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ANSWERS III

1. (i) C is not cyclic. For any complex number z, the set of all complex
numbers of the form nz for n ∈ Z does not equal the whole of C. For instance,
it does not contain z/2 (unless z = 0, but then it does not contain 1).

(ii) This group is generated by the function f1(x) = x+ 1, since for any a,
if a > 0 then f(x) = x + a is the composition of f1 a times, and if a < 0 it is
the inverse of such a function. This group is cyclic.

(iii) We find that in this group, the subgroups generated by the elements are
{1}, {1, 4}, {1, 11}, {1, 14}, {1, 2, 4, 8}, and {1, 7, 4, 13}. Since none of these is
equal to the whole group, we deduce that it is not cyclic. (Alternatively, you
can argue that there is no element of order 8).

(iv) Z∗
14 is cyclic, since every element is a power of 3: 30 = 1, 31 = 3,

32 = 9, 33 = 13, 34 = 11, 35 = 5.
(v) In Z∗

11 we find that 22 = 4, 23 = 8, 24 = 5, 25 = 10, 26 = 9, 27 = 7,
28 = 3, 29 = 6, 210 = 1. Since every element is equal to a power of 2, this
group is cyclic.

(vi) This group was studied on Exercises I question 4, where we saw that
it is non-abelian, hence not cyclic.

2. We first find the orders of the given groups. They are 12, 6, 12, 6, and
12 respectively, reducing the possibilities for isomorphisms. There is an iso-
morphism between (ii) and (iv) given by taking n to an anticlockwise rotation
through 2nπ/6. (iii) is abelian (cyclic actually) and (i) and (v) are not, so
(iii) is not isomorphic to any of the others. (i) and (v) are both non-abelian
groups of order 12. However, (i) has an element of order 6, and (v) does not,
so these too are not isomorphic.

3. (i) {1,−1} · 1 = {1,−1}, {1,−1} · i = {i,−i}, {1,−1} · j = {j,−j},
{1,−1} · k = {k,−k}.

(ii) {1, i,−1,−i} · 1 = {1, i,−1,−i}, {1, i,−1,−i} · j = {j, k,−j,−k}.

4. There is one subgroup for each factor of 20: {0}, {0, 10}, {0, 5, 10, 15},
{0, 4, 8, 12, 16}, {0, 2, 4, 6, 8, 10, 12, 14, 16, 18}, and Z20 itself.

The cosets of {0, 10} are {0, 10}, {1, 11}, {2, 12}, {3, 13}, {4, 14}, {5, 15},
{6, 16}, {7, 17}, {8, 18}, {9, 19}.



5. Define the equivalence relation ∼ on G by letting x ∼ y if x−1y ∈ H.
Then this is an equivalence relation:
x−1x = 1 ∈ H, so ∼ is reflexive,
x−1y ∈ H ⇒ y−1x = (x−1y)−1 ∈ H, so ∼ is symmetric,
x−1y, y−1z ∈ H ⇒ x−1z = (x−1y)(y−1z) ∈ H, so ∼ is transitive.

The ∼-class containing x is equal to {y : x−1y ∈ H} = xH since x−1y ∈
H ⇔ y ∈ xH. Thus G is partitioned by ∼ into left cosets. Finally, all left
cosets have the same number |H| of elements, since there is a 1–1 map θ from
H onto xH given by θ(y) = xy. By definition this is well-defined and onto,
and it is 1–1 as one sees by use of the (right) cancellation law.

6. From Exercises I Question 8 we know that TET is a group of order 12,
and so is HEX since there are 6 rotations preserving the hexagonal faces, and
6 which interchange them. They are non-abelian since in TET , for example,
the products of the rotation through 2π/3 fixing A, and which takes B to
C to D and back to B, and that through 2π/3 fixing B, and which takes A
to C to D and back to A, are different half-turns depending on which order
they are performed, and in HEX, the product of two distinct rotations that
interchange top and bottom are different rotations about the vertical axis of
symmetry again depending on the order. The two groups are non-isomorphic
since HEX has an element of order 6 but TET does not.

7. Z2 × Z7 is cyclic, since the element (1,1) has order 14 (we can check
(1, 1), (1, 1) + (1, 1) = (0, 2), (1, 1) + (1, 1) + (1, 1) = (1, 3), . . . and find that
all group elements arise. The reason is that 2 and 7 are coprime). Since Z14

is also cyclic of order 14, and any two cyclic groups of the same order are
isomorphic, Z2 × Z7

∼= Z14. Z24 is not isomorphic to Z4 × Z6 since the latter
has no element of order 24 (all its elements have order a factor of 12).

8. (i) We map R to (0,∞) by θ, where θ(x) = ex. This is 1–1 and onto,
and since θ(x+ y) = ex+y = exey = θ(x)θ(x), θ is an isomorphism.

(ii) In G, 0 has order 1. If a 6= 0, then a, a+ a, a+ a+ a, a+ a+ a+ a, . . .
are all distinct, so a has infinite order. In H however, where the operation is
×, (−1)2 = 1, so −1 has order 2. Under any isomorphism θ, the order of an
element is equal to the order of its image under θ. Since H has an element of
order 2, but G does not, they cannot be isomorphic.

9. H ∩K is a subgroup of both H and K, so by Lagrange’s Theorem its
order divides |H| and |K|. Since |H| and |K| are coprime, H ∩K must have
order 1, so H ∩K = {1}.
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