
G. Kokarev, J. Gray: Differentiable manifolds. Wintersemester 2011/2012

The notes below give an outline of the material delivered during lectures. They do
not contain all proofs, examples, and other details discussed during lectures
and are intended as being complementary only. There is no real time schedule for their
release and you should not rely on them or use as an excuse to miss the lectures. Possible
misprints or inaccuracies in these notes can not be used as excuses for incorrect answers
or incorrect solutions to the exercises.

Lecture I

19 Oct 2011

1. Background material on point-set topology

You should make sure that you are familiar with standard notions from point-set topol-
ogy, such as topological space, topology basis, continuous map, homeomorphism as well
as the properties of being Hausdorff, compact, and normal. You should also know what
a metric space is, how it defines a topology, and why it is Hausdorff. Principal examples
of such spaces include a Euclidean space Rn and its varied subsets, for instance a unit
sphere Sn−1; these examples have countable bases.

An important notion for building new spaces is quotient topology. Given an equiva-
lence relation ∼ on a topological space (X, τ), one can consider its quotient X/∼ formed
by the corresponding equivalence classes. The quotient topology on it is the largest
topology such that the natural projection π : X → X/∼, sending x 7→ [x], is continuous.
Equivalently a set U in X/∼ is open if and only if its pre-image π−1(U) is open in X.

Examples. You should also be familiar with the following examples:

(i) Gluing the ends of an interval. Consider an interval [0, 1], and introduce the equiva-
lence relation by declaring two points points being equivalent x ∼ y if and only if x− y
is an integer. This equivalence relation identifies only the points 0 and 1. The quotient
space [0, 1]/∼ is homeomorphic to the unit circle S1 ⊂ R2 via the map t 7→ exp(2πit).
(Make sure that you can prove it.)

Exercise I.1. Let Dn be a closed unit disk in Rn,

Dn = {x ∈ Rn :
∑

x2
i 6 1},

and ∂Dn = Sn−1 be its boundary. Define the equivalence relation on Dn by declaring
x ∼ y if and only if x, y ∈ ∂Dn (so-called pinching the boundary or collapsing the boundary
into a point.) Show that the quotient space Dn/∼ is homeomorphic to Sn.

(ii) n-torus. In a similar fashion, consider a Euclidean space Rn with the equivalence
relation x ∼ y if and only if x−y ∈ Zn. Its quotient is called an n-torus Tn. Generalising
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the example above one can show that it is homeomorphic to the product of n copies of
a circle S1 × . . .× S1.

(iii) real projective space. On a unit sphere Sn ⊂ Rn+1 consider the equivalence relation
identifying antipodal points: x ∼ y if and only if x = ±y. The factor space Sn/∼ is
called the real projective space, and is denoted by RPn.

2. Topological manifolds

Definition I.2. A topological manifold of dimension n is a Hausdorff space with count-
able basis such that any its point has a neighbourhood that is homeomorphic to an open
subset in Rn.

Trivial examples are Euclidean spaces and its open subsets. Now we outline why
the unit sphere Sn ⊂ Rn+1 is a topological manifold of dimension n. For this it is
sufficient to construct its covering by open sets homeomorphic to open sets in Rn. For
each i = 0, 1, . . . , n consider two open hemispheres U+

i and U−i defined as

U±i = {(x1, . . . , xn+1) : ±xi > 0};

thus, we have 2(n + 1) open sets covering Sn. They are homeomorphic to a unit open
disk in Rn via the following maps

ϕ±i : (x1, . . . , xn+1) 7−→ (x1, . . . , x̂i, . . . , xn+1),

where the hat ˆ means that the corresponding component is omitted. (Make sure that
you understand that they are homeomorphisms and can write the inverse maps.)

The covering of Sn described above also allows to show that RPn is a topological
manifold of dimension n. Indeed, let π : Sn → RPn be a natural projection. It is
straightforward to see that the restriction πi = π|U+

i
is a homeomorphism and the

images Vi of these maps cover RPn. Since the Vi’s are homeomorphic to the unit disk in
Rn (via ϕ+

i ◦ π
−1
i ), we conclude that RPn is a topological manifold of dimension n.

We have also discussed Brouwer’s invariance of domain theorem whose impor-
tant consequence is that homeomorphic topological manifolds have equal dimensions,
see [1, Sect. 1.1].

The idea above used to show that a sphere is a manifold leads to the following
definitions.

• The chart on a topological manifold M of dimension n is a pair (U,ϕ), where U is
an open subset in M and ϕ : U → Rn is a homeomorphism onto an open subset in
Rn.

• A collection of charts {(Uα, ϕα)} whose Uα’s cover M is called the atlas on M .

• The maps
gαβ = ϕα ◦ ϕ−1

β : ϕβ(Uα ∩ Uβ)→ ϕα(Uα ∩ Uβ)

are called the transition maps between charts (Uβ , ϕβ) and (Uα, ϕα). They satisfy
the following co-cycle conditions:

(i) gαα = Idα

(ii) gαβ = g−1
βα

(iii) gαβ = gαγ ◦ gγβ

We will meet similar objects later on in the course.
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3. Differentiable manifolds; examples

Since the transition maps gαβ are maps between open domains in Rn, the following
definition makes sense.

Definition I.3. A topological manifold M is called Cr-smooth if it admits an atlas whose
all transition maps are Cr-smooth.

Definition I.4. Two atlases A1 and A2 on M are called Cr-equivalent if their union
A1 ∪ A2 is a Cr-atlas.

Very often it is useful to consider a maximal atlas on M , that is the one which is
not contained in any larger equivalent atlas. Clearly, any given atlas is contained in (or
can be extended to) some maximal atlas; the latter is just the union of all atlases Cr-
equivalent to the given one. Such a maximal atlas is often referred to as a Cr-differential
structure on M . As is known [3, Chap. 2], any Cr-smooth maximal atlas contains a C∞-
smooth sub-atlas (we did not prove this!). For this reason, in sequel, we always assume
that all manifolds under consideration are C∞-smooth, and will be called simply
smooth.

Among first examples we have Rn and its open subsets, GL(n,R), Sn and RPn
(the described above atlases on these spaces are smooth). Another way of producing
new examples is considering products. More precisely, if {(Uα, ϕα)} and {(Vβ , ψβ)} are
smooth atlases on M and N respectively, then {(Uα × Vβ , ϕα × ψβ)} is a smooth atlas
on M × N . In particular, the product M × N is a smooth manifold whose dimension
is equal to the sum of those for M and N . As a consequence, we see that the torus
Tn = S1 × . . .× S1 is a smooth manifold of dimension n.

Lecture II

21 Oct 2011

Definition II.1. A subset N of a smooth m-dimensional manifold M is called its n-
dimensional submanifold (n 6 m), if it is a manifold itself and among maximal atlases
on N and M there are sub-atlases {(Uα, ϕα)} and {(Vα, ψα)} respectively such that
Uα = Vα ∩N and ϕα = ψα|N , where the last relation is understood in the sense of the
standard embedding Rn ⊂ Rm. (Mention that to make things completely rigorous we
allow some of the sets Uα to be empty.)

In practice, to show that a given subset N of a smooth manifold M is a subman-
ifold, it is sufficient to show that M has an atlas (Vα, ψα) such that the pre-images
ψ−1
α (ψα(Vα) ∩ Rn) coincide with Vα ∩N , where Rn ⊂ Rm is a coordinate subspace. In-

deed, then the collection of sets (Vα ∩N, ψα|Vα∩N ) is a smooth atlas on N ; its transition

functions are restrictions of the transition functions ψβ ◦ ψ−1
α on ψα(Vα ∩ Vβ) ∩Rn and,

in particular, are smooth.
Trivial examples of submanifolds include linear subspaces L ⊂ Rn, equator spheres

L ∩ Sn ⊂ Sn, factors in the direct products M ⊂M ×N .

Definition II.2. A topological space M is called a smooth manifold with boundary of
dimension n, if it admits a smooth atlas whose any chart is homeomorphic to an open
subset in the half-space Rn+ = {x ∈ Rn : xn > 0}. The boundary ∂M is a collection of
points x ∈M that are mapped by chart homeomorphisms into the points with xn = 0.
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Exercise II.3. Show that the boundary ∂M of a smooth manifold M of dimension n is
a smooth manifold itself (without boundary) whose dimension equals n− 1.

4. Differentiable maps, diffeomorphisms

From now on we always assume that all manifolds under consideration are C∞-smooth
and without boundary, unless there is an explicit statement to the contrary.

4.1. Smooth maps, functions, and local coordinates.

Definition II.4. A map u : M → N between smooth manifolds is called smooth at a
point x ∈ M if there are charts (Uα, ϕα) and (Vβ , ψβ) on M and N respectively such
that x ∈ Uα, u(Uα) ⊂ Vβ and the map

ψβ ◦ u ◦ ϕ−1
α : ϕα(Uα)→ ψβ(Vβ), (II.1)

called the local representation of u, is smooth at x.

The following proposition is a straightforward consequence of the definitions; it says
that the property of u being smooth does not depend on a choice of charts in the local
representation.

Proposition II.1. A map u : M → N between smooth manifolds is called smooth at a
point x ∈M if and only if for any charts (Uα, ϕα) and (Vβ , ψβ) on M and N respectively
such that x ∈ Uα and u(Uα) ⊂ Vβ map (II.1) is smooth at x.

Mention that as a particular case the definition above covers the notion of a smooth
function on M . To check whether f : M → R is smooth we look at its local representa-
tions f ◦ ϕ−1

α on subdomains in the Euclidean space. The simplest examples of smooth
functions are coordinate functions (ϕ1, . . . , ϕn) : Uα → Rn of chart homeomorphisms.
It is very common to identify these coordinate functions with charts themselves,
and call them local coordinates on M.

4.2. Diffeomorphisms.

Definition II.5. A smooth map u : M → N between manifolds is called the diffeomor-
phism if it is bijective and its inverse is also smooth.

It is straightforward to see that any diffeomorphism is, in particular, a homeomor-
phism. However, the converse is not true (make sure that you know an example). Sim-
plest examples of diffeomorphisms include non-degenerate linear operators in Rn, and
linear orthogonal transformations viewed as maps of the unit sphere Sn−1 ⊂ Rn. An-
other useful examples are the transition maps

gαβ = ϕα ◦ ϕ−1
β : ϕβ(Uα ∩ Uβ)→ ϕα(Uα ∩ Uβ).

Viewing charts as systems of local coordinates, say (x1, . . . , xn) and (x1′ , . . . , xn
′
), we

normally write xi
′
(x1, . . . , xn), where i′ = 1, . . . , n, for the corresponding transition map,

also referred to as the change of local coordinates. Its differential is given by the
matrix (∂xi

′
/∂xi), where i′ and i range over 1, . . . , n.
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4.3. Re-constructing manifolds by chart images and transition maps. Let M
be a smooth manifold with an atlas (Uα, ϕα). Let Ũα be the chart images ϕα(Uα) and
gαβ the transition maps. We claim that we can reconstruct M up to a diffeomorphism

out of the data (Ũα, gαβ). Indeed, consider the disjoint union M̃ = tŨα, and introduce
the equivalence relation on it, declaring x ∼ y if and only if there exists α and β such
that x ∈ Ũα, y ∈ Ũβ , and y = gαβ(x); the co-cycle conditions mean precisely that this is
an equivalence relation.

First, it is not hard to see that M̃/∼ is a manifold. Indeed, let π be a natural projec-
tion M̃ → M̃/∼, and πα be its restriction on Ũα. Clearly, each πα is a homeomorphism,
and the collection {(πα(Ũα), π−1

α )} is an atlas on M̃/∼. During the lecture we have
proved the following statement; it also can be found in [1, Sect. 3.1].

Proposition II.2. The manifolds M̃/∼ and M are diffeomorphic.

Sketch of the proof. Define the map M → M̃/∼ by sending x 7→ π ◦ϕα(x); it is straight-
forward to check that it does not depend on a chart (Uα, ϕα) containing x. Further, the
inverse map can be defined by sending [z] 7→ ϕ−1

α (z), where Ũα is a chart image con-
taining z. (Make sure that you can check that such a map does not depend on a choice
of z ∈ [z]). Finally, one shows that the local representations of these maps in charts
(Uα, ϕα) and (πα(Ũα), π−1

α ) are identity maps IdŨα , and thus, they are smooth.

5. Tangent vectors, tangent space, and differentials of maps

5.1. Three definitions of tangent vectors. Let M be a smooth manifold and p ∈M .

(i) Equivalence classes of tangent paths. We consider smooth paths γ : (−δ, δ) → M
such that γ(0) = p. Two such paths γ1 and γ2, defined possibly on different intervals
containing the origin 0 ∈ R, are called equivalent or tangent at p ∈ M , if in some (and
hence any!) local coordinate chart (Uα, ϕα) containing p their speed vectors at p coincide,

d

dt

∣∣∣∣
t=0

(ϕα ◦ γ1) =
d

dt

∣∣∣∣
t=0

(ϕα ◦ γ2).

Definition II.6. A tangent vector to M at p ∈M is an equivalence class [γ]p of tangent
paths at p.

(ii) Linear differential operators of first order. A linear differential operator of first order
Xp on M at p is an operator C∞(M,R)→ R such that:

(a) it is linear, that is Xp(αf + βg) = αXp(f) + βXp(g), where α, β are scalars;

(b) it satisfies the Leibnitz rule, that is Xp(f · g) = Xp(f) · g(p) + f(p) ·Xp(g) for any
smooth functions f and g;

(c) it vanishes on constant functions, that it Xp(1) = 0.

Remark II.1. Note that the property (c) is a consequence of (b). However, we include
it into the definition for the convenience of references.

Remark II.2. Mention that the value Xp(f) depends only on the values of the function
in a neighbourhood of p. More precisely, if f and g are two smooth functions that coincide
in the neighbourhood of p, then Xp(f) = Xp(g). To see this, it is sufficient to show that
if f is identically zero in a neighbourhood U of p, then Xp(f) = 0. Indeed, let 0 6 λ 6 1

5



G. Kokarev, J. Gray: Differentiable manifolds. Wintersemester 2011/2012

be a smooth function supported in U and such that it equals 1 in a vicinity of p. Then,
clearly f = (1− λ)f , and by the Leibnitz rule we have

Xp((1− λ)f) = Xp(1− λ) · 0 + 0 ·Xp(f) = 0.

Definition II.7. A tangent vector to M at p ∈ M is a linear differential operator of
first order at p.

(iii) Definition in terms of local coordinates.

Definition II.8. A tangent vector to M at p ∈M is a correspondence that to each local
chart (Uα, ϕα) containing p assigns a vector ξα ∈ Rn such that the vectors corresponding
to different charts (Uα, ϕα) and (Uβ , ϕβ) are related by the formula

ξβ = D(ϕβ ◦ ϕ−1
α )
∣∣
ϕα(p)

· ξα. (II.2)

In terms of local coordinates this definition can be re-phrased in the following form.
Let (ξ1, . . . , ξn) ∈ Rn be a representation of a tangent vector in a local coordinate system
(x1, . . . , xn), and (ξ1′ , . . . , ξn

′
) ∈ Rn be its representation in a local coordinate system

(x1′ , . . . , xn
′
). Then these representations are related by the formula

ξi
′

=
∑
i

∂xi
′

∂xi
· ξi. (II.3)

It is very common in the literature to omit the sum symbol; this is the so-called Einstein’s
convention for the repeated indices. Then the formula above becomes ξi

′
= (∂xi

′
/∂xi)ξi.

Lecture III

26 Oct 2011

Proposition III.1. The definitions II.6, II.7, and II.8 of a tangent vector to M at p
are equivalent.

Sketch of the proof. Def II.6 ⇒ Def II.7. For a given γ ∈ [γ]p define a linear differential
operator Xp by the formula:

Xp(f) =
d

dt

∣∣∣∣
t=0

f(γ(t)).

Clearly, it satisfies the properties (a), (b), and (c) in Def II.7. By computing the derivative
of the right-hand side in local coordinates, we also conclude that Xp does not depend on
the choice of a representative γ ∈ [γ]p.

Def II.7 ⇒ Def II.8. Let (x1, . . . , xn) and (x1′ , . . . , xn
′
) be two local coordinate systems

around p ∈M . Further, let 0 6 λ 6 1 be a smooth function supported in their intersec-
tion and such that it equals 1 in a neighbourhood of p. Regarding the local coordinates
as smooth functions, we define vectors (ξ1, . . . , ξn) and (ξ1′ , . . . , ξn

′
) by setting

ξi = Xp(λ · xi) and ξi
′

= Xp(λ · xi
′
).
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We claim that they are related by the formula (II.3). This is a consequence of the local
representation of Xp in (x1, . . . , xn):

Xp(f) =

(∑
i

ξi
∂

∂xi

∣∣∣∣
x(p)

)
f. (III.1)

(Taking λxi
′

as an f , we obtain precisely formula (II.3). Mention that the formula above
also shows that the definition of the ξi’s does not depend on the choice of a function λ.)
To prove the last formula we need the following lemma from the calculus course.

Lemma III.2. Let f be a smooth function on B(x0, δ) ⊂ Rn. Then for any x ∈ B(x0, δ)
we have

f(x) = f(x0) +
∑
i

(xi − xi0)gi(x),

where gi(x) are smooth functions on B(x0, δ) such that gi(x0) = (∂f/∂xi)(x0).

Proof. Define F (t) as f(t(x− x0) + x0) and apply the Newton-Leibnitz formula to it on
the interval [0, 1].

Now we prove formula (III.1). First, by remark II.2 we have Xp(f) = Xp(λf).
Applying the lemma above, we obtain

Xp(λf) =
∑
i

Xp(λ(xi − xi(p))gi(x)) =
∑
i

(ξigi(x(p)) + 0 ·Xp(gi)) =
∑
i

ξi
∂f

∂xi
(x(p)).

Def II.8 ⇒ Def II.6. Given a local coordinate system (x1, . . . , xn), containing p ∈ M ,
and a vector (ξ1, . . . , ξn), define the path γ as an arc of the line

γi(t) = ξit+ xi(p),

where t ranges in a small vicinity of 0. We claim that the equivalence class [γ]p of this
path does not depend on the choice of a local coordinate system. Indeed, given another
system (x1′ , . . . , xn

′
) and the corresponding vector (ξ1′ , . . . , ξn

′
) we may define another

path γ̃ by setting γ̃i
′
(t) as ξi

′
t+xi

′
(p). However, due to relation (II.3), these paths ought

to be tangent:

d

dt

∣∣∣∣
t=0

γ̃i(t) =
∑
i′

∂xi

∂xi′

∣∣∣∣
x(p)

· d
dt

∣∣∣∣
t=0

γ̃i
′
(t) =

∑
i′

∂xi

∂xi′
ξi
′

= ξi =
d

dt

∣∣∣∣
t=0

γi(t).

5.2. Tangent space.

Definition III.1. A collection of all tangent vectors to M at p ∈M is called the tangent
space to M at p, and is denoted by TpM .

As a consequence of the above proposition, we obtain the following statement.

Corollary III.3. The tangent space TpM is a vector space of dimension n = dimM . A
choice of a local chart (= local coordinates) fixes an isomorphism TpM ' Rn.

A Euclidean space Rn has a canonical (= preferred) basis ei = (0, . . . , 1, . . . , 0), where
1 is the ith coordinate – the only coordinate whose value is non-trivial. Each ei can be
also viewed as a differential operator ∂/∂xi (using Definition II.7) or as an equivalence
class of the coordinate line (0, . . . , t, . . . , 0) (using Definition II.6). In sequel, we may use
any of these definitions of a tangent vector, whichever is more appropriate in a current
context.
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5.3. Differentials of maps. Let u : M → N be a map between smooth manifolds that
is smooth at a point p ∈M .

Definition III.2. The differential Dpu is a linear operator TpM → Tu(p)N defined by
one of the following relations (which correspond to the definitions of a tangent vector):

(i) Dpu[γ]p = [u ◦ γ]p; (this definition assumes that the images of tangent paths under
u are tangent paths; make sure that you understand why this is so.)

(ii) (Dpu(Xp))(f) = Xp(f ◦ u), where f ∈ C∞(N,R);

(iii) if (x1, . . . , xm) and (y1, . . . , yn) are local coordinates on M and N around p and
u(p) respectively, then in the canonical bases in the tangent spaces TpM and Tu(p)N

the differential Dpu is given by the matrix (Dpu)ji = (∂uj/∂xi)x(p).

Proposition III.4. The differential Dpu : TpM → Tu(p)N is well-defined in the sense
that all three relations (i), (ii), and (iii) define the same linear operator.

The proof follows by checking that all three operators coincide on the canonical basis
(ei) understood as (∂/∂xi) in the relation (ii), or as the classes [(0, . . . , t, . . . , 0)]p of
coordinate lines in the relation (i).

The following statement is a straightforward consequence of definitions; we state it
as an exercise.

Exercise III.3. Let u : M → N and v : N → S be two maps smooth at the points
p ∈ M and u(p) ∈ N respectively. Check that their differentials satisfy the following
relation Dp(v ◦ u) = (Du(p)v) ◦ (Dpu).

This exercise implies that if u : M → N is a diffeomorphism, then its differential Dxu
is an isomorphism everywhere. In particular, we see (without using Brouwer’s invariance
domain theorem) that diffeomorphic manifolds have equal dimensions.

6. Inverse function theorem and its applications.

In view of the discussion after the exercise above, it is natural to ask up to what extent
the property of Dxu being an isomorphism forces u to be a diffeomorphism. To answer
this we need to recall the classical result from the calculus course – the inverse function
theorem. Before stating it we introduce the following definition.

Definition III.4. A smooth map u : M → N is called a local diffeomorphism around
x ∈ M if there exists an open neighbourhood Ux of x whose image u(Ux) is open in N
and the restriction u|Ux is a diffeomorphism.

For a proof of the following statement we refer to the calculus course.

Theorem III.5 (Inverse function theorem). Let U ⊂ Rn be a subdomain and u : U → Rn
be a smooth map such that Dxu is an isomorphism. Then u is a local diffeomorphism
around x.

Corollary III.6. A smooth bijective map u : M → N is a diffeomorphism if and only
if Dxu is an isomorphism for any x ∈M .

Proof. Only the ”if” part requires an explanation. For this we need to show that the
inverse map u−1 is smooth. Indeed, locally it ought to coincide with the inverse map of
u|Ux , which exists and smooth by the inverse function theorem.
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Lecture IV

28 Oct 2011

The following consequence of the inverse function theorem has important applications.

Theorem IV.1 (Constant rank theorem). Let U ⊂ Rm be an open subset and
u : U → Rn be a smooth map whose differential has constant rank k in a neighbour-
hood of a point x ∈ M . Then there exist local diffeomorphisms F and G around points
x ∈ Rm and u(x) ∈ Rn respectively such that F (x) = 0 ∈ Rm and G(u(x)) = 0 ∈ Rn and

G ◦ u ◦ F−1(x1, . . . , xm) = (x1, . . . , xk, 0, . . . , 0). (IV.1)

During the lecture we have showed how this theorem follows from the inverse function
theorem. However, we do not reproduce the proof here and refer to [1, Sect. 2.4].

Corollary IV.2. Let u : M → N be a smooth map between smooth manifolds of dimen-
sions m and n respectively. Suppose that the differential Dxu has constant rank k in a
neighbourhood of u−1(y), for some y ∈ N . Then the pre-image u−1(y) ⊂M is a smooth
submanifold of dimension m− k.

Proof. For a proof it is sufficient to show that each x ∈ u−1(y) is contained in a chart
(V, ψ) on M such that ψ−1(ψ(V ) ∩ Rm−k) coincides with the set V ∩ u−1(y); see the
discussion after Definition II.1. Given arbitrary charts (V, ψ) and (W,φ) on M and
N , containing x ∈ u−1(y) and y respectively, we can apply Theorem IV.1 to the local
representation of u, that is the map φ ◦ u ◦ ψ−1. Making V and W smaller if necessary,
we can assume that there exist diffeomorphisms F : ψ(V ) ↪→ Rm and G : φ(W ) ↪→ Rn
such that the map (G ◦ φ) ◦ u ◦ (ψ ◦ F )−1 has the canonical form (IV.1). From this we
conclude that the image of V ∩ u−1(y) under F ◦ ψ lies in Rm−k, and thus, the chart
(V, F ◦ ψ) satisfies the desired hypothesis.

During the lecture we saw that this corollary gives a simple proof of the fact that
Sn ⊂ Rn+1 is a smooth submanifold of dimension n. Another example was the special
linear group

SL(n,R) = {A is an (n× n)-matrix : detA = 1} ⊂ Rn
2

.

We saw that the differential DA det sends A 7→ n detA and, thus, has rank 1 if detA 6= 0.
By Corollary IV.2, we conclude that SL(n,R) = det−1(1) is a smooth submanifold of

Rn2

of dimension n2 − 1.

7. Immersions and embeddings

Theorem IV.1 can be also used to study situations when the image of a map is a sub-
manifold in the target manifold. First, we start with the definitions.

Definition IV.1. A smooth map u : M → N is called the immersion if for any x ∈M
its differential Dx : TxM → Tu(x)N is injective (or equivalently, non-degenerate).

Definition IV.2. A smooth map u : M → N is called the embedding if it is an immersion
and is a homeomorphism onto its image.

9
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During the lecture we saw simple examples of immersions that are not embeddings.
The following statement is a direct consequence of the constant rank theorem, Theo-
rem IV.1; its proof is similar to the one of Corollary IV.2.

Corollary IV.3. Let u : M → N be an embedding, then its image u(M) ⊂ N is
a submanifold in N . Conversely, let M ⊂ N be a submanifold. Then the point-set
inclusion i : M ↪→ N is an embedding.

Exercise IV.3. Write up the proof of this statement.

Exercise IV.4. Prove that any immersion is locally an embedding, that is for any
x ∈M there exists its neighbourhood Ux such that the restriction of the map on it is an
embedding.

Mention that Corollary IV.3 gives an equivalent (and often used in the literature)
definition of a submanifold. We continue with the following fundamental result; it says
that any abstract compact manifold is a submanifold of a Euclidean space.

Theorem IV.4 (Weak form of Whitney’s embedding theorem). Any compact smooth
manifold M can be embedded into RN for some N > 0.

Sketch of the proof. First, we fix the notation. By n we denote the dimension of M , and
by B(r) ⊂ Rn an open ball of radius r centred at the origin. Since M is compact, it is
straightforward to see (make sure that you have an argument for this!) that it admits
a finite atlas {(Ui, ϕi)}, where i = 1, . . . ,m, such that ϕi(Ui) = B(3) and the open sets
{ϕ−1

i (B(1))} cover M .
We use the following lemma from analysis.

Lemma IV.5. There exists a C∞-smooth function λ : Rn → [0, 1] such that

λ|B(1) ≡ 1, λ|Rn\B(2) ≡ 0, and 0 < λ|B(2)\B̄(1) < 1.

Using the chart homeomorphisms we pull-back this function on M to obtain a collec-
tion of functions λi; they are equal to λ ◦ ϕi on Ui and to 0 on M\Ui. By Bi we denote
the pre-images λ−1

i (1); they contain ϕ−1
i (B(1)), and hence, cover M .

Now we define vector-functions fi : M → Rn setting them to be λiϕi on Ui, and 0
on M\Ui. Further, we define

gi = (fi, λi) : M → Rn × [0, 1] ⊂ Rn+1,

and finally, the map
g = (g1, . . . , gm) : M → Rm(n+1),

where m is the number of charts in the chosen atlas. We claim that g is an embedding.
To see that it is an immersion we choose x ∈M ; it belongs to some ϕ−1

i (B(1)). The
differential Dxgi has the form (Dxϕi, 0) and is non-degenerate, since so is Dxϕi. Now,
since M is compact and any Euclidean subset is Hausdorff, to show that g is a homeomor-
phism onto its image, it is sufficient to show that it is injective. We demonstrate this in
the following fashion: let x 6= y be two points in M , and suppose that x ∈ Bi. If y ∈ Bi,
then gi(x) 6= gi(y), since ϕi is a homeomorphism. If y 6∈ Bi, then λi(x) = 1 6= λi(y), and
we again conclude that gi(x) 6= gi(y). Thus, the map g is indeed an embedding.

Remark IV.1. The ”strong” Whitney theorem says that any manifold of dimension n
can be embedded into R2n and immersed into R2n−1.

10
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Lecture V

2 Nov 2011

8. Partition of unity

Definition V.1. A family {Uα} of subsets in M is called locally finite if for any x ∈M
there exists its neighbourhood Wx such that Wx ∩ Uα 6= ∅ only for a finite number of
indices α.

Definition V.2. Let U = {Uα} be an open cover of M . A cover {Vβ} of M is called the
refinement of U if each closure V̄β is contained in some Uα(β).

During the lecture we proved the following statement. However, since its proof is
fairly standard we do not re-produce it here and refer to [1, Sect. 1.4] or [4, Sect. 1]

Proposition V.1. Let M be a manifold. Then every open cover {Uα} admits a locally
finite refinement (such spaces are called paracompact). More precisely, for any atlas
{(Uα, ϕα)} we can choose an equivalent atlas (Vβ , ψβ) such that:

• {(Vβ , ψβ)} is a locally finite refinement of {Uα};

• the images ψβ(Vβ) coincide with the ball B(3) in Rn centered at the origin, and the
open sets ψ−1

β (B(1)) cover M .

Definition V.3. Let U = {Uα} be an open cover of a smooth manifold M . The partition
of unity, subordinate to U , is a collection of C∞-smooth functions {λα}, λα : M → [0, 1],
such that:

(i) suppλα := M\λ−1
α (0) ⊂ Uα for any α;

(ii) for any x ∈ M there exists its neighbourhood Wx such that λα|Wx
6≡ 0 only for a

finite number of indices α;

(iii)
∑
α λα ≡ 1.

The following statement is a consequence of Lemma IV.5 and Proposition V.1.

Proposition V.2. Let M be a smooth manifold. Then any open cover {Uα} on it admits
a subordinate partition of unity.

Proof. Let {(Vβ , ψβ)} be a refinement atlas that satisfies the conclusions of Prop. V.1.

Using Lemma IV.5, we define the smooth functions λ̃β on M by setting them to be
λ ◦ ψβ on Vβ and 0 on M\Vβ . By the properties of the atlas {(Vβ , ψβ)}, the λβ ’s satisfy
the hypotheses (i) and (ii) in the definition of the partition of unity. In particular, the
function λ̃ =

∑
λ̃β is well-defined. Since the open sets ψ−1

β (B(1)) cover M , we also

conclude that λ̃ > 1. Now setting λβ to be λ̃β/λ̃, we obtain the desired partition of
unity.

9. Tangent bundle

For a given smooth manifold M we consider the set

TM = {(x, v) : x ∈M, v ∈ TxM} = tx∈MTxM.

11
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By π we denote the natural projection TM → M that sends (x, v) 7→ x. To define a
topology on TM we start with an atlas {(Uα, ϕα)} on M . The chart homeomorphisms
ϕα establish the bijective maps

Dϕα : TUα := π−1(Uα)→ φα(Uα)× Rn, (x, v) 7−→ (ϕα(x), Dxϕα(v));

this is one of the forms of saying that a choice of a chart fixes an isomorphism TxM ' Rn,
see Corollary III.3. Now the topology on TM is defined by asking each Dϕα to be a home-
omorphism. Equivalently, a set U ⊂ TM is open if and only if the image Dϕα(U ∩ Uα)
is open for any α.

Exercise V.4. Check that this topology does not depend on the choice of an atlas on
M , and the projection π is continuous in it.

The constructed cover {π−1(Uα)} of TM , together with the homeomorphisms Dϕα,
actually makes TM into a smooth manifold. More precisely, the following statement
holds.

Proposition V.3. Suppose that a given atlas {(Uα, ϕα)} on M is smooth. Then the
cover {(π−1(Uα), Dϕα)} is a smooth atlas on TM . Besides, the projection π is a smooth
map.

Sketch of the proof. The charts Uα and Uβ intersect if and only if so do the charts TUα
and TUβ . The transition map Dϕα ◦ (Dϕβ)−1 between such charts has the form

Dϕβ(TUα ∩ TUβ) 3 (y, w) 7−→ (ϕα ◦ ϕ−1
β (y), Dϕβ(y)(ϕα ◦ ϕ−1

β ) · w) ∈ Dϕα(TUα ∩ TUβ)

and is clearly smooth. Further, the local representation for the projection π is the map

ϕα ◦ π ◦ (Dϕα)−1 : ϕ(Uα)× Rn → ϕα(Uα),

which is a projection that forgets the second factor and is, in particular, smooth.

It is also useful to be able to use the local coordinates notation for the charts
on TM . More precisely, if (x1, . . . , xn) is a system of local coordinates on M , then
(x1, . . . , xn, dx1, . . . , dxn) is a system of local coordinates on TM , where the dxi’s are
the differentials of the coordinate functions, that is the linear functionals TxM → R.
All functionals {dxi}, where i = 1, . . . , n, are linearly independent and are dual to the
standard basis {(∂/∂xi)} of the tangent space TxM . Their collection establishes a linear
isomorphism TxM ' Rn.

10. Vector bundles

10.1. Notion of a vector bundle; examples.

Definition V.5. The real vector bundle of rank k is a triple ξ = (E,M, π), where E and
M are manifolds, and π : E →M is a surjective map, such that:

(i) for any x ∈M the fiber Ex := π−1(x) is a vector space over R;

(ii) for any x ∈ M there exists its neighbourhood U and a homeomorphism
ψ : π−1(U) → U × Rk that takes each fiber Ey to y × Rk by a linear isomor-
phism, where y ∈ U .

The property (ii) is often referred to as the local triviality hypothesis. The manifolds
E = E(ξ) andM = M(ξ) are called the total space and the base of a bundle ξ respectively;
the map π is often referred to as the projection.

12
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Examples. We have discussed the following examples:

(i) The trivial bundle. The total space E = M × Rk and the projection E → M is the
map that forgets the second factor.

(ii) Tangent bundles. For a smooth manifold M the triple (TM,M, π), where TM is the
tangent bundle and π is the natural projection, is a vector bundle or rank dimM . Here
the chart homeomorphisms Dϕα on TM yield the local trivialisations.

(iii) The normal bundle to Sn ⊂ Rn+1. The total space NSn is defined as

NSn = {(x, tx) : |x| = 1, t ∈ R} ⊂ R2n+2.

The projection π sends the pair (x, tx) to x. There is a homeomorphism NSn to Sn×R
that sends (x, tx) to (x, t) that is an isomorphism on each fiber. In particular, the local
triviality hypothesis holds here.

(iv) The Möbius bundle. Denote by E the quotient of the product [0, 1] × R by the
equivalence relation (0, t) ∼ (1,−t). The natural projection [0, 1] × R → [0, 1] induces
the projection π : E → S1. The triple (E,S1, π) is called the Möbius bundle.

(v) The canonical (or tautological) line bundle over RPn. Viewing RPn as the space of
lines ` (i.e. 1-dimensional subspaces) in Rn+1 the total space is defined as

E = {(`, v) : v ∈ `} ⊂ RPn × Rn+1

and the projection is (`, v) 7→ `. The local triviality hypotheses for the last two examples
(actually (iv) is a partial case of (v)) are supposed to be discussed during exercise classes
or tutorials.

Lecture VI

4 Nov 2011

10.2. Smooth bundles and their morphisms.

Definition VI.1. Let ξ = (E,M, π) be a vector bundle of rank k.

• The vector bundle chart is a pair (π−1(U), ψ) where U is an open subset in M such
that ψ : π−1(U)→ U ×Rk is a local trivialisation, that is a homeomorphism whose
restriction to each fiber is a linear isomorphism.

• The vector bundle atlas is a collection of charts {(π−1(Uα), ψα)} that cover the
total space E.

• The transition maps ψα ◦ ψ−1
β have the form

Uα ∩ Uβ × Rk 3 (x, v) 7−→ (x, γαβ(x) · v) ∈ Uα ∩ Uβ × Rk,

where γαβ(x) ∈ GL(k,R). Sometimes by the transition maps we also mean these
functions γαβ : Uα ∩ Uβ → GL(k,R). They satisfy the co-cycle conditions:

(i) γαα(x) = 1 ∈ GL(k,R)

(ii) γαβ(x) = γ−1
βα (x)

13
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(iii) γαβ(x) = γαδ(x) · γδβ(x)

We have met similar objects already.

Definition VI.2. A vector bundle ξ = (E,M, π) over a smooth manifold M
is called smooth if it admits a vector bundle atlas whose transitions functions
γαβ : Uα ∩ Uβ → GL(k,R) are smooth.

As a direct consequence of this definition, we see that for a smooth vector bundle ξ its
total space E(ξ) and the projection π : E → M are smooth. Clearly, any trivial vector
bundle is smooth – there is a one chart atlas. Further, any tangent bundle is a smooth
vector bundle; the atlas described in Sect. 9 is a smooth vector bundle atlas. In a fashion
similar to the one in the setting of manifolds, one can also define an equivalence relation
on vector bundle atlases by declaring A1 ∼ A2 if the their union A1 ∪ A2 is a smooth
atlas. The corresponding maximal atlas is often referred to as the smooth vector bundle
structure.

Now we define the notion of a morphism between vector bundles with the same base
manifold M .

Definition VI.3. Let ξ1 and ξ2 be two (smooth) vector bundles with the same base.
The morphism from ξ1 to ξ2 is a (smooth) continuous map u : E(ξ1) → E(ξ2) whose
restriction to any fiber π−1

1 (x) takes values in a fiber π−1
2 (x) and is a linear operator.

Definition VI.4. A morphism between vector bundles is called the isomorphism if it is
an isomorphism on each fiber.

Proposition VI.1. Let ξ1 and ξ2 be (smooth) vector bundles over the same base and
u : E(ξ1) → E(ξ2) be an isomorphism. Then u is a (diffeomorphism) homeomorphism
of the total spaces.

Sketch of the proof. First, it is straightforward to see that any isomorphism defines a
bijective map between the total spaces. Thus, we need only to show that the inverse
map is (smooth) continuous. Let U ⊂ M be an open set that trivialises both ξ1 and
ξ2. Then the local representation of u in the charts π−1

1 (U) and π−1
2 (U) has the form:

(x, v) 7→ (x, γ(x) · v), where γ : U → GL(k,R) is a (smooth) continuous map. The local
representation of u−1 then should have the form (x,w) 7→ (x, γ−1(x) ·w) and is (smooth)
continuous, since so is the map A 7→ A−1 in GL(k,R).

When we discussed the normal bundle to the sphere Sn ⊂ Rn+1, we described a
homemorphism NSn → Sn×R. It is straightforward to see that this map is actually an
isomorphism of vector bundles. Further, during the lecture we also saw that the tangent
bundle TS1 is isomorphic to the trivial bundle S1 × R.

10.3. Re-construction of vector bundles via the images and transition maps
of local trivialisations. Let ξ = (E,M, π) be a vector bundle of rank k and {Uα} be
an open cover of M such that each Uα trivialises ξ, that is the sets π−1(Uα) together
with isomorphisms ψα : π−1(Uα)→ Uα ×Rk form a vector bundle atlas of ξ. Let {γαβ}
be the corresponding transition functions. We claim that using the data {Uα, γαβ} one
can re-construct the vector bundle up to an isomorphism.

Indeed, consider the space Ẽ = t(Uα × Rk) and introduce the equivalence relation
on it by declaring

(x, v) ∼ (y, w) if and only if x = y ∈ Uα ∩ Uβ , and v = γαβ · w.

14
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The co-cycle conditions on γαβ mean precisely that this is an equivalence relation.
Clearly, the standard projection (x, v) 7→ x respects this equivalence relation and defines
a map π̃ : Ẽ/∼→M . Besides, the quotient projection Ẽ → Ẽ/∼ is a homeomorphism on
each Uα × Rk; its image coincides with π̃−1(Uα), and the collection of these sets define
a vector bundle atlas on ξ̃ = (Ẽ/∼,M, π̃). The transition functions of this atlas coincide
with γαβ , and we see that if ξ is smooth, then so is ξ̃.

Proposition VI.2. The bundles ξ and ξ̃ are isomorphic.

Sketch of the proof. First, we define a morphism from ξ to ξ̃ by setting

E ⊃ π−1(Uα) 3 e 7−→ [ψα(e)] ∈ Ẽ/∼ .

It is straightforward to check that if e ∈ π−1(Uβ) for some β 6= α, then the equivalence
classes of ψα(e) and ψβ(e) coincide, and thus, the map above is well-defined. Besides,

since the equivalence relation is linear in each fiber, this map is a morphism of ξ to ξ̃.
Conversely, one can also define a morphism ξ̃ → ξ by sending each equivalence class
[(x, v)] to ψ−1

α (x, v). Clearly, this morphism is inverse to the one defined above, and we
conclude that ξ and ξ̃ are indeed isomorphic.

10.4. Sections and trivial bundles.

Definition VI.5. Let ξ = (E,M, π) be a (smooth) vector bundle. The section s of ξ is
a (smooth) continuous map s : M → E such that π ◦ s = IdM .

Mention that the identity π ◦ s = IdM means precisely that the value s(x) belongs to
the fiber Ex over x. Since each fiber is a linear space we conclude that:

• the space of sections is a linear space,

(c1s1 + c2s2)(x) := c1s1(x) + c2s2(x), where x ∈M, and c1, c2 ∈ R;

in particular, the linear combination of smooth sections is a smooth section.

• the space of sections is a module of over the ring of real-valued functions,

(f1s1 + f2s2)(x) := f1(x)s1(x) + f2(x)s2(x), where x ∈M ;

from the local representation in vector bundle charts, we conclude that the linear
combination f1s1 +f2s2 is a smooth section, if the sections s1, s2 and the functions
f1, f2 are smooth.

During the lecture we have proved the following proposition.

Proposition VI.3. A (smooth) vector bundle π : E → M of rank k is isomorphic to
a trivial bundle if and only if there exists k (smooth) non-vanishing sections s1, . . . , sk
such that s1(x), . . . , sk(x) are linearly independent for any x ∈M .

Sketch of the proof. Given an isomorphism ψ : E →M ×Rk and a basis e1, . . . , ek in Rk
we can define such sections by setting si(x) = ψ−1(x, ei), where i = 1, . . . , k. Conversely,
given such sections s1, . . . , sk an isomorphism ψ : M×Rk → E can be defined by sending
(x, (c1, . . . , ck)) to

∑
cisi(x). (Make sure that you understand why it is an isomorphism

of vector bundles.)
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As a consequence of this proposition we saw that the Möbius bundle is not trivial, in
the sense that it is not isomorphic to a trivial bundle.

Lecture VII

9 Nov 2011

10.5. Operations over vector bundles. We have discussed the following operations
over vector bundles, which allow us to construct more examples.

(i) Restriction. This is a simplest operation, which we have already seen. Given a vector
bundle ξ = (E,M, π) and a submanifold N ⊂M the restriction ξ|N is defined to be the
vector bundle (π−1(N), N, π|π−1(N)).

(ii) Product. Given two vector bundles ξi = (Ei,Mi, πi), where i = 1, 2, their product is
the vector bundle ξ1 × ξ2 = (E1 × E2,M1 ×M2, π1 × π2). Its fiber over a point (x1, x2)
is isomorphic to the direct sum (E1)x1

⊕ (E2)x2
. It is straightforward to check the local

triviality hypothesis for ξ1 × ξ2 as well as to show that the product of smooth vector
bundles is a smooth vector bundle.

Exercise VII.1. Let M and N be smooth manifolds. Show that the tangent bundle
T (M ×N) is isomorphic to the product TM ×TN . Conclude from this that the tangent
bundle of the n-torus is isomorphic to a trivial bundle. (Manifolds with trivial tangent
bundles are called parallelisable.)

(iii) Pull-back. Let ξ = (E,M, π) be a (smooth) bundle and u : N → M be a (smooth)
map between manifolds. The pull-back bundle u∗ξ is defined by setting the total space
E(u∗ξ) to be the set

{(x, e) ∈ N × E : u(x) = π(e)}

and the projection u∗π is the restriction to this set of the natural projection onto the
first factor. The fiber of u∗ξ over each point x ∈ N is naturally identified with the fiber
Eu(x) of ξ. If U ⊂M is an open set such that ξ|U ' U ×Rk via an isomorphism ψ, then

clearly u∗ξ|u−1(U) ' u−1(U)× Rk via the isomorphism

(x, e) 7→ (x,Π ◦ ψ(e)), where Π is a projection U × Rk → Rk.

(iv) Direct sum. Given two vector bundles ξi = (Ei,M, πi) over the same base, where
i = 1, 2, the sum ξ1 ⊕ ξ2 can be defined as the composition of their product ξ1 × ξ2 and
the restriction on the diagonal M ' diag(M ×M), where

diag(M ×M) = {(x, y) ∈M ×M : x = y}.

(To be completely rigorous one may also use the pull-back to identify M ' diag(M×M).)
Since ξ1 ⊕ ξ2 is obtained via vector bundle operations, it is indeed a vector bundle, that
is there is no need to check the local triviality hypothesis. Its fiber over a point x ∈ M
is the direct sum (E1)x⊕ (E2)x. Equivalently, one could define ξ1⊕ ξ2 by the setting the
total space to be

E1 ⊕ E2 = {(e1, e2) ∈ E1 × E2 : π1(e1) = π2(e2)} ⊂ E1 × E2,

and the projection to M would send the pair (e1, e2) to the point π1(e1) = π2(e2).
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(v) Sub-bundle. Let ξ0 = (E0,M, π0) and ξ = (E,M, π) be vector bundles over the same
base whose ranks are k0 and k respectively. Suppose that E0 ⊂ E and k0 6 k. Then
ξ0 is called the sub-bundle of ξ if π0 = π|E0

, the bundle ξ has a vector bundle atlas

U = {(π−1(Uα), ψα)} such that

ψα(π−1(Uα) ∩ E0) = Uα × Rk0 ⊂ Uα × Rk, (VII.1)

where Rk0 is a coordinate subspace in Rk, and the atlas

U0 = {(π−1(Uα) ∩ E0, ψα|π−1(Uα)∩E0
)}

on E0 belongs to the vector bundle structure of ξ0. In particular, the total space E0 is
a submanifold of E. Alternatively, one could start with a subset E0 and an atlas U that
satisfies (VII.1). Then the atlas U0, described above, makes E0 into a sub-bundle of ξ;
it is smooth if so is the atlas U .

Example VII.2. If N ⊂M is a sub-manifold, then TN ⊂ TM |N is a sub-bundle.

The following proposition is a version of the constant rank theorem for vector bundles;
it has been given without a proof.

Proposition VII.1. Let ξ1 and ξ2 be two vector bundles over the same base manifold
M , and F : ξ1 → ξ2 be a morphism such that the rank of its restriction on each fiber
π−1

1 (x) does not depend on x ∈M . Then the kernel and the image

KerF = tx∈M Ker F |π−1
1 (x) and ImF = tx∈M Im F |π−1

1 (x)

are sub-bundles of ξ1 and ξ2 respectively.

(vi) Bundle of morphisms. Given two vector bundles ξ1 and ξ2 over the same base M ,
the bundle of morphisms L(ξ1, ξ2), also denoted by Hom(ξ1, ξ2), is a vector bundle over
M whose fibers are L(E1x, E2x), where Eix = π−1

i (x) and i = 1, 2. More precisely, the
total space is a disjoint union of these fibers, and the topology is introduced by requiring
the maps

tx∈UαL(E1x, E2x) 3 Ax 7−→ ψ2α|E2x
◦Ax ◦ (ψ1α|E1x

)−1 ∈ Uα × L(Rk1 ,Rk2)

to be homeomorphisms; here the sets {Uα} is a covering on M such that ξ1 and ξ2 are
trivialised on each Uα via isomorphisms ψ1α and ψ2α respectively.

In particular, the dual bundle ξ∗ = txE∗x can be defined as L(ξ, ε1), where ε1 is a
rank one trivial bundle over M .

Exercise VII.3. Find the expressions for the transition functions of vector bundles
obtained via the operations above. Conclude that all these operations applied to smooth
vector bundles yield smooth vector bundles.

Exercise VII.4. Let M be a smooth manifold and T ∗M be its cotangent bundle, or
more precisely, its total space. Describe the natural local coordinates on T ∗M induced
by the local coordinates (x1, . . . , xn) on M .
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11. Inner products

Let ξ = (E,M, π) be a (smooth) vector bundle.

Definition VII.5. The inner product on ξ is a (smooth) map Q : E(ξ ⊕ ξ) → R such
that for any x ∈M the restriction Q|Ex×Ex is a scalar product on Ex, that is a positive
definite symmetric bilinear form.

Using the partition of unity, during the lecture we have proved the following state-
ment.

Proposition VII.2. On any vector bundle there exists an inner product. Moreover, for
a smooth vector bundle such an inner product can be chosen to be smooth.

We have also seen simple applications of inner products; they allow to construct
normal sub-bundles and establish isomorphisms between bundles and their duals. We
have finished the discussion with the definition of a Riemannian metric (do not confuse
it with a metric in the sense of a distance function!), which will be important in sequel.

Definition VII.6. A smooth inner product on a tangent bundle TM is called the
Riemannian metric on M .

12. Vector fields and Lie bracket

12.1. Vector fields as differential operators.

Lecture VIII

11 Nov 2011

12.2. Notion of a Lie algebra.

13. Vector fields and their flows

13.1. Vector fields as systems of ODEs; notion of a flow.

13.2. Existence of global flows.

Lecture IX

16 Nov 2011

13.3. Lie derivative.

13.4. Commuting flows and vector fields.
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Lecture X

18 Nov 2011

14. Remarks on the Frobenius theorem

15. Lie groups and Lie algebras: basic definitions and examples

15.1. Notion of a Lie group.

15.2. Left-invariant vector fields and the first definition of a Lie algebra.

Lecture XI

23 Nov 2011

15.3. Lie algebras of classical matrix groups.

16. Other definitions of a Lie algebra

16.1. The second definition of a Lie algebra.

16.2. One-parameter subgroups and the exponential map; the third definition
of a Lie algebra.

Lecture XII

25 Nov 2011

16.3. Homomorphisms of Lie groups.

17. The Killing form

17.1. Adjoint representations; the fourth definition of a Lie algebra.

17.2. The Killing form.
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Lecture XIII

30 Nov 2011

18. Notion of a tensor

19. Tensor product of vector spaces

Lecture XIV

2 Dec 2011

20. Symmetric and exterior powers

21. Tensor fields and differential forms

Lecture XV

7 Dec 2011

22. Operations over differential forms; exterior derivative

23. Lie derivative

Lecture XVI

9 Dec 2011

24. Orientation on vector spaces, volume forms, and the Hodge
star operator

25. Orientation on vector bundles and manifolds

25.1. Orientation on vector bundles

25.2. Specialisation to the case of manifolds

25.3. curl and div on manifolds

Lecture XVII

14 Dec 2011

25.4. Orientation on manifolds with boundary
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26. Integration of forms on manifolds

27. Stokes theorem

Lecture XVIII

21 Dec 2011 (given by J. Gray)

Lecture XIX

23 Dec 2011 (given by J. Gray)

Lecture XX

11 Jan 2012

28. Linear connections on vector bundles

28.1. Definition and examples; basic properties

28.2. Notion of a curvature tensor

28.3. Connections and vector bundle operations

Lecture XXI

13 Jan 2012

28.4. Forms valued in a vector bundle

28.5. Local representations

28.6. Connections compatible with inner products
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Lecture XXII

18 Jan 2012 (given by B. Sahamie)

Lecture XXIII

20 Jan 2012

29. Parallel transport in vector bundles: collection of facts

30. Flat connections

31. Connections on tangent bundles

31.1. Local representations; symmetric connections

31.2. The fundamental lemma of Riemannian geometry

Lecture XXIV

25 Jan 2012

31.3. Curvature tensor and its symmetries

31.4. Locally Euclidean metrics

Lecture XXV

27 Jan 2012

32. Example: surfaces in R3 and Gauss’s Theorema Egregium

33. Sectional curvature

33.1. Definition and characterisation of the curvature tensor

33.2. Constant curvature spaces: first Schur’s lemma

Lecture XXVI

1 Feb 2012

34. Ricci curvature and scalar curvature

34.1. Definitions and basic properties
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34.2. Einstein metrics: second Schur’s lemma and metrics in dimension 3

35. Isometries of Riemannian manifolds

35.1. Notion of an isometry

35.2. Isometry groups of a Euclidean space and a round sphere

Lecture XXVII

3 Feb 2012

36. Constant curvature spaces: examples

36.1. Spheres as spaces of positive constant curvature

36.2. Three models of the hyperbolic space
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