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Complex Geometry

Exercise sheet 9

Problem 1. Let g be a Kähler metric on a connected complex manifold of (complex) dimension n > 1.
Show that a conformal metric eϕg is Kähler if and only if ϕ ≡ const .

Problem 2. Let (M,J) be a closed complex manifold equipped with a Kähler metric g. Show that all
even Betti numbers b2k(M) (dimensions of the de Rham cohomology groups H2k(M,R)) are positive
for 0 6 k 6 n, where n is the complex dimension of M . Using this fact give an example of a complex
manifold that does not admit a Kähler metric.

Problem 3. Let (M,J) be a complex manifold and g be a Hermitian metric on it.

(i) (Wirtinger theorem) Show that for any orientable submanifold S ⊂M of real dimension 2k the
following inequality holds: ∫

S
Ωk 6 k!Vol(S),

where Ω is the Kähler form of g, and the volume is taken with respect to the metric g|S on S.
Besides, when S ⊂M is a complex submanifold, the inequality above becomes an equality.

Remark: use Exercise 2 on Sheet 2.

(ii) Suppose that the metric g is Kähler. Show that a closed complex submanifold S ⊂ M can not
be the boundary of another (real) submanifold of M .

(iii) Suppose that the metric g is Kähler and M is closed. Show that any holomorphic line bundle over
M that admits a non-trivial global holomorphic section whose zero set is a smooth hypersurface
is non-trivial.

Problem 4. The purpose of this exercise is to show that a Hermitian metric g on a complex manifold
(M,J) is Kähler if and only if its Levi-Civita connection coincides with the Chern connection corre-
sponding to a Hermitian structure g − iΩ on the holomorphic tangent bundle, where Ω is the Kähler
form.

(i) Let ∂̄ be a Cauchy-Riemann operator on the holomorphic tangent bundle viewed as T 1,0M . Show
that it satisfies the formula (∂̄Z)(Y ) = [Y 0,1, Z]1,0, where the superscripts (0, 1) and (1, 0) stand
for the (0, 1)− and (1, 0)-parts of a vector field respectively.

(ii) Identifying (TM, J) and T 1,0M via a complex vector bundle isomorphism, given by X 7→ X1,0 =
(X − iJX)/2, show that the Cauchy-Riemann operator on (TM, J) has the form

∂̄X(Y ) = −1

2
J(LXJ)(Y )

for (real) vector fields X and Y , where LX stands for the Lie derivative.

(iii) Check the formula
(LXJ)(Y ) = J(∇Y X + J∇JY X − J(∇XJ)Y )

for any torsion-free connection ∇.



(iv) Show that the Levi-Civita connection ∇ of a Hermitian metric g coincides with the Chern connec-
tion of a Hermitian structure g − iΩ if and only if g is Kähler.
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