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Problem 1 (The equality in the global Laplacian comparison). Let (Mn, g) be a complete
Riemannian manifold whose Ricci curvature is bounded from below,

Ricci(X,X) > (n− 1)κ |X|2 for any vector field X,

where κ > 0. For a given point p ∈ M denote by r(x) the distance function dist(p, x). Show
that if ∆r = (n− 1)

√
κctg(

√
κr) in the distributional sense, then Mn is isometric to the sphere

Sn of constant curvature κ.

Problem 2 (Quantitative maximum principles). Let (Mn, g) be a complete Riemannian ma-
nifold, and define

Φκ(r) :=

∫ r

0

sn1−n
κ (s)

(∫ s

0

snn−1κ (t)dt

)
ds.

(i) Suppose that all sectional curvatures of M are bounded above by κ. Let u ∈ C0(M) be
a function on a geodesic ball BR such that −ε 6 ∆u 6 ε for some ε > 0. Show that

min
∂BR

u− εΦk(R) 6 u(x) 6 max
∂BR

u+ εΦk(R) for any x ∈ BR.

(ii) Suppose that the Ricci curvature of M is bounded below by (n− 1)κ. Let u ∈ C0(M) be
a function on a ball BR such that ∆u > ε for some ε > 0. Assuming that the boundary
∂BR is piece-wise smooth and non-empty, show that

u(x) 6 max
y∈∂BR

(u(y)− εΦκ(d(x, y))) for any x ∈ BR,

where d(x, y) is the distance function on M .

Problem 3 (Relative mean-value comparison). Let (Mn, g) be a complete Riemannian mani-
fold whose Ricci curvature is bounded from below,

Ricci(X,X) > (n− 1)κ |X|2 for any vector field X.

Show that for any non-negative superharmonic function u ∈ C0(M) the quantity(∫
Br(p)

u(x)dV g(x)

)
/Vκ(r),

where Br(p) is a geodesic ball and Vκ(r) = nωn
∫ r
0

snn−1κ (t)dt, is non-increasing in r and tends
to u(p) as r → 0+.



Problem 4. Let (Mn, g) be a Riemannian manifold.

(i) Show that u ∈ C2(M) is sub-harmonic in the barrier sense (see lecture notes) if and only
if ∆u > 0.

(ii) Suppose that (Mn, g) is complete and its Ricci curvature is bounded below,

Ricci(X,X) > (n− 1)κ |X|2 for any vector field X.

Prove the global Laplacian comparison theorem in the barrier sense: ∆r 6 (n−1)(sn′κ/snk)(r),
where r(x) = dist(p, x).

To be discussed on 28 November 2014


