is greater than 1). All these notions apply also to the coding (downward-growing) trees, with
the obvious reversal of the ordering.

In constructing an ‘expanded coding tree’ corresponding to a colour lower 1-transitive linear
order, we need to consider its invariant partitions, where a partition π into convex sets is said to
be invariant if it is preserved by any isomorphism or, stronger, by any lower isomorphism (by which
we mean that if f : (−∞, a] → (−∞, b] is an isomorphism, and x, y ≤ a, then x and y are in the
same member of π if and only if their images under f are). A key result in [2] was that any coding
tree is ‘levelled’, which meant that it could be expressed as a disjoint union of maximal antichains
in such a way that for any two such, l1 and l2, either every member of l1 is less than a member of l2
under the tree ordering, or the other way round (which means that there is an induced linear order
of the set of levels). In the presence of colours we have to alter this slightly, and refer to ‘nearly
levelled trees’, defined later.

2 A class of colour lower 1-transitive linear orders

In this section we give a classification of the possible (coloured) branches of a lower 1-transitive
tree. A coloured linear order is a triple (X,≤, F ) where (X,≤) is a linear order, and F is
a function from X onto a set C, called the set of ‘colours’. It is colour lower 1-transitive if
∀x, y ∈ Y (F (x) = F (y) → (−∞, x] ∼= (−∞, y]), and two coloured linear orders X and Y with the
same colour set are colour lower isomorphic if there are x ∈ X, y ∈ Y such that (−∞, x] ∼= (−∞, y]
(where the isomorphism must preserves the ordering and colours). The reason for considering these
notions is that, as explained in section 1, any branch of a 1-transitive tree (A,≤) must be colour
lower 1-transitive, where the colours are the orbits of the action of Aut(A) on A+, and any two
branches are colour lower isomorphic. There are some easily verified restrictions on which colour
lower 1-transitive linear orders (X,≤, F ) can be branches of a 1-transitive tree, which are that they
do not have maximal or minimal elements, and the colour c which stands for the points of A occurs
densely in X. In addition, if x < y are consecutive points of X then y is coloured c. So it is not
necessary for us to classify all the countable colour lower 1-transitive linear orders (and we are not
sure how interesting a project that would be), and we restrict to those in which the points coloured c
occur densely, there is no greatest or least element, and x < y consecutive implies F (y) = c. Such a
coloured chain we call a branch coloured chain, and it turns out that this precisely characterizes
the possible (coloured) branches of countable 1-transitive trees (see Corollary 5.5). It eases the
technical details of the proof (specifically of Corollary 2.24) if we also encode initial segments at
points coloured c̄, so at certain points we relax the requirements to allow this.

At this stage we just give one example of what a branch of a 1-transitive tree could be, namely
Q.(1 + Z), which is Q ‘copies’ of a singleton followed by Z. Here the singletons are coloured ‘red’,
and are ramification points, and all the other points will be points of the tree (which we initially are
assuming do not themselves ramify). This is indeed colour lower 1-transitive, as is easy to verify;
the maximal chains of the resulting tree have order-type Q.Z, and the only (but vital) role of the
red points is to tell us where the tree branches. To specify the tree, further information such as
ramification order must be given. Variants on this example are Q.(Z + 1) and Q.(1 + Z + 1) which
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ramify immediately above each copy of Z, and below and above each copy, respectively. In each of
these examples it is also possible for the points of the tree to ramify.

The general structure of the coloured linear orders we need can be extremely complicated, and
we use an auxiliary notion to help describe how they are built up, namely that of ‘coding tree’.
This was used initially in [3], but only for clarity, as that was a simple case, but more necessarily
in [4]—here the coding trees can themselves be infinite, and can be non-well-founded, so the way
in which they encapsulate the structure of the encoded objects is quite hard to visualize. For lower
1-transitive linear orders, the coding trees are again in general infinite, though it was shown in [2]
that they admit a notion of ‘level’, and so what we give here amounts to a modification of that
version; we do however require three extra possible labels, ∨, ∧, and −, and additional colours are
allowed.

2.1 Coding Trees

In [2] we classified the branches of 1-transitive trees using ‘coding trees’, but as just explained, we
actually need to describe a rather larger class, namely the coloured maximal chains. Even though
we only need to classify colour lower 1-transitive linear orders in which one of the colours c̄ is dense
(together with the two other conditions), this is none-the-less a rich, complex class of structures, for
even a monochromatic lower 1-transitive linear order can have a coding tree of infinite height. As
this classification is broadly similar to that in [2], we omit many details.

For any partially ordered set (P,6) and for any a, b ∈ P we say that b covers a if a < b and
there is no x in P with a < x < b, written a <′ b. We also say that a is a child of b, b is a parent
of a, or a and b are consecutive. A descendant of x is any y ≤ x. A minimal element is called a
leaf. The symbols needed which did not appear in [2] are ∨, ∧, and −. Here ∨ and ∧ concatenate
two points, one of which is a ramification point (for ∨ this is on the left and for ∧ on the right),
and the other must stand for a leaf. The reason for the label −, which has just one child, is more
technical, and has to do with maintaining the levels in the coding trees; its function is to take a copy
of what lies below it. See Figure 2(a) for an example. To make some of the definitions run more
smoothly, we may view each of ∨ and ∧ as 2-element linear orders, coloured by distinct colours, and
− as a singleton linear order. We recall that Qn for 2 ≤ n ≤ ℵ0 is the ‘n-coloured version of the
rationals’, which is characterized uniquely up to isomorphism by saying that it is a coloured linear
order on Q with a colour set of size n, such that all colours occur between any two distinct points.
Since we identify n with {0, 1, . . . , n − 1} (or with {0, 1, 2, . . .} if n is infinite) the ‘colours’ may be
taken to be the members of this set. We write Q̇ and Q̇n for the orderings obtained by adding one
extra point on the right, and ω∗ is the ordinal ω under the reverse ordering. The definition given in
[2] of left forest is extended below to the new labels, with a related notion of middle forest. Saying
that the coding tree is nearly levelled means that the tree obtained by removing all leaves labelled
by colours, other than c, is levelled, which, to recap, means that it can be expressed as a disjoint
union of maximal antichains (‘levels’) in such a way that for any two such l1 and l2, either every
member of l1 is below some member of l2, or the other way round. An isomorphism between nearly
levelled, labelled trees or forests is understood to preserve the labels and the levels, as well as the
partial order. The only vertices x not lying in a level are therefore leaves labelled by some colour
6= c̄. However, even these can be ‘assigned’ a level, as it turns out that such leaves are children of
a vertex labelled ∨, ∧, Q̇, Qn, or Q̇n, whose other child or children do lie in a level; and x is also
assigned to this level. This is intuitively correct (see the examples of coding trees provided) but the
definition of ‘levelled’ is strictly speaking violated, as x may lie in more than one of the maximal
antichains which form the levels, and we have chosen to assign it to the highest possible one.

Definition 2.1. The left forest of a vertex x labelled Z, Q, Qn, ω∗, Q̇, Q̇n, ∨ is the forest (disjoint
union of trees) consisting of the descendants of all children of x except for the rightmost (when it
exists). The left forests of vertices labelled ∧ or − are empty.

An ordered forest is a forest together with a linear ordering � of its maximal elements; two
ordered forests are lower isomorphic if for any maximal element z of one there is a maximal element
t of the other such that there is a �-preserving isomorphism (−∞, z] → (−∞, t] induced by an
isomorphism of the forests below these points.
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Definition 2.2. The middle forest of a vertex labelled ∨, ∧, − is the forest (tree actually) consist-
ing of the descendants of its right, left, only child respectively. The middle forests of other vertices
are empty.

Note that the middle forest is not usually in the ‘middle’. Even though it can appear on the
left it must be distinguished from the left forest. The encodings of middle forests do often occur
between two coloured points in the resulting linear order.

Definition 2.3. A right descendant y of a vertex x is a descendant of x such that for any
consecutive z, t such that y ≤ z < t ≤ x, z is a right child of t (which in particular means that t can
only be labelled by ω∗, Q̇, Q̇n, ∨, or ∧).

Definition 2.4. A colour coding tree is a sextuple (T,6,C, ς, F,�) such that:

1. (T,6) is a nearly levelled tree with a greatest element (its root), � partially orders the children
of each parent, and � linearly orders the levels,

2. T is Dedekind-MacNeille complete,

3. every vertex is a leaf or is above a leaf, the leaves are labelled by F with singleton labels, (so
this is a ‘colouring’ function), and we extend F to all vertices x by letting F (x) =

⋃
{F (y) : y

a leaf below x},

4. if x is not a leaf, then c̄ ∈ F (x),

5. the non-leaf vertices are labelled by ς, taking values in {Z, ω∗, Q, Q̇, Qn, Q̇n (2 6 n 6 ℵ0),
∨, ∧, −, lim},

6. • if ς(x) = Z, Q, or − then x has one cone, having a greatest member (child),

• if ς(x) = ω∗, Q̇, ∨ or ∧ then x has two cones, each having greatest elements (children),
linearly ordered by �,

• if ς(x) = Qn then x has n cones, each having greatest elements (children), indexed by n,
which are pairwise �-incomparable,

• if ς(x) = Q̇n then x has n + 1 cones, each having greatest elements (children), one of
which is �-greatest, and the others are indexed by n and pairwise �-incomparable,

• if ς(x) = lim then x has just one cone, no children, and is not a leaf,

7. if non-leaf vertices x and y are in the same level, then ς(x) = ς(y), or one is ∧ and the other
−, or ς(x), ς(y) are colour lower isomorphic linear orders such that for each i, if z and t are
the ith left children of x and y respectively, under the indexing, then F (z) = F (t),

8. the left child of any vertex labelled ∨ and the right child of any vertex labelled ∧ are leaves not
coloured c̄, but their other children are not leaves,

9. any two leaves having the same colour are in levels that are at most one apart; if they are one
apart then the vertex on the lower level is the left child of a vertex labelled ∨,

10. at each given level of T the left forests from non-leaf vertices at that level are isomorphic; in
addition if x and y are on the same level and ς(x) = ς(y) = ∧ and F (x) = F (y) then the
middle forests are also isomorphic,

11. the root is not labelled ∧, ∨, or −; the children of a vertex labelled ∧ or − are not labelled
∧, ∨, or −; the children of a vertex labelled ∨ are not labelled ∨; if ς(x) = − then, for some
vertex y level with x, ς(y) = ∧; in addition if ς(x) = ∨ then the parent of x (if it exists) is
labelled Q, Q̇, Qn, or Q̇n,

12. if ς(x) = ∧ and y is the left child of x, then y has no right descendant which is a leaf,
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13. if ς(x) = ω∗, Q̇ or Q̇n and y′ is the right child of x, then c̄ ∈ F (y′), and there is a left child y
of x such that c̄ ∈ F (y),

14. there are countably many leaves.

Note that we usually write F (x) = c rather than F (x) = {c} in cases where this is a singleton.
Five examples of colour coding trees are given in Figures 1 and 2. Figure 2(a) illustrates the −

label (without which this tree would not be nearly levelled), and Figure 2(b) illustrates clause 9 of
the definition.

In order to explain how a coding tree encodes a coloured linear order, we require an auxiliary
notion, called an ‘expanded’ coding tree. If the coding tree is finite, or even conversely well-founded,
it is quite easy to describe recursively what it means for it to encode a linear order. Our coding
trees can however be a lot more complicated than this, as was shown in [2], so the intermediate step
seems unavoidable. The procedure is based on the one given in [4].

Figure 1: Colour coding trees for (a) Q.(1 +Z), (b) Q.(1 +Z+ 1), (c) Q2(ω∗.(Z+ 1) +Z+ 1,Z.(Z+ 1)).

Figure 2: Colour coding trees for (a) Q2.(Z2 + 1, ω∗.Z), (b) Q2.(1, 1 + Z).

Definition 2.5. An expanded coding tree is a sextuple (E,6,C, ς, F,�) such that:

1. (E,6) is a nearly levelled tree with a greatest element (the root), � linearly orders the children
of each parent, and � linearly orders the levels,

2. E is Dedekind-MacNeille complete,

3. every vertex is a leaf or above a leaf, the leaves are labelled by F with singleton labels, and F
is extended to all vertices x by letting F (x) =

⋃
{F (y) : y a leaf below x},

4. if x is not a leaf, then c̄ ∈ F (x),

5. the non-leaf vertices are labelled by ς, where ς(x) lies in {Z, ω∗, Q, Q̇, Qn, Q̇n(2 6 n 6 ℵ0),
∨, ∧, −, lim},

6. for any parent vertex x of the tree, its cones all have greatest elements (children) which are
indexed by the members of ς(x) so that if ς(x) is a coloured linear ordering, � corresponds to
the ordering of ς(x), and one of the following holds:

• ς(x) = Z, Q, −, and the trees below x are all isomorphic,
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• ς(x) = ω∗, Q̇ and the left trees below x are all isomorphic,

• ς(x) = Qn and the trees below any two children of x having the same colour are isomor-
phic,

• ς(x) = Q̇n and the trees below any two left children of x having the same colour are
isomorphic,

• ς(x) = ∨ or ∧ and x has just 2 children,

7. if non-leaf vertices x and y are in the same level, then ς(x) = ς(y), or one is ∧ and the other
−, or ς(x), ς(y) are colour lower isomorphic linear orders,

8. the left child of any vertex labelled ∨ and the right child of of any vertex labelled ∧ are leaves
not coloured c̄, but their other children are not leaves,

9. any two leaves having the same colour are in levels that are at most one apart; if they are one
apart then the vertex on the lower level is the left child of a vertex labelled ∨,

10. at each given level of E the ordered left forests from non-leaf vertices at that level are lower
isomorphic; in addition if x and y are on the same level and ς(x) = ς(y) = ∧ and F (x) = F (y)
then the middle forests are also isomorphic,

11. the root is not labelled ∧, ∨, or −, the children of a vertex labelled ∧ or − are not labelled ∨,
∧, or −; the children of a vertex labelled ∨ are not labelled ∨; if ς(x) = − then for some vertex
y level with x, ς(y) = ∧; if ς(x) = ∨ then the parent of x (if it exists) is labelled Q, Q̇, Qn, or
Q̇n,

12. if ς(x) = ∧ and y is the left child of x, then y has no right descendant which is a leaf,

13. if ς(x) = ω∗, Q̇ or Q̇n and y′ is the right child of x, then c̄ ∈ F (y′), and there is a left child y
of x such that c̄ ∈ F (y),

14. there are countably many leaves.

2.2 Decoding a coding tree

As in [2] we must define ‘encodes’. These definitions are the same as those given in [2] and we
mention them only to account for the colours in the labels.

Definition 2.6. Let (T,6,�, ς, F,�) be a coding tree, and (E,6,C, ς, F,�) be an expanded coding
tree. We say that E is associated with T if there is a function φ from E to T which takes the root
r of E to the root of T , each leaf of E to some leaf of T , and

(i) t1 6 t2 =⇒ φ(t1) 6 φ(t2),
(ii) T and E have order isomorphic sets of levels and φ preserves this correspondence,
(iii) for each vertex t of E, φ maps {u ∈ E : u 6 t} onto {u ∈ T : u 6 φ(t)}, and for any leaf l

of E, φ maps [l, r] onto [φ(l), φ(r)],
(iv) ς(φ(t)) = ς(t) for non-leaves, and F (φ(t)) = F (t) for leaves.

Definition 2.7. The coding tree (T,6,�, F, ς,�) encodes the (coloured) linear order (X,6) if
there is an expanded coding tree associated with T such that X is (colour and order-) isomorphic to
the set of leaves of E under the (obvious) branch order.

Theorem 2.8. Every colour coding tree encodes a countable (coloured) linear order.

Proof. We follow the same method as in [2] (which in turn was derived from [4]). We have to build
an expanded coding tree by ‘interpreting’ the labels, which is done by using a rich enough family
of functions on branches. Here notice that by branch, we understand a maximal chain containing
a leaf (so in fact a branch is just the set of all points above some given leaf). For each of the first
six labels we suppose that ‘default values’ in it have been chosen. For Z and Q just one default
value is chosen, for ω∗ and Q̇ two, the greatest element and one other, for Qn there will be n default
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values, one of each colour, and for Q̇n there are n+ 1 default values, the greatest element, and one
for each colour. The idea is that by insisting that, except at finitely many places, the default values
are taken, the overall cardinality remains countable. Note that there is exactly one default value for
each child of a vertex with that label in the coding tree.

Definition 2.9. A decoding function is a function, f , defined on a branch B of T , which contains
a leaf, such that for each x ∈ B:

• if ς(x) = Z,Q, or Qn, then f(x) ∈ ς(x),

• if ς(x) = ω∗, Q̇, or Q̇n, then f(x) ∈ ς(x) and it is the greatest member of ς(x) if and only if B
passes through the right child of x,

• if ς(x) = Qn or Q̇n and f(x) is not its greatest member, then its colour equals that of the child
of x in B,

• if ς(x) = ∨, ∧, or −, then f(x) is the member of ς(x) (viewed as a linear order) corresponding
to which child of x lies in B,

• the set of non-default values taken by f is finite.

We note that if x is a leaf, or is labelled by lim, the value of f is unimportant and we consider it
to be undefined. The linear order encoded by T is taken to be the set ΣT of decoding functions on
T ordered by first difference (from top down). Let us spell out precisely what this means. If f1, f2
are decoding functions with domains B1 and B2 respectively, then we let f1 < f2 if for some parent
vertex x ∈ B1 ∩ B2, f1(y) = f2(y) for all y > x, and f1(x) < f2(x). We observe that from this
definition it follows that if for decoding functions f1 and f2, f1(x) = f2(x), then the same child of x
lies in the domains of both f1 and f2. If f ∈ ΣT then f is coloured by taking for F (f) the F -colour
of the leaf in its domain. If B = dom f , we note that (∀x ∈ B)(F (f) ∈ F (x)).

Let us remark that the definition of the ordering makes sense. Suppose that f1 6= f2 have domains
B1 and B2. By Dedekind–MacNeille completeness of T , B1 ∩ B2 has a greatest lower bound x say
in T . In fact x must be the least member of B1 ∩B2. For if x 6∈ B1, and x′ is the member of B1 on
the same level as x, then the least upper bound y of x and x′ satisfies y > x, so there is z in B1∩B2

such that y > z > x, contrary to x′, z ∈ B1. Hence x ∈ B1 and similarly x ∈ B2.
Suppose that f1 and f2 agree on B1∩B2. Then as f1 6= f2, x is not a leaf so there are incomparable

x1 ∈ B1 and x2 ∈ B2, whose least upper bound must be x. Hence x ramifies downwards, so is labelled
by ω∗, Q̇,Qn, Q̇n, ∨ or ∧. Since f1(x) = f2(x), it follows as remarked above that the children of x
in B1 and B2 are equal, contrary to minimality of x in B1 ∩ B2. We deduce that f1 and f2 do not
agree on B1 ∩B2. Since decoding functions differ from the default value only finitely often, there is
therefore a greatest point at which they differ, which must be labelled Z, ω∗,Q, Q̇,Qn, or Q̇n, and
the definition decides the ordering of f1, f2 (the precise details depending on the value of ς(x)).

In order to satisfy the definition of ‘encodes’ we must produce an expanded coding tree, which
is given by

E = {(t, f � (t, r]) : f ∈ ΣT , t ∈ B,B = domf}

with labelling of vertices given by the label in T of the first component. For leaves this means that
the labelling is as just defined for ΣT , and so provided we can show that E is an expanded coding
tree associated with T , it will follow that ΣT is the coloured linear order encoded by T . The lth
level of E is the set of all (t, f � (t, r]) such that t lies in the lth level of T .

Clauses 1, 3, 4, 5, 7, 8, 9, 11, 12, 13, 14 follow from the definition and the corresponding clauses
for the coding tree, and the verification that E is a Dedekind-MacNeille complete tree (clause 2) is
as in [2]. Clause 6 is immediate from the definition.

The truth of clause 10 follows from the fact that any isomorphism between the trees below
vertices t1 and t2 of T induces an isomorphism between the trees of E below (t1, f1 � (t, r]) and
(t2, f2 � (t, r]) for any decoding functions f1 and f2.

The mapping φ is given by φ((t, f � (t, r])) = t. This preserves root, leaves, and labels. Also
t1 6 t2 =⇒ φ(t1) 6 φ(t2) and clearly for each vertex t of E, φ maps {u ∈ E : u 6 t} onto
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{u ∈ T : u 6 φ(t)} and for any leaf l of E, φ maps [l, r] onto [φ(l), φ(r)]. Therefore E is associated
with T and ΣT is order isomorphic to the set of leaves of E. Hence T encodes ΣT .

Theorem 2.10. Any two countable coloured linear orderings encoded by the same colour coding tree
T are isomorphic.

Proof. This is important, first because the definition of ‘encodes’ is somewhat roundabout, but we
still intend that the outcome of an encoding procedure should be unique, and also since in what
follows we shall argue in terms of the expanded coding tree constructed using decoding functions.
The proof is however just an adaptation of the (back-and-forth) proof presented in [2], so we omit
the details.

Theorem 2.11. A coloured ordering (X,6, F ) encoded by the colour coding tree T is countable and
colour lower 1-transitive.

Proof. Countability is immediate. For colour lower 1-transitivity, let a, b ∈ X be such that F (a) =
F (b) and consider the initial segments Xa = (−∞, a] and Xb = (−∞, b] which we have to show are
isomorphic.

By Theorem 2.10, we may suppose that X is the specific coloured chain arising from the con-
struction using decoding functions, so that it is defined to be the set of all functions on the branches
of T which take a default value at all but finitely many points, so a and b are now viewed as functions
on branches B1, B2 of T , having leaves xa, xb respectively, and F (a) = F (xa), F (b) = F (xb). If xa
and xb are in the same level, then the levels occurring in B1 and B2 are the same. Otherwise, by
clauses 8 and 9, F (xa) = F (xb) 6= c̄, xa and xb are in levels that are at most 2 apart, and the one
on the lower level, xb say, is the left child of a vertex labelled ∨, which may also be the left child of
a vertex labelled ∧. So the levels of B2 are the same as for B1 except for the parent of xb, or for its
parent and grandparent.

If x ∈ B1, let Γax = {f ∈ (−∞, a] : f(x) < a(x) ∧ (∀z > x)f(z) = a(z)} and similarly for Γby,
where y ∈ B2. If i is a level, and x, y are the elements of B1, B2 respectively in that level, we may
also write these as Γai ,Γ

b
i . By the definition of the ordering, it is clear that (−∞, a] is the disjoint

union of {a} and all the Γai , and furthermore that i < j ⇒ Γai > Γaj (where this means that every

element of Γai is greater than every element of Γaj ). Since the same is true of the Γbi , to show that

(−∞, a] ∼= (−∞, b] it therefore suffices to show that Γai
∼= Γbi for each i, and the desired isomorphism

from (−∞, a] to (−∞, b] is obtained by patching together all the individual isomorphisms. This still
works in the exceptional case in which xa and xb are in levels that are one apart, since the ‘extra’
Γbi s are actually empty since xb is the left child of its parent.

Let x ∈ B1 lie in level i, and let y be the element of B2 in the same level, where neither of these
are leaves. It follows by property 7 that if ς(x) or ς(y) is not a coloured linear order, then ς(x) = ∧
and ς(y) = − (or the other way round), or ς(x) = ς(y).

Case 1: ς(x) = lim.
As just remarked, ς(x) = ς(y) = lim, which gives Γai = Γbi = ∅.

Case 2: ς(x) = ∨, − or ∧. By the above remark again, ς(x) = ς(y), or else one is ∧ and the other
−. First consider ∨. It clearly suffices to observe that B1 and B2 either both contain the left child
of x, y respectively, or both contain the right child. For if B1 contains the left child z of x, which
by property 8 is a leaf, labelled ‘red’ say, then properties 9 and 11 imply that no descendant of the
right children of x or y is coloured red, so as F (a) = F (b), it follows that B2 contains the left child
of y.

If ς(x) = ς(y) = −, then Γai = Γbi = ∅.
Next suppose that ς(x) = ς(y) = ∧. A similar argument applies as for ∨, except that this time

in the non-empty case we invoke the existence of an isomorphism between the middle forests of x
and y (see clause 10).

It remains to consider the case where ς(x) = ∧ and ς(y) = −. Let u and v be the left and right
children of x respectively. Then v is a singleton labelled ‘blue’ say. Properties 9 and 11 ensure that
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no descendant of y is labelled blue, and it follows that u lies in B1, and consequently, Γai = Γbi = ∅
once more.

Case 3: ς(x) and ς(y) are both coloured linear orders, and hence they are colour lower-isomorphic.
By examining each of the possible cases, we see that in fact the open intervals (−∞, a(x)) and
(−∞, b(y)) are order- and colour-isomorphic (of order-type ω∗, Q, or Qn), and we choose an order-
isomorphism ϕ : (−∞, a(x))→ (−∞, b(y)). We now invoke the existence of an isomorphism between
the left forests at x and y. Since this preserves labels, subtrees at children of x and y which
correspond under ϕ are isomorphic, so ϕ may be extended to an isomorphism ψ between these left
forests. Writing xaj , xbj for the elements of B1, B2 in level j, we can now define an isomorphism Φ

from Γai to Γbi by letting

Φ(f)(ψ(xj)) =


b(xbj) if j > i
ϕ(f(xj)) if j = i
f(xj) if j < i

where f ∈ Γai .
Finally we apply the methods from [2] to show that Γai is mapped 1–1 onto Γbi by Φ and this

gives the result.

Theorem 2.12. If X is the linear order encoded by the colour coding tree (T,6), then the points
coloured c̄ are dense in X, and if a < b are consecutive, then F (b) = c̄.

Proof. As in the previous theorem we may suppose that X = ΣT .
Let a < b with the object of finding a point in between coloured c̄. Let B1 and B2 be the branches

on which a and b are defined. As above there is a point x ∈ B1 ∩B2 such that a � (x, r] = b � (x, r]
and a(x) < b(x). We deduce that x is labelled by a non-trivial linear order, which must therefore
be Z, ω∗, Q, Q̇, Qn, Q̇n, ∨, or ∧. It follows that c̄ ∈ F (x). To begin with, suppose that a(x) and
b(x) are not consecutive members of ς(x). Then there is a leaf l below x labelled c̄ and some f ∈ ΣT
such that a � (x, r] = f � (x, r] = b � (x, r] and a(x) < f(x) < b(x). Thus a < f < b and F (f) = c̄.
For since a(x) and b(x) are not consecutive, ς(x) = Z, ω∗, Q, Q̇, Qn, or Q̇n. If x has just one child
y, then F (x) = F (y), so c̄ ∈ F (y). Choose a branch B containing y whose leaf is coloured c̄, and let
f have domain B, and a(x) < f(x) < b(x). Thus F (f) = c̄. If ς(x) = Qn, we may choose a child y
of x with c̄ in its label, and carry on as before. If ς(x) = ω∗, Q̇, or Q̇n, we may similarly use clause
13 of Definition 2.4. So from now on we suppose that a(x) and b(x) are consecutive. This implies
that ς(x) = Z, ω∗, ∨, or ∧.

Next suppose that some y ∈ B2 strictly below x is labelled Z, ω∗, Q, Q̇, Qn, or Q̇n. Then
c̄ ∈ F (y) so there is a leaf l below y coloured c̄, and we choose f ∈ ΣT such that f � (y, r] = b � (y, r]
and f(y) < b(y). Then a < f < b and F (f) = c̄.

Otherwise, all labels of non-leaf vertices in B2 strictly below x lie in {∨, ∧, −, lim}. It follows
from clause 11 that there are only finitely many such points, and since any vertex labelled lim clearly
has infinitely many below it in any branch, only ∨, ∧, − can arise. By clause 7, the same applies to
all vertices strictly below x.

(i) If ς(x) = Z, let y be the child of x in T . If y is a leaf then it is coloured c̄, so F (a) = F (b) = c̄.
Otherwise ς(y) exists and equals ∨, ∧, or −. By clause 11, ς(y) 6= ∨. If ς(y) = ∧, then y has two
children u, v, which are left and right, and by clause 11, u and v are both leaves, but this contradicts
clause 8.

If ς(y) = − then y has just one child which is a leaf labelled c̄, so F (a) = F (b) = c̄.
(ii) If ς(x) = ω∗, let y, y′ be the left and right children of x in T . If y ∈ B1, B2 or y′ ∈ B1, B2,

then we argue as in the previous case. Otherwise y ∈ B1 and y′ ∈ B2. By clause 13, c̄ ∈ F (y), F (y′),
so if y is a leaf, then F (a) = c̄ and if y′ is a leaf, then F (b) = c̄. By clause 11, ς(y), ς(y′) 6= ∨. If
ς(y) = − then the child of y is labelled c̄, so F (a) = c̄, and similarly, if ς(y′) = − then F (b) = c̄.
The only remaining case is where ς(y) = ς(y′) = ∧. Let u and v be the left and right children of y′.
Then u and v are both leaves, contrary to clause 8.

(iii) If ς(x) = ∨, let y, y′ be the left and right children of x in T . Then y ∈ B1 and y′ ∈ B2. By
clause 8, y is a leaf, F (y) 6= c̄, and y′ is not a leaf, so it is labelled − and has a unique leaf below it
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coloured c̄. Thus F (b) = c̄. If y′ is labelled ∧, then its children u and v are both leaves, contrary to
clause 8.

(iv) If ς(x) = ∧, let y, y′ be the left and right children of x in T , so y ∈ B1 and y′ ∈ B2. By
clause 11, y and y′ are leaves, contrary to clause 8.

For the final statement, we know that a and b are consecutive. Hence a(x) and b(x) are consec-
utive and the above argument shows that ς(x) = Z, ω∗,∨, or ∧, and all vertices strictly below x are
labelled ∨, ∧, or −. We do not need to consider the cases where we found a point strictly in between
a and b, or where we already know that F (b) = c̄, which cuts things down considerably. So, no cases
under (i) or (iii) now arise. For (ii), where ς(x) = ω∗, and y, y′ are the children, the only case to be
considered has y ∈ B1 and y′ ∈ B2, and ς(y′) = ∧ with children u, v. As a and b are consecutive,
u ∈ B2, and hence as above, F (b) = c̄. Finally (iv) cannot arise, since ς(x) = ∧ and y, y′ are the
children of x, they must both be leaves, which again contradicts clause 8.

2.3 Encoding

Let (X,≤, F ) be a colour lower 1-transitive branch coloured chain or an initial segment of such a
chain at a c̄-coloured point. Unlike for the monochromatic case the family of members of all invariant
partitions of (X,≤, F ) need not form a tree, for reasons similar to those in [4]. For instance in Z2

with ramification points between the copies of Z, there are incomparable invariant partitions into
the convex subsets of type Z+1 and 1+Z respectively. In [4] the solution was just to take a maximal
tree of partitions; here it is not necessary to do this, as we can make a canonical choice of one of
the two options whenever this situation arises, and then we automatically get a tree, which we do
by considering just certain invariant partitions called ‘restricted’. A further complication over the
monochromatic case is that we have to replace ‘levelled’ by ‘almost levelled’, which just amounts
to ignoring leaf vertices not labelled by c̄ when forming the partition into levels. The definition is
that a partition π of X is restricted if no p ∈ π is covered in π by a set having a least member not
coloured c̄. This condition is a little technical, but it doesn’t actually cause very much difficulty,
as it is quite easy to describe all invariant partitions in terms of restricted ones. First we establish
some properties of arbitrary invariant partitions, and then look in more detail at the restricted ones.

Lemma 2.13. The parts of any invariant partition π of X are colour lower 1-transitive linear orders
which are colour lower isomorphic to each other (provided their colour sets intersect).

Proof. Let x, y ∈ π, and suppose a ∈ x, b ∈ y, and F (a) = F (b). By colour lower 1-transitivity of
X there is an isomorphism ϕ : (−∞, a] → (−∞, b]. Since π is invariant, ϕ takes (−∞, a] ∩ x to
(−∞, b]∩y, so the desired isomorphism is the restriction of ϕ to (−∞, a]∩x, and x and y are colour
lower isomorphic. To deduce that the parts of π are colour lower 1-transitive linear orders, use the
same argument starting with x = y.

Lemma 2.14. Any invariant partition π of a colour lower 1-transitive linear order X is also colour
lower 1-transitive, when it is re-coloured by saying that two members of π have the same colour if
they have at least one colour in common in X.

Proof. First we show that ‘have a colour in common’ is an equivalence relation on π. Suppose
x < y < z in π, where a1 ∈ x and b1 ∈ y are both coloured c1 and a2 ∈ y and b2 ∈ z are both
coloured c2. If b1 ≤ a2 we use colour lower 1-transitivity of X to find g ∈ Aut(X) taking a2 to b2,
and then as π is invariant, g(b1) ∈ z, so x and z have a colour in common (at a1 and g(b1)). If
a2 ≤ b1 we instead take b1 to a1 and consider the image of a2 in x. Hence the ‘re-colouring’ F ′ of π
is well-defined.

We show that (π,<, F ′) is colour lower 1-transitive. Let x, y ∈ π be such that F ′(x) = F ′(y), and
let a ∈ x and b ∈ y have the same colour under F . Let ϕ : (−∞, a] → (−∞, b] be an isomorphism.
Since π is invariant, ϕ induces an isomorphism from (−∞, x] to (−∞, y].

Lemma 2.15. If π is an invariant partition of X and π is coloured as in Lemma 2.14, then the
colour containing c is dense in the rest.

12



Proof. Let χ be the colour containing c. Then by the density of points coloured c̄ in X, if distinct
x, y ∈ π are not coloured χ there is a point of π in between coloured χ.

Definition 2.16. The restricted refining invariant tree IRR is the family of all subsets of X
which are members of some restricted invariant partition of X, partially ordered by ⊂.

We shall see that this is a nearly levelled tree, and by adding some extra vertices, we shall be
able to assign labels to it so that it becomes an expanded coding tree for (X,≤). Note that it clearly
has root X ∈ IRR. The levels will be the restricted invariant partitions into convex subsets, and the
leaves are the singletons {x} for x ∈ X.

Lemma 2.17. If π1 and π2 are restricted invariant partitions, one is a refinement of the other.

Proof. If not, there must be x < y and a < b such that x and y lie in the same member p11 of π1
but in different members p21, p22 of π2, and a and b are in the same member p23 of π2 but different
members p12, p13 of π1. Let us first suppose that there are points b1 ≤ b and y1 ≤ y coloured c which
are greater than all members of p12, p21 respectively. Note that since a < b1 ≤ b, b1 ∈ p23 and similarly
y1 ∈ p11. By colour lower 1-transitivity, there is an isomorphism θ from (−∞, y1] to (−∞, b1]. Since
θ preserves π1 and π2 below y, θx and b1 are in the same member of π1, which implies that a < θx,
but different members of π2, which implies that θx < a, which gives a contradiction.

Since the c points are dense, if there is no such b1 then b must be the least member of p13 and
it is not coloured c, and in addition, p12 and p13 must be consecutive members of π1. This however
violates the definition of π1 restricted, so cannot arise. Therefore a suitable b1 exists, and similarly,
so does y1.

It follows from this lemma that IRR is a tree (see Theorem 2.20). Next we verify the ‘nearly
levelled’ condition.

Lemma 2.18. Given any two restricted invariant partitions, π1, π2, such that π1 is a proper refine-
ment of π2, there is no p ∈ π1 ∩ π2 except possibly a singleton not coloured by c.

Proof. Suppose for a contradiction that p ∈ π1 ∩ π2 which is either not a singleton, or is a singleton
coloured by c. In each case there is x ∈ p coloured by c. Since π1 is a proper refinement of π2, there
are p1 ∈ π1 and p2 ∈ π2 such that p1 ⊂ p2. If p1 has a member y coloured c, there is an isomorphism
θ from (−∞, x] to (−∞, y]. Since π1 and π2 are invariant, p1 ∩ (−∞, y] = p2 ∩ (−∞, y], so p1 and
p2 agree ‘on the left’. Since p1 ⊂ p2 and π1 is restricted, there is p′1 6= p1 in π1 having a member
coloured c such that p′1 ⊆ p2. The same proof shows that p′1 and p2 also agree on the left, contrary
to p1 and p′1 disjoint.

If however p1 has no member coloured c, then it must be a singleton {b} say. If π1 has a member
p′1 to the left of b with a point coloured c, we may apply the same argument to p′1 instead. Otherwise
b must be the least member of p2, and since p1 ⊂ p2, there is b1 > b in p2 coloured c. Now map b1
to x by a colour lower isomorphism, and this must take p2 to p on the left, but it also takes p2 on
the left to at least two members of π1, giving a contradiction.

The tree IR we actually require as an expanded coding tree for X, is obtained from IRR by
adding some more points. We should do this so as to preserve the ‘nearly levelled’ property. We
adopt the following notation: if p ∈ IRR is infinite, let a and b be the least and greatest members of
p, provided they exist. Notice that if p lies in the restricted invariant partition π (a level of IRR),
then for any other q ∈ π, by invariance, p has a least if and only if q does (and then they have the
same colour), but it is possible for one to have a greatest but not the other; this situation precisely
corresponds to the introduction of the − label.

Definition 2.19. If π is a restricted invariant partition, then it is an {a, b}-partition if for some
p ∈ π, both a and b are defined. We similarly have notions of {a}-partition and {b}-partition,
meaning that it is not an {a, b}-partition, and for some p ∈ π, a, or b is defined (respectively).

The refining invariant tree IR, still partially ordered by ⊂ (except for vertices labelled −), is
obtained from IRR by adding sets as follows:
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for each {a, b}-partition we form the partition into all {a} and p \ {a} for p ∈ π, and into all
{a}, {b} and p\{a, b} (and if q ∈ π is such that b is not defined for it, then we include q \{a} twice,
once in each of these partitions),

for each {a}-partition we form the partition into all {a} and p \ {a} for p ∈ π,
for each {b}-partition we form the partition into all {b} and p \ {b} for p ∈ π (and if b is not

defined for q ∈ π, then we include q twice, once in π and once for the new partition).
Since the members of IR are all convex subsets of X, and the children of any vertex are pairwise

incomparable, the ordering of X immediately induces an ordering � on these children.

This tells us what the vertices and levels are of IR are, and we next need to assign labels so that
it satisfies the definition of expanded coding tree.

First consider the ‘exceptional’ duplicated points (written q \ {a} or q in the definition). Each
such appears in two partitions (levels) of IR, and they are labelled − at their occurrence in the
higher level. The other labels are assigned as follows:

Any leaf x is coloured by the singleton {F (x)}.
For ς, if p is a non-leaf vertex, and a and b are as in Definition 2.19, then

if a and b both exist, p is labelled ∨, and p \ {a} is labelled ∧,
if a exists but not b, then p is labelled ∨, and
if b exists but not a, then p is labelled ∧,
and if x is a parent vertex not of these forms then x is labelled by the (coloured) order type

of its children, where two children have the same ‘colour’ if their sets of descendants are isomorphic,
if x has descendants but no children then ς(x) = lim.

The elements not labelled by a singleton colour not {c̄} are then assigned levels—the only change
over IRR is that corresponding to each {a, b}-partition we get two new (still invariant) partitions, and
corresponding to each {a}- or {b}-partition we get one new partition. In view of the non-c̄-coloured
leaves, this gives only a nearly levelled tree.

Theorem 2.20. The labelled invariant refining tree for X is an expanded coding tree for X.

Proof. First we see that IRR is a tree. For let x, y, z ∈ IRR with x ⊂ y, z. Thus y ∩ z 6= ∅. Let
y ∈ π1, z ∈ π2, where πi are restricted invariant partitions. Since by Lemma 2.17 one of these refines
the other, and y and z overlap, one contains the other. So {t ∈ IRR : x ⊆ t} is linearly ordered as
required. To see that it stays a tree when we add in the additional vertices as in Definition 2.19,
let x ⊂ y, z lie in IR. Then each of y, z arises from an infinite member p, q respectively of IRR on
removing 0, 1, or 2 points, and since these both contain x, their intersection is non-empty, so by
what we have already shown, they are ⊆-comparable. We may therefore suppose that p ⊆ q, and,
for a contradiction, that y 6⊆ z. Hence the least a or greatest b of q (or both) exists and is also the
least or greatest of p, and is removed from q in forming z but not from p in forming y. Note that
p 6= q since we were careful to add only a chain of subsets of p in removing endpoints. Hence p ⊂ q.
First suppose that this applies to a. By density of the c points there are such in p and q \ p, so we
can map a point of q \ p into p by a colour lower isomorphism. But this maps a point of q to a point
of q, so fixes q on the left, hence fixes p on the left, clearly impossible. If it applies to b, then p is an
infinite proper subset of q both having b as greatest member, so by the final clause in the definition,
q \ {b} is not included in IR after all.

We now verify all the other properties required for IR to be an expanded coding tree for (X,≤).

1. The fact that IR is nearly levelled follows from Lemma 2.18, noting that in passing from IRR to
IR, we have taken care to retain levels, apart from leaves not coloured by c̄. The root is X itself.

2. The fact that IR is Dedekind–MacNeille complete is verified as in [2]. The key point is that a
descending sequence of invariant partitions into convex sets is also an invariant partition into convex
sets.

3, 5. These follow at once from the definition.

4. By the density of the points coloured c̄, every vertex is a leaf or is above a leaf coloured c̄.
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Now we check that the labels have been correctly assigned. First consider parent vertices p, with
child q. If p is labelled ∨, then there are two possibilities, namely that a and b both exist, or that a
exists but not b. In each case clauses 6, 8 and 11 are satisfied (except that we still must verify the
last part of 11). If p is labelled ∧ the same applies. So now suppose that p is not labelled ∨ or ∧,
in which case for clause 6 we must show that the label is given by the ‘coloured’ order type of its
children, which is one of Z, ω∗,Q, Q̇,Qn, Q̇n (for 2 6 n 6 ℵ0).

Then p (or possibly p ∪ {a}, p ∪ {b}, or p ∪ {a, b} if the clauses involving ∨ or ∧ were involved)
lies in a restricted invariant partition π, whose members are all parent vertices, by Lemma 2.13,
and a child q of p lies in an invariant partition π′. It follows from colour lower 1-transitivity that
all members of π′ contained in p are children of p. Let F ′ be the colouring of π′ given by Lemma
2.14. Let ∼ be defined on π′ by x ∼ y if x and y are contained in the same member of π, and there
are just finitely many points between x and y, and the F ′ values of any two points between them
have non-empty intersection. As in the proof of Lemma 2.14 this is an equivalence relation, which
clearly has convex classes and is invariant. By Lemma 2.13 the classes are all themselves colour
lower 1-transitive and lower colour isomorphic, and if non-trivial can clearly only be isomorphic to
Z or ω∗ (the only other option is that they are distinctly coloured singletons, in which case p is
labelled ∨ or ∧, already covered). In this case we get the corresponding label for p.

In other cases, the parts of π′ must be dense within p. We shall show that then p is a Q, Q̇, Qn
or Q̇n combination of its children. If all the left children are isomorphic then Z = Q, or Q̇ if the
right child exists. If not all the left children are isomorphic then we shall show that Z = Qn (or
Q̇n if p has a right child) where the set Γ of (colour, order-)isomorphism types of the left children
of p is of size n (which may be ℵ0). Suppose, for a contradiction, that p is not the Qn mixture of
its children, and let θ be the function mapping a member of π′ to its isomorphism type, θ : π′ → Γ
on π′. Since p is not the Qn mixture of its children the members of Γ occur densely in p but there
are two of them such that not all other members of Γ occur between them. Let γ be a member of Γ
which does not occur between all pairs, and let us define ∼′ on π by y ∼′ z if y = z, or if no point
of [y, z] (or [z, y] if z < y has isomorphism type γ). This is an invariant partition of π into convex
pieces, and is proper and non-trivial, contrary to π and π′ being on consecutive levels.

7. Suppose that x and y are non-leaf level vertices. By the definition of IR from IRR, x is
labelled ∨ if and only if y is, and x is labelled ∧ or − if and only if y is. Otherwise, by Lemma 2.13,
and since they are not leaves, x and y are colour lower isomorphic linear orders, and it follows from
this that ς(x) lies in {Z, ω∗,Q, Q̇,Qn, Q̇n} if and only if ς(y) does, and then ς(x) and ς(y) are colour
lower isomorphic. If none of the above apply, then ς(x) and ς(y) must both equal lim.

8. follows from the definition at the stage when ∨ and ∧ are assigned as labels.

9. holds because for any non-c̄ colour c, the level at which leaves coloured c appear are either
the same in IRR, or at that level and the level below given by the passage from IRR to IR. The
only case in which we have to rule out occurrences of leaves coloured c at levels two apart is where
the upper leaf x coloured c occurs at a level which is an {a, b}-partition π and the other is b, in the
notation of Definition 2.19. But x and b cannot have the same colour as otherwise there would have
to be an isomorphism from (−∞, b] to (−∞, x], contrary to the invariance of π.

10. Let x and y be non-leaf level vertices. First suppose that ς(x) and ς(y) are colour lower
isomorphic linear orders. Then x and y lie in an invariant partition π (the level in question), so by
Lemma 2.13 they are lower colour isomorphic, and this isomorphism induces a lower isomorphism
between the ordered left forests of x and y. If ς(x) and ς(y) are not coloured linear orders, but are
equal, then we may similarly appeal to Lemma 2.14. Otherwise, one is ∧ and the other is − in which
case the left forests are empty by definition, so are vacuously isomorphic. For the middle forests the
only case requiring verification is this final case, but then by construction, the children of the ∧ and
− vertices are lower isomorphic.

11. Most clauses here are immediate from the definition. Note that the fact that the root is
not labelled by ∧, ∨, or − follows since X has no greatest or least element. We concentrate on the
final statement. Consider a vertex x labelled ∨, having a parent y. We just have to rule out the

15



possibilities that y is labelled Z or ω∗. From the definition, we see that the invariant partition π
that x lies in is restricted. Hence x is not covered in π by a set having a least member not coloured
by c̄. However, this is precisely what happens in the two cases which can apply, namely that π is
either an {a, b}-partition or an {a}-partition.

12. If y had a right descendant which is a leaf, then X would have consecutive elements corre-
sponding to it, and the right child of x. Since X is a branch coloured chain, the right child of x is
coloured c̄, contrary to clause 8.

13. Let ς(x) = ω∗, Q̇ or Q̇n and let y, y′ be left and right children of x (so that y′ is uniquely
determined, but not y). We show that c̄ ∈ F (y′) and y may be chosen so that c̄ ∈ F (y). The result
for F (y) follows from the density of the points coloured c̄ (allowing suitable choice of y—this is only
necessary in the Q̇n case, for the others, any y will serve).

Suppose, for a contradiction, that c̄ /∈ F (y′). Then y′ is a leaf not coloured c̄. Let π be the
invariant partition containing x. If π is restricted, then it is either an {a, b}-partition or a {b}-
partition, with b = y′. If it was either of these, then by definition, x \ {a} or x \ {b} respectively
would lie in IR, which is not the case. The only other option is that it is not restricted, but was
obtained from a restricted partition by removing a, but again here x \ {b} would lie in IR. So this
cannot arise.

14. Since X is countable, IR has countably many leaves.

Therefore the labelled invariant refining tree, IR, for (X,6) is an expanded coding tree for
(X,6).

We now find a colour coding tree T for (X,≤) corresponding to E by ‘collapsing’ the points.
In [2] this was done by using an equivalence relation ' on E. The idea is that we identify all the
children of vertices labelled Z or Q, all the left children of vertices labelled ω∗ or Q̇, and all the
children (left children) having the same colour in Qn or Q̇n. For this we begin by choosing for each
vertex with one of these labels one of its left children of each isomorphism type and for each of
its children x a fixed isomorphism of the tree below x to the tree below the chosen child for that
isomorphism type (thus for Z, ω∗, Q or Q̇ just one left child is chosen, and for Qn, Q̇n there are
n). For each level l an equivalence relation 'l is given by identifying two vertices below that level if
their images under the fixed isomorphism are equal, and vertices on higher levels are only equivalent
to themselves. Then x ' y if there is a finite sequence x = x0, x1, . . . , xn = y such that for each
i < n, xi 'li yi for some level li. Intuitively, the trees below vertices with these labels are ‘collapsed’,
thereby reversing the way in which a coding tree gives rise to an expanded coding tree.

Theorem 2.21. The set of '-classes on an expanded coding tree of (X,6) is a coloured coding tree
for (X,6).

Proof. The new labels and relations introduced in the colour classification, ∨,∧,−, do not have
more than one left child. The children of vertices with these labels do not, therefore, need to be
‘collapsed’. In addition we do not need to be concerned with middle children as each of the labels
only has one of these. Hence the proof that the set of '-classes on an expanded coding tree of (X,6)
is a colour coding tree for (X,6) is essentially the same as that in [2]. Most properties of the colour
coding tree follow immediately from the corresponding property of the expanded coding tree.

2.4 Colour lower isomorphism classes

We have shown that every colour coding tree represents a countable colour lower 1-transitive linear
order and that every countable colour lower 1-transitive linear order can be represented by a colour
coding tree. We next see how colour lower isomorphic linear orders interact, and how this is exhibited
in the coding tree.
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Theorem 2.22. Let T (X), T (Y ) be two colour coding trees, and L : T (X)→ Λ, L′ : T (Y )→ Λ′ be
functions from a vertex to its level in T (X), T (Y ). Suppose that φ : Λ→ Λ′ is an order isomorphism,
such that the following hold:

• if x ∈ T (X), y ∈ T (Y ), φ(L(x)) = L′(y) then ς(x) = ς(y) or one is ∧ and the other is −, or
they are lower isomorphic coloured linear orders,

• if x ∈ T (X) and y ∈ T (Y ) are leaves having the same colour, L′(y) = φ(L(x)) or φ(L(x)) and
L(y) are at most two levels apart; if they are one apart then the vertex on the lower level is the
left child of a vertex labelled ∨, and if they are two apart, then the vertex on the lower level is
the left child of a vertex labelled ∨, which is itself the left child of a vertex labelled ∧,

• if x ∈ T (X), y ∈ T (Y ) and φ(L(x)) = L′(y) then the left forests of x and y are isomorphic.
In addition if φ(L(x)) = L′(y) and ς(x) = ς(y) = ∧ and F ′(x) = F ′(y) then the middle forests
are also isomorphic.

then the linear orders (X,6), (Y,6) encoded by T (X), T (Y ) respectively, are colour lower isomor-
phic.

This is verified using arguments from Theorem 2.11.
Now we recall that by saying that a partition or equivalence relation is invariant we mean that

it is invariant under lower isomorphisms. If an invariant relation, ∼ is defined on one member, X,
of a colour lower isomorphism class of branch coloured chains, we can easily extend it to be defined
on any other member, Y , of the class. If v < w ∈ Y then there is y ∈ X with F (w) = F (y). There
is therefore an isomorphism ϕ : (−∞, w]→ (−∞, y], and we let v ∼ w if ϕ(v) ∼ ϕ(w). This is well
defined since π is preserved under lower isomorphisms.

Hence if π is an invariant partition of a branch of a 1-transitive tree it may be viewed as an
invariant partition of all the branches of the tree. It is therefore defined on the whole tree and is
preserved by the automorphisms of the tree.

Theorem 2.23. Let (X,6), (Y,6) be colour lower isomorphic branch coloured chains. Let T (X), T (Y )
be the labelled invariant refining trees of X and Y , and Λ, Λ′ the families of their levels. Then there
is an order isomorphism φ : Λ→ Λ′ such that the three conditions given in 2.22 hold.

Proof. The isomorphism between the levels is given by means of the correspondence between their
invariant partitions just mentioned. The three conditions are verified by the same methods used in
the proof of Theorem 2.20.

Corollary 2.24. Any colour lower isomorphism class of branch coloured chains is countable.

Proof. This follows from the correspondence between the branch coloured chains and their colour
coding trees. By the theorem, in a lower isomorphism class, the set of levels of their colour coding
trees is fixed. We consider the initial segment X determined by a c̄ point, and its colour coding tree
T . This has a rightmost branch B, and any other coding tree T ′ for a member X ′ of the class differs
from T at some greatest point x, and here the labels must be ω∗, Z, or Q̇, Q, or Q̇n, Qn, or ∧, −
respectively. The last case is impossible, because by clause 8, the right child of a ∧-labelled vertex
is a leaf not coloured c̄. In the first three cases, T ′ is uniquely determined by T and x, since by the
third clause of 2.22, the left forests at x in T and T ′ are isomorphic, which implies that any other
colour coding tree for a branch coloured chain which is colour lower isomorphic to X and whose
colour coding tree first differs from T at x must be isomorphic to T ′.

Since there are only countably many possibilities for x, it follows that the colour lower isomor-
phism class is countable.

3 Cones types in 1-transitive trees

A key ingredient in the study of countable 1-transitive trees (A,6) is an analysis of their possible
ramification behaviour, and in this section we describe this in terms of the types of cones there can
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be at any vertex of A+. We let < be the set of orbits of points of A+ under the action of Aut(A),
view this as a set of colours, and let F : A+ → < be the ‘colouring’ function which takes each point
to the orbit containing it. Thus F (x) = F (y) if and only if x and y are in the same orbit under
Aut(A).

In [2] and section 2 we considered restricted partitions which are invariant under lower isomor-
phisms, and when building coding trees for colour lower 1-transitive linear orders we chose a rich
enough family of such partitions, to fully describe the linear order in question. Each one of these
partitions defines a level in the coding tree of the linear order, and we write ∼i for the partition
corresponding to level i. We let the set of levels of the coding tree be (I,6). As remarked earlier,
this linear order need not be well-founded or conversely well-founded. We showed in Theorem 2.23
that all the branches of a 1-transitive tree have coding trees with order-isomorphic sets of levels,
which we may therefore identify. Recall that i < j means that ∼i refines ∼j .

In [7] there were two types of cone at points of A+ which needed to be distinguished, correspond-
ing to ‘special ramification points’ (members of A+ having a cone with a least element), and the
rest. In the current context however we need in addition to take account of the possible levels at
which these occur, and it turns out that this is also sufficient to distinguish the two types of cone
just mentioned.

Definition 3.1. If a ∈ A+ then we let Ci(a) be set of all cones C at a such that for every branch
B through C,

(i) {x ∈ B : a < x} has a least ∼i-class but no least ∼j-class for any j < i, or
(ii) {x ∈ B : a < x} has no least ∼j-class for any j, and i is the least member of I such that

some ∼i-class of B contains a and also intersects C ∩B, or
(iii) {x ∈ B : a < x} has no least ∼j-class for any j, i has no successor in I, C ∩B has no least

∼j-class for any j ≤ i, but for all j > i, every ∼j-class containing a also intersects C ∩B.

We remark that by a ‘branch through C’ we mean a branch (maximal chain) of A+ whose
intersection with C is a maximal chain of C. It is easy to see that the conditions about the existence
of least ∼i-classes are independent of which branch through C we take, since any two of them meet
strictly above a (this is the definition of ‘cone’). The distinction between ‘special’ and ‘normal’ cones
which was made in [6], generalizing the weakly 2-transitive situation, was that C ∈ Ci(a) is special
if (i) applies, and is otherwise normal.

To illustrate further the meaning of the three clauses in the definition, we remark that the first
two apply provided that i has a successor, which has a discrete label (which can be Z, ω∗, or ∨,
though not ∧) for clause (i), or a dense label (Q, Q̇, Qn, or Q̇n) for clause (ii), and clause (iii) applies
if i has no successor. This is further explained in Lemma 4.6.

Lemma 3.2. Any cone C of a 1-transitive tree A at a ∈ A+ lies in Ci(a) for some i ∈ I. Further-
more, i, and which of the three clauses applies, are uniquely determined from C.

Proof. Let B be a branch of C. If the set P = {j ∈ I : B has a least ∼j-class which is strictly above
a} is non-empty then by the colour lower 1-transitivity of the branches and by the density of c̄, P
has at most two members. Call the least such i and note that C ∈ Ci(a) according to clause (i),
and in this case, i is clearly unique.

If P = ∅, let P ′ = {j ∈ I : B has a least ∼j-class which also intersects C ∩B}. Then P ′ 6= ∅ as
one sees by considering the trivial invariant partition into just one set (B). By Dedekind-MacNeille
completeness of the coding tree of B, P ′ has an infimum, i say. The ∼i-class containing a is then
equal to the intersection of the family of ∼j-classes containing a for j ∈ P ′. If this set is not equal
to {a} then i ∈ P ′, and C ∈ Ci(a) by clause (ii).

If this set is equal to {a}, then i does not have a successor in I, but still C ∈ Ci(a) by clause
(iii).

Before giving examples to illustrate the definition in our general setting, let us see how it works
out for weakly 2-transitive trees. In the case where A+ has ‘pairs’, all the branches are (even colour-)
isomorphic, of order-type Qn(2), meaning that one of the colours consists of pairs coloured (red, c̄)
(and 1 ≤ n ≤ ℵ0). The coding tree for this coloured linear order is shown in Figure 3(a).
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In this case, all coloured branches are isomorphic, and have the coding tree shown. There are
just three invariant partitions, all restricted, of which the partition into {red, c̄}-pairs and all other
coloured singletons is the only non-trivial one. There are two types of cone at the red points, those
with a least member, and those with no least member (this latter may or may not actually arise in
the tree). The level for the former corresponds to the partition into singletons, and for the latter
to the partition into just one set, so the distinction between ‘special’ and ‘normal’ is recast here
via the levels. If the c̄ points do not ramify, we can say that they have just one cone, but that
too corresponds to the partition into just one set. There are no cones corresponding to the non-
trivial invariant partition. The full specification of the weakly 2-transitive tree is then given by the
ramification orders at red points for the two types of cone and at points of all other colours. In
our general description, this will be done by means of a sequence of cardinals indexed by levels,
corresponding to each colour.

Figure 3: Colour coding trees for (a) Qn(2) and (b) Z.(red + Z).

Now consider further examples in the more general setting. First suppose that the branches of A
have order-type Z2. Then in the Dedekind–MacNeille completion there are (red) points in between
the copies of Z, and we suppose that the tree ramifies at these points, one of which is a. The
coding tree is shown in Figure 3(b). There are three non-trivial invariant partitions of any branch
B. The first is obtained by coalescing all the copies of Z to single points, and the other two are
given by in addition relating each copy of Z to the red point immediately above it, or to the red
point immediately below it respectively. The last is however not restricted, so does not count. The
finer of the two that remain is clearly the first. In this case, any 1-transitive tree whose branches
are of this coloured order-type will only have one type of cone at each red vertex, and one type at
each c̄ vertex. The cones at the red vertices a will lie in Ck(a) where ∼k is the partition into copies
of Z and singleton red points (which is finer than the partition which adjoins the red points to the
Z-block below it), and the cones at the c̄ vertices have least elements also coloured c̄, and correspond
to the trivial partition into singletons. There is an easy generalization of this example to Zn, where
there are n− 1 options for different orbits of ramification point.

More interesting examples come about if we allow the branches not all to be isomorphic. For
instance, consider a 1-transitive tree having branches in order-types ω∗.(ω∗.(Z+ red)) +Z.(Z+ red)
and Z.(ω∗.(Z + red)). The initial segments of both of these are isomorphic to ω∗.(ω∗.(Z + red)) +
ω∗.(Z + red) + ω∗, so they are colour lower isomorphic. The final segment of such a coloured linear
order determined by a red point may be (at least) ω.(Z + red) or Z.(Z + red), and so there will be
cones given by at least two distinct levels in a 1-transitive tree having branches of these two coloured
order types.

We are now in a position to define the ‘cone type’ of a point a, which we denote by C.T.(a). This
is the sequence indexed by I, and whose ith entry is |Ci(a)|. Recall that (I,6), the set of the levels
of a coding tree, always has a greatest member, r, its root, corresponding to the partition into just
one piece.

Definition 3.3. If a ∈ A+ then the cone type of a is the sequence:

(ᾱ) = (αi)i∈I = (α1, . . . , αi, . . . , αr)

where αi = |Ci(a)|.

Definition 3.3 is illustrated in Figures 4 and 5. In Figure 4 we show a 1-transitive tree whose
branches are Q.(red + Z). The cone type of the red points is (0, 2, 0, 0), and the cone type of the c̄
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points is (1, 0, 0, 0). The dots indicate densely many copies of red + Z, and the coding tree of the
branches is given on the right. Note that this has height 4 and so the type sequences have length 4.
The red points have ramification order 2, and both cones have a least ∼2-class. The c points do not
ramify, and are each covered by a point, that is, by a ∼1-class.

Figure 4: A 1-transitive tree with Q.(red + Z) branches and their coding tree

In Figure 5 we show a 1-transitive tree whose branches are Q2(Q2(Z, red) +ω∗,Q2(Z, red)). The
cone type of the red points is (0, 0, 2, 0). The cone type of the c points is (1, 0, 0, 1). There is an

Figure 5: A 1-transitive tree with Q2(Q2(Z, red) + ω∗,Q2(Z, red)) branches and their coding tree
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interdense mixture of red points and Zs (shown by ∼), and also an interdense mixture of Q2(Z, red)
and Q2(Z, red) + ω∗ (shown by \). The coding tree of the branches is given on the right. The red
points have a least ∼3-class above them which they are related to. The c̄ points are covered by a
point, that is, by a ∼1-class and they are also covered by a ∼4-class which they are related to.

4 The characterization

In this section we introduce the notion of a ‘structured tree’, and show that this precisely character-
izes which countable proper trees are 1-transitive. In order to provide a meaningful ‘classification’
however, more information about the tree is needed, and the notion of the ‘type’ of a countable 1-
transitive tree is introduced, which is sufficient to describe it uniquely up to isomorphism. In section
5 it is determined precisely which types can arise, which will therefore provide a classification of all
countable 1-transitive trees, our principal goal.

Definition 4.1. A countable tree (A,≤) is structured if it is proper, and there is a colouring function
F : A+ → < such that:

(i) the set Υ of branches of A+ (up to isomorphism) is a non-empty subset of some colour lower
isomorphism class of branch coloured chains,

(ii) (∀x ∈ A+)(F (x) = c⇔ x ∈ A),
(iii) (∀x, y ∈ A+)(F (x) = F (y)⇒ C.T.(x) = C.T.(y)),
(iv) if x, y ∈ A+ and F (x) = F (y) and x lies in a branch B of A+, then there is a branch B′ of

A+ such that [x,+∞) ∩ B ∼= [y,+∞) ∩ B′ (every final segment of a member of Υ occurs infinitely
often above every point of A).

Lemma 4.2. All countable 1-transitive trees are structured.

Proof. (i) As A is assumed proper, there are incomparable points x, y ∈ A. As A is a tree, there is
z ∈ A, z < x, y. Thus x is not least, and z is not greatest, so by 1-transitivity, A has no least or
greatest, and the same follows for any branch B.

Suppose that x < y in B. By [11] Lemma 2.4.7, and since no point ramifies downwards, (x, y] ∩
A 6= ∅, from which it follows that there is a point z of A with x < z ≤ y. Furthermore, if x and y
are consecutive, it follows that y ∈ A.

The fact that any two members of Υ are colour lower isomorphic follows from the definition of
colours as orbits, and similarly all members of Υ are colour lower 1-transitive.

(ii) This is the definition of the colour c̄, and the set of these points forms an orbit by 1-transitivity
of A.

(iii) Any isomorphism preserves cone types.
(iv) We apply to B any automorphism which takes x to y.

If (A,≤) is a countable 1-transitive tree and Υ is a non-empty family of colour lower isomorphic
branch coloured chains, then T (A) and T (Υ) stand for the sets of coding trees of branches of A+

and members of Υ respectively. By Theorem 2.23, all members of T (Υ) have the same sets of levels,
so we may talk unambiguously of the levels of T (Υ) to mean those of the coding tree of any B ∈ Υ.

Definition 4.3. A type is a triple: t = (Υ,<, (ᾱcj )j∈J) such that:

• Υ is a non-empty subset of a colour lower isomorphism class of branch coloured chains such
that for each parent level of T (Υ) there are X ∈ Υ and x ∈ T (X) at that level, such that
ς(x) 6= ω∗, Q̇, Q̇n;

• < = {cj : j ∈ J} is the colour set of Υ, indexed by J ,

• ᾱcj = (α
cj
1 , . . . , α

cj
i , . . . , α

cj
r ) where i ∈ (I,6) indexes the levels of T (Υ) and (∀j ∈ J)(∀i ∈

I)(0 6 αcji 6 ℵ0);

•
∑
j∈J

∑
i∈I α

cj
i > 1;
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Definition 4.4. We associate a type t(A) with a countable 1-transitive tree (A,6) as follows:

• Υ is the set of isomorphism types of the branches of A+,

• < is the colour set of A+,

• for each cj ∈ <, ᾱcj is the cone type of each a ∈ A+ with colour cj.

Lemma 4.5. For any countable 1-transitive tree (A,≤), t(A) is a type.

Proof. First note that by the definition of the colour of a member of A+ as an orbit, two points
in the same orbit evidently give rise to the same sequence ᾱcj . The fact that

∑
j∈J

∑
i∈I α

cj
i > 1

follows from the fact that A is a proper tree.
Next we show that for each parent level i+ 1 of T (Υ) there are X ∈ Υ and x ∈ T (X) such that

L(x) = i + 1 and ς(x) 6= ω∗, Q̇, Q̇n. For let B0 be any branch of A. If B0 has a ∼i+1-class with no
top ∼i-class within it, then this B0 provides the desired member of Υ. Otherwise we build another
branch B′ as required. Choose any ∼i+1-class (x1)i+1 of B0 so that x1 lies in its top ∼i-class, and
choose x0 ∈ B of the same colour as x1 so that x0 ∼i+1 x1 but x0 6∼i x1. As F (x0) = F (x1), there
is an automorphism taking x0 to x1, and the image B1 of B0 contains x1, but x1 is no longer in the
top ∼i-class of its ∼i+1-class in B1, but its image x2 is. Now repeat the argument and let xn be
the image of x0 under the automorphism applied n times. Thus x0 < x1 < x2 < . . .. Let B′ be a
branch containing all the xns. Then in B′ the ∼i+1-class of x0 contains all the xn, and so it has no
greatest ∼i-class.

If x and y lie in a colour coding tree T , then x <left y means that x is a descendant of a left
child of y.

Lemma 4.6. If (A,6) is a countable 1-transitive tree and a ∈ A+ is such that F (a) = cj then:

• Ci(a) 6= ∅ fulfils clause (i) in Definition 3.1 if and only if there is a branch B of A+ through
a, and there are y ≤ x′ <′ x in T (B), y a leaf coloured cj, x

′ <left x, L(x′) = i, ¬(∃z)(y <left
z < x), ς(x) = Z, ω∗ or ∨, and either y = x′, or x′ is labelled ∧ or −, and y <′ x′,

• Ci(a) 6= ∅ fulfils clause (ii) in Definition 3.1 ⇐⇒ i has a successor in I and there is a branch
B of A+ through a, and there are y ≤ x′ <′ x in T (B), y a leaf coloured cj, x

′ <left x,

L(x′) = i, ¬(∃z)(y <left z < x), and ς(x) = Q, Q̇, Qn, or Q̇n,

• Ci(a) 6= ∅ fulfils clause (iii) in Definition 3.1 ⇐⇒ i has no successor in I.

Proof. If C ∈ Ci(a) is a cone fulfilling Definition 3.1(i), B a branch through C, then there is a least
∼i-class y′ in {t ∈ B : a < t}. Let x′ be the representative in T (B) of the ∼i-class containing a, y
the representative of {a}, and x be the least upper bound in T (B) of x′ and the representative of
y′. Then since there are no points of B lying between the ∼i-classes of a and y′, x is labelled by
Z, ω∗ or ∨. The minimality of i ensures that there is no z satisfying y <left z < x, and from this

last property we deduce that x′ is not labelled Z, ω∗, Q, Q̇, Qn, or Q̇n. This leaves us with the
remaining options stated.

If C ∈ Ci(a) is a cone fulfilling Definition 3.1(ii), B a branch through C, then there is a least ∼i-
class containing a and points greater than it, and we let x be the representative of this in T (B). By
Dedekind–MacNeille completeness, there is a greatest invariant partition in which a is not equivalent
to points to its right, and so i is a successor level. If its label was Z, ω∗, or ∨, then this would reduce
to the previous clause, so we deduce that it must be Q, Q̇, Qn, or Q̇n.

The characterization theorem will use back-and-forth, using approximations of the following kind.

Definition 4.7. A colour order isomorphism, φ, between subsets of A+, where A is a 1-transitive
tree, is good if its domain and range are finite unions of branches of A+.

Lemma 4.8. If a, b ∈ A+, where A is a 1-transitive tree, and C ∈ Ci(a), C ′ ∈ Ci(b) then C ∼= C ′.
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Proof. The proof is by back-and-forth. In the first case, suppose that a and b do not lie in the least
∼i-classes of C, C ′ respectively, and choose x ∈ C, y ∈ C ′ which do lie in these classes of C,C ′ and
such that F (x) = F (y). Then (−∞, x] ∼= (−∞, y]. Furthermore (−∞, x] ∩C ∼= (−∞, y] ∩C ′ by the
invariance of ∼i. Let θ1 : (−∞, x]∩C → (−∞, y]∩C ′ be an isomorphism. Put φ(x) = y and for all
z ∈ (−∞, x]∩C put φ(z) = θ1(z). Then dom(φ) contains all its ramification points. Now x lies in a
branch B of A+. By Lemma 4.2, there is a branch, B′, of A such that [x,+∞)∩B ∼= [y,+∞)∩B′.
Letting θ2 be such an isomorphism we may put φ(z) = θ2(z) for all z ∈ [x,+∞) ∩ B. Then φ is a
good isomorphism.

Now suppose that φ is a good isomorphism and u ∈ C\ dom φ and we extend φ to include u
in the domain (with a similar argument for the range). Then there is z ∈ dom φ such that z < u
and for all v ∈ dom φ with v < u, v 6 z. Since φ is a good isomorphism, F (z) = F (φ(z)) and
hence C.T.(z) = C.T.(φ(z)). If x lies in a branch B of A then, by Lemma 4.2, there is a branch,
B′, of A such that [x,+∞) ∩ B ∼= [y,+∞) ∩ B′, and we let θ3 be such an isomorphism. Let φ′ be
the extension of φ given by φ(v) = θ3(v) for all v ∈ [z,+∞) ∩ B. Then φ′(u) = θ3(u) and φ′ is the
desired good isomorphism extending φ.

Now we move to the case in which a, b do lie in the least ∼i-classes of C, C ′. We first deal
with the case where i has a successor in I. Let x ∈ C, y ∈ C ′ be such that x, y are points in
the least ∼i-classes of C,C ′ respectively and F (x) = F (y). For any u, v in the least ∼i-classes of
C, C ′ respectively and any j < i we know that ¬(a ∼j u) and ¬(b ∼j v). If i has an immediate
predecessor k, then the ∼k-classes are dense and there is no least ∼k-class. If i has no immediate
predecessor then there are certainly no ∼j-classes, j < i in a discrete relationship to a or b. Hence
(−∞, x] ∩ C ∼= (−∞, y] ∩ C ′ by the invariance of ∼i. Let θ1 : (−∞, x] ∩ C → (−∞, y] ∩ C ′ be an
isomorphism. Put φ(x) = y and for all z ∈ (−∞, x] ∩ C let φ(z) = θ1(z). Now x lies in a branch B
of A. By Lemma 4.2 there is a branch, B′, of A such that [x,+∞)∩B ∼= [y,+∞)∩B′. Letting θ2 be
such an isomorphism, we let φ(z) = θ2(z) for all z ∈ [x,+∞)∩B, and then φ is a good isomorphism.

Suppose now that φ is a good isomorphism between finite unions of branches of C and C ′ and
u ∈ C\ dom φ. We extend φ to include u in the domain. There is z ∈ dom φ such that z < u and for
all x ∈ dom φ with x < u, x 6 z. Now, since φ is a good isomorphism, F (z) = F (φ(z)) and hence
C.T.(z) = C.T.(φ(z)). By Lemma 4.2 there is a branch B′ of A, such that [x,+∞)∩B ∼= [y,+∞)∩B′.
Let θ2 be such an isomorphism, and let φ′ be the extension of φ given by φ′(x) = θ2(x) for all
x ∈ [z,+∞) ∩B.

We now look at the case where i has no successor level in I. The families of invariant partitions
which exist on branches of C and C ′ are equal. For each of these partitions, ∼j , j > i, every final
segment of a part of ∼j that occurs above points coloured by F (a) occurs above a and within C,
and likewise for b. By assumption, there is no least ∼j partition. We may therefore choose j > i and
a final segment, σ = [a,+∞) ∩ B, of a ∼j-class. Hence there is a final segment σ′ = [b,+∞) ∩ B′
in C ′ of a ∼j-class isomorphic to σ. We may now continue by back-and-forth, as before, to obtain
C ∼= C ′.

Theorem 4.9. 1-transitive trees (A1,6) and (A2,6) are isomorphic if and only if they have the
same type.

Proof. The fact that isomorphic trees have the same type is immediate (since anything definable,
first or second order, is preserved by an isomorphism).

Conversely, suppose they have the same type (Υ,<, (ᾱcj )j∈J). We show by back-and-forth using
good isomorphisms as approximations that A1

∼= A2. To start we may choose any member B of Υ.
By assumption there are branches B1 of A1 and B2 of A2 isomorphic to B, and hence there is an
isomorphism from B1 to B2, which is necessarily good.

For the ‘forth’ step (and ‘back’ is similar) suppose that φ is a good isomorphism from a finite
union of branches of A1 to a finite union of branches of A2, and suppose that u ∈ A1 \ dom(φ). Let
z ∈ dom(φ) be the ramification point where (−∞, u] meets dom(φ); that is, such that z is the greatest
member of dom(φ) less than u. Now φ(z) has the same colour as z and so C.T.(φ(z)) = C.T.(z).
Let C be the cone at z containing u. By Lemma 4.8 there is a colour-preserving order-isomorphism
θ : C → C ′ where C ′ is a cone at φ(z) not containing any point of range(φ) above φ(z). Let φ′ be
the extension of φ to dom(φ)∪C given by φ′(z) = θ(z) for z ∈ C. We obtain an extension of φ to a
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good isomorphism having u in its domain by restricting φ′ to dom(φ) ∪ B where B is some branch
of A1 containing u.

We have shown that the type of a countable 1-transitive tree determines it uniquely. By essentially
the same proof, we may derive the following.

Theorem 4.10. All countable structured trees are 1-transitive.

5 The construction

In this section we determine which types actually arise from countable 1-transitive trees. We shall
see that the definition given so far is insufficient. We recall that in the case of 2-transitive trees,
or even weakly 2-transitive ones, the ‘construction’ of a tree corresponding to a given type was
relatively straightforward. Namely, one starts with a branch (a copy of Q, or a coloured version);
then adds the correct number of branches above all ramification points, taking care in the weakly
2-transitive case that the correct cones have least elements; and then one just repeats over countably
many steps. The fact that all the branches are (even colour-)isomorphic makes these cases relatively
unproblematical.

An initial complication in the 1-transitive case is that Υ need not necessarily form the whole
of a colour lower isomorphism class of branch coloured chains, as we show by an example below,
but whether this necessarily happens or not depends on the ramification behaviour. The following
lemma captures a key point in trying to pin down the possible values of Υ.

Lemma 5.1. Suppose that (A,≤) is a countable 1-transitive tree in which, for every a < b in A there
is c > a in A incomparable with b such that [a, b] and [a, c] are isomorphic (as coloured chains). Then
the family Υ of isomorphism types of branches of A is the whole of some colour lower isomorphism
class of branch coloured chains.

Proof. Let B be a branch coloured chain which is lower isomorphic to a branch of A. Choose a cofinal
sequence b0 < b1 < b2 < . . . of points of B coloured c̄. We shall inductively choose corresponding
points x0 < x1 < x2 < . . . in A. The main point is to ensure that {y ∈ A : (∃n)xn ≥ y}
is a branch, and for that purpose we shall ensure that it has no upper bound in A. Let A be
enumerated as {an : n ∈ ω}. Choose x0 6≤ a0 in A. This exists since A has no maximal point, so
we may actually take x0 > a0. Since A is 1-transitive and B is lower isomorphic to a branch of A,
(−∞, x0] ∼= (−∞, b0].

Now assume inductively that x0 < x1 < x2 < . . . < xn in A have been chosen in such a way that
[xi, xi+1] ∼= [bi, bi+1] for each i < n. Since A is 1-transitive and B is lower isomorphic to a branch of
A, (−∞, bn+1] ∼= (−∞, x0]. Let x′ be the image of bn under this isomorphism. By composing with
an isomorphism taking x′ to xn, we find x′n+1 > xn such that [bn, bn+1] ∼= [xn, x

′
n+1]. By assumption

there is x′′n+1 > x′′ incomparable with x′n+1 such that [xn, x
′
n+1] ∼= [xn, x

′′
n+1]. Since x′n+1 and x′′n+1

are incomparable, they cannot both be below an+1, so we let xn+1 be x′n+1 if x′n+1 6≤ an+1 and x′′n+1

otherwise.

Figure 6

24



��HH

r��.............
r��.............
r��
��
��

..... .....
��

r............. ��
��

r����..... .....
.....
��
��
��

r��..... ..... ..... ����
��

r��..... ..... .....r����......
.......

r��.............

The lemma gives us a hint as to how to find a countable 1-transitive tree in which Υ is a
proper subset of a colour lower isomorphism class of branch coloured chains. We can also do this
in the monochromatic case. Consider the lower 1-transitive chains whose coding trees are shown
in Figure 6 which form a colour lower isomorphism class of branch coloured chains (one can see
this as in the proof of Corollary 2.24), having order-type ω∗(ω∗ · Z + ω∗) + Z2, Z(ω∗ · Z + ω∗), and
ω∗(ω∗ ·Z+ω∗) +ω∗ ·Z respectively. We can build a countable 1-transitive tree (A,≤), illustrated in
Figure 7, having all branches isomorphic to either B1 or B2, but not B. In terms of the coding trees
present, by the first clause of Definition 4.3, Υ must have a member having a label in the second
level down with no endpoint, and likewise for the third level down, so B1 and B2 are unavoidable.

To construct such A, start with a branch of order-type B1, and follow through in countably
many stages. At each stage, vertices which ramify with ramification order 2 are no longer touched.
For those which do not yet ramify we add another branch through them of one of these types in
such a way that one of the two cones there has a least member and the other doesn’t. We can
also ensure while doing this that there are branches of both types, B1 and B2, passing through
each such vertex (which means that we have to add the correct final segments). This clearly results
in a tree A which ramifies only at points of A, with all ramifications orders equal to 2, and such
that there are branches in order-types B1 and B2 passing through all vertices. Furthermore this
suffices to characterize A up to isomorphism by a back-and-forth argument, and this also establishes
1-transitivity. It remains to show that A has no branches in type B. We inevitably add branches
that were not ‘explicitly’ included during the construction, since we only added countably many and
A has 2ℵ0 branches. However the point is that these other ones, which arose ‘by accident’ must
actually all be isomorphic either to B1 or B2.

Figure 7: A tree having branches of type B1 and B2 but not B

Suppose for a contradiction that B does arise as a branch of A. Now B has a final segment in
type ω, x0 < x1 < x2 < . . . say. By construction, there is exactly one other cone at each xi which
does not have a least member. Since ω∗ ·Z is a convex subset of each branch of A, there is a convex
subset {yn : n ∈ ω} ∪ {zn : n ∈ Z} of A. By 1-transitivity there is an automorphism of A taking y0
to x0, and since xn+1 is the unique point of A immediately above xn (as the other cone there has no
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least member), we see inductively that yn is taken to xn by this automorphism. But now the image
of z0 is greater than every xn, contrary to {xn : n ∈ ω} a final segment of B.

We give a further example involving ∧ labels to illustrate a related point. Consider the three
colour coding trees shown in Figure 8. The branch-coloured chain encoded by first coding tree has
to occur in any countable 1-transitive proper tree having a branch colour lower isomorphic to an
order encoded by them because of the first clause of Definition 4.3, but the second and third can be
omitted. Also see further discussion of this example below concerning the ramification of c̄ points.

Figure 8

The argument enshrined in the above discussion can now be suitably adapted to lead to the
general characterization of which types are types of 1-transitive trees. We first make the following
remark, which is related to the techniques needed to finish our characterization.

Lemma 5.2. Suppose that Υ is the family of branch coloured chains arising as branches of a count-
able 1-transitive proper tree (A,≤), and that B is a branch-coloured chain lower colour isomorphic
to the members of Υ. Then B is isomorphic to an initial segment of some member of Υ.

Proof. We adapt the proof of Lemma 5.1. Choose a cofinal sequence b0 < b1 < b2 < . . . of points of
B coloured c̄ and choose corresponding points x0 < x1 < x2 < . . . in A inductively. Choose x0 in
A. Since A is 1-transitive and B is lower isomorphic to a branch of A, (−∞, x0] ∼= (−∞, b0].

Now assume inductively that x0 < x1 < x2 < . . . < xn in A have been chosen in such a way that
[xi, xi+1] ∼= [bi, bi+1] for each i < n. Since A is 1-transitive and B is lower isomorphic to a branch of
A, (−∞, bn+1] ∼= (−∞, x0]. Let x′ be the image of bn under this isomorphism. By composing with
an isomorphism taking x′ to xn, we find xn+1 > xn such that [bn, bn+1] ∼= [xn, xn+1]. Let X be a
branch of A containing all xi. Then {x ∈ A : (∃n)(x ≤ xn)} is an initial segment of X (proper or
not) isomorphic to B.

This is the same proof as before, but making no attempt to ensure that the points of A do not
lie above all xn.

To formulate our main theorem, we require the notion of ‘ambiguity’. If t = (Υ,<, (ᾱcj )j∈J) is a
type, and B is a branch-coloured chain which is colour lower isomorphic to the members of Υ, then
a point x of B is said to be ambiguous (with respect to t) if either it is cj-coloured and (x,∞) begins
with a ∼i-class where α

cj
i ≥ 2, or there are z > y > x in B, and i 6= i′ in I, such that [x, y] and [x, z]

are isomorphic (as coloured chains), and (z,∞), (y,∞) begin with ∼i-, ∼i′ -classes respectively.
We illustrate the need for consideration of this notion by some examples. If the c̄ points ramify,

then the branch-coloured chain encoded by the coding trees B2 and B3 in Figure 8 both have cofinal
sets of ambiguous points in the first sense, so must arise in any such 1-transitive tree. Thus in the
first sense, whether or not a point is ambiguous depends on the value of the ramification order ᾱcj .
Moving on to the second sense, here this does not depend on the ramification orders. As an easy
(monochromatic) example, we just take Q.ω∗, x any point, and y < z the top two points in a copy
of ω∗ greater than the copy containing x. Then (x, y) and (x, z) are isomorphic (to k + Q.ω∗ for
some finite k), and (y,∞) has a least member but (z,∞) does not, so that all x are ambiguous. This
illustrates what ‘ambiguous’ means; however, it still does not show how this condition is required in
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Theorem 5.4 below. For the lower isomorphism class of branch-coloured chains comprises precisely
Q.ω∗ and Q.ω∗ + Z, and both of these are already required as branches of A by virtue of the first
clause of Definition 4.3 (since one has only an ω∗ label on the middle level, and other has only a Q̇
label on the root). So to illustrate the real point, we require a more complicated example.

Figure 9

The order encoded by the left hand coding tree shown in Figure 9 has a cofinal set of ambiguous
points in the second sense, is lower isomorphic to the order encoded by the right hand coding tree,
and is embeddable in it as a proper initial segment (see Lemmas 5.2 and 5.3(ii)). To demonstrate
the existence of ambiguous points in the order encoded by the left hand tree, we take x, y, and z
in the final part of the encoded order. For definiteness, x and z are both in the encoding of the
rightmost branch with x < z (that is, they are top points of distinct copies of ω∗.Z + ω∗), and y
is taken to be the predecessor of z, which lies in the encoding of the second branch from the right.
Then (x, y) and (x, z) are both isomorphic to Q.(ω∗.Z + ω∗) + ω∗.Z + ω∗, and once more, (y,∞)
has a least member but (z,∞) does not. There are many ambiguous points in the earlier part of
this ordering, but since we require a cofinal set of ambiguous points, we have to have some of the
sequence in the final part, so we have concentrated on it straight away. Note that since the right
hand linear order fulfils all the requirements for the first clause of Definition 4.3, this example shows
why the ambiguity condition really is required to pin down which branch-coloured chains can or
cannot be omitted. Note further that this example is still monochromatic, but is is also easy to find
coloured examples.

Two of the key steps in the argument for our main theorem are given in the following lemma.

Lemma 5.3. Suppose that Υ is the family of branch coloured chains arising as branches of a count-
able 1-transitive proper tree (A,≤), and that B is a branch-coloured chain lower colour isomorphic
to the members of Υ. Then if either of the following conditions holds, B ∈ Υ:

(i) B has a cofinal set of ambiguous points,
(ii) B is not isomorphic to a proper initial segment of any member of Υ.

Proof. (i) Let A = {an : n ∈ ω} be an enumeration of A. We use the method of of Lemma 5.1,
and see that the hypothesis that ambiguity holds cofinally fulfils exactly what is required to ensure
that B arises as a branch of A. This time we let b0 < b1 < b2 < . . . be a cofinal sequence of
ambiguous points of B. Then for each n, one of the two clauses in the definition of ‘ambiguous’
applied. If it is the second, then there are points z > y > bn as in the definition. By passing
to a suitable infinite subsequence of (bn), we may suppose that if this case holds, then z < bn+1.
Now we choose corresponding points x0 < x1 < x2 < . . . of A so that (−∞, b0] ∼= (−∞, x0] and
[bn, bn+1] ∼= [xn, xn+1] for each n. The point x0 is chosen of the same colour as b0 (rather than lying
in A), and x0 6≤ a0. This is easily arranged using 1-transitivity of the tree.

Now suppose that xn has been chosen, and we show how to find xn+1. First let x′ ≤ x0 have
the same colour as bn+1, so that (−∞, bn+1] ∼= (−∞, x′], and let x′′ be the image of bn under this
isomorphism. Since bn, x′′, and xn all have the same colour, there is an automorphism of A taking
x′′ to xn, and if we let x′n+1 be the image of x′ under this map, [bn, bn+1] and [xn, x

′
n+1] are colour
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isomorphic.
Knowing that bn is ambiguous allows us to choose xn+1 in place of x′n+1 so that it does not

lie below an+1. The key point is that we can find incomparable extensions x′n+1, x
′′
n+1 of xn so

that [bn, bn+1] ∼= [xn, x
′
n+1] ∼= [xn, x

′′
n+1]. In the first case, bn is cj-coloured and (bn,∞) begins

with a ∼i-class where α
cj
i ≥ 2. So there are (at least) 2 cones at xn beginning with a ∼i-class,

one of them containing x′n+1, and we let x′′n+1 be the corresponding point in another such cone.
In the second case, there are z > y > bn in B, and i 6= i′ in I, such that [bn, y] and [bn, z] are
isomorphic (as coloured chains), and (z,∞), (y,∞) begin with ∼i-, ∼i′ -classes respectively. By the
assumption made above, we may take z < bn+1. Taking the images under the isomorphism, there
are z′ > y′ > xn such that z′ < x′n+1 fulfilling the same conditions. Now y′ and z′ have the same
colour (since [bn, y

′] and [bn, z
′] are colour isomorphic), and (z′,∞) begins with a ∼i-class. Hence

there is a cone at y′ beginning with a ∼i-class, and this cone is disjoint from (y′, x′n+1) since i 6= i′

(and (y′,∞) begins with a ∼i′ -class). Since this cone at y′ and the cone at z′ containing x′n+1

correspond to the same i, by Lemma 4.8 they are isomorphic, and we can find a point x′′n+1 above y′

corresponding to x′n+1. Since [bn, y
′] and [bn, z

′] are isomorphic, [bn, bn+1] ∼= [xn, x
′
n+1] ∼= [xn, x

′′
n+1].

In each case we let xn+1 be one of x′n+1, x′′n+1 which is not below an+1.
Then X = {y ∈ A : (∃n)xn ≥ y} is a branch of A isomorphic to B, as required.
(ii) This follows at once from Lemma 5.2.

Theorem 5.4. Let t = (Υ,<, (ᾱcj )j∈J) be a type. Then there is a countable, proper 1-transitive
tree having type t if and only if any branch-coloured chain B lower isomorphic to the members of Υ
and having as cofinal set of ambiguous points lies in Υ.

Proof. The truth of the given condition for the type of any countable 1-transitive proper tree was
proved in the previous lemma.

Conversely, suppose that t = (Υ,<, (ᾱcj )j∈J) is a type fulfilling the two stated properties, and
we construct the desired tree (A,≤) as the union of a countable sequence of trees. Start with a single
branch, taken to be any member A0 of Υ. At a general step, we shall have a tree An, and all points
of earlier Ams, coloured or not, will ramify correctly. In passing from An to An+1 we ensure that
all the newly added points also ramify correctly. Let x be a j-coloured point of An which does not
yet have the correct ramification. For each i we add branches at x so that there are α

cj
i in all (the

branch that is already above it may already be of the desired kind, in which case the number we add
is actually one less than α

cj
i ). The section that we add has to be so that the total branch (including

(−∞, x]) is of the correct order-type. For this we add a final segment taken at a cj-coloured point
of the branch to be added.

To conclude the construction we have to ensure that all members of Υ occur above all points,
and also that members of the colour lower isomorphism class containing Υ which do not lie in Υ do
not occur.

The first is achieved by enumerating the requirements dynamically. That is, at each point, we
list all the members of Υ (which is possible by Corollary 2.24), and we ‘promise’ to include them all
at some stage above the current one. The choice of which branches to extend is now made based
on the promises made at the current point and earlier ones; this is a standard technique, which is
formally carried out using a ‘book-keeping function’ to keep track of the dove-tailing.

To achieve the second, we argue as in the discussion preceding the statement of the theorem. The
idea is that we only explicitly added branches in Υ, and we have to see that we didn’t add any others
by accident. Consider a branch-coloured chain B in the same isomorphism class as the members of
Υ, but which does not lie in Υ. Then by assumption, the set of ambiguous points of B is bounded,
and by Lemma 5.2, B is isomorphic to an initial segment of some member of Υ. We have to show
that B is not isomorphic to any branch of A. Suppose otherwise, and let B′ be such a branch. Then
B′ is isomorphic to a proper initial segment of some branch X ′ ∈ Υ of A by an isomorphism f say.
Choose a cofinal sequence xn of points of B′, such that all points ≥ x0 are unambiguous, and by
1-transitivity of A, let g be an automorphism of A which takes x0 to f(x0). Since B′ is a branch
and g is an automorphism, gB′ is also a branch. Since B′ 6∈ Υ, there is a greatest point x ∈ Ā lying
in gB′ ∩X ′.
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Since x is not ambiguous (as a member of gB′, and using the first clause in the definition of
what this means) there are distinct i, i′ ∈ I such that the cones at x containing gB′ and X ′ lie in
Ci(x) and Ci′(x) respectively. It follows that f−1x 6= g−1x, for as f and g are both isomorphisms,
if f−1x = g−1x = y then f(y,∞) and g(y,∞) would have to lie in the same cone at x. We
deduce that gf−1x 6= x. Since x, gf−1x ∈ gB′, they are comparable. Assume that gf−1x < x.
(If gf−1x > x then fg−1x < x, and we use a similar argument with f and g interchanged.) Since
x > gf−1x ≥ fx0 in gB′, and fx0 is unambiguous, (gf−1x,∞) must begin with a ∼i class. However,
also x > gf−1x ≥ fx0 in fB′, so the same argument shows that (gf−1x,∞) must begin with a ∼i′
class. Since i 6= i′, this gives a contradiction.

In conclusion we remark that we can now deduce that the definition of ‘branch-coloured chain’
precisely captured what was intended, that is, arising as a branch of some countable proper 1-
transitive tree.

Corollary 5.5. A countable coloured chain (X,≤, F ) is isomorphic to a branch of a countable
1-transitive tree if and only if it is a branch coloured chain.
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