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Exercise sheet 12
Problem 1. Let (M, g) be a complete non-compact Riemannian manifold. Suppose that for
some p ∈M the zero Dirichlet eigenvalues λ0(Br(p)) are bounded away from zero, i.e.

λ0(Br(p)) > ε > 0 for any r > 0.

Show that for any γ > 0

lim sup r−γVol(Br(p)) = +∞ as r → +∞.

Problem 2 (Min-Max principle). Let (M, g) be a compact Riemannian manifold, possibly with
boundary, and

λ0 < λ1 6 λ2 6 . . .→ +∞
be its Laplace eigenvalues with respect to either Dirichlet or Neumann boundary conditions if
∂M 6= ∅. Using Rayleigh’s theorem prove the following Min-Max formula

λk = inf
Λk+1

sup
u∈Λk+1

(∫
M

|∇u|2 dVg
)
/

(∫
M

u2dVg

)
,

where the inf is taken over all (k+1)-dimensional subspaces Λk+1 in the space of test-functions,
and the sup is taken over all non-trivial u ∈ Λk+1.

Problem 3. Let (M, g) be a closed Riemannian manifold whose Ricci curvature is bounded
below,

Ricci(X,X) > (n− 1)κ |X|2

for any vector field X on M . Using Cheng’s comparison theorem prove the following eigenvalue
bounds:

(i) If d is the diameter of M , then

λ`(M) 6 λκ0(d/(2`)) for any ` = 1, 2, . . . ,

where λκ0(r) stands for the zero Dirichlet eigenvalue of a ball B̄r in the simply connected
space of constant curvature κ.

(ii) If κ = 0, then there is a constant C = C(n) > 0, depending only on n = dimM , such
that

λ`(M) 6 C
`2

d2
for any ` = 1, 2, . . . .

Problem 4. Let (M, g) be an n-dimensional Riemannian manifold. Show that the Dirichlet
eigenvalues λk(Bε(p)) of sufficiently small balls satisfy the following asymptotic relation:

λk(Bε(p)) ∼ ε−2 · jn,k as ε→ 0+,

where jn,k is the kth Dirichlet eigenvalue λk(Bn) of a unit n-dimensional Euclidean ball.

This exercise sheet is voluntary. It will be discussed at the last class.


