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Complex Geometry

Exercise sheet 4

Problem 1. Let (M,J) be an almost complex manifold.

(i) Suppose that the almost complex structure J is integrable, and let {(Uα, ϕα)} be a corresponding
holomorphic atlas. Show that the almost complex structure −J is also integrable and construct
a holomorphic atlas for it using the atlas for J .

(ii) Let (M,J) be a complex projective space CPn. Show that the complex structures J and −J on
it define biholomorphic complex manifolds.

Problem 2. Let C ⊂ C2 be a set {(z1, z2) : z1z2 = 0}. Viewing C\{0} as a subset in the blowup C̃2
0

of C2 at the origin, show that its closure in C̃2
0 is a smooth complex submanifold of dimension 1.

Problem 3. Let Tn = Cn/Γ be a complex torus, where n > 2 and Γ is a lattice of rank 2n, and
T̃np1...pk and T̃nq1...ql be complex manifolds obtained by blowing up the collections of points (p1, . . . , pk)

and (q1, . . . , ql) on Tn respectively. By πp : T̃np1...pk → Tn and πq : T̃nq1...ql → Tn we denote the natural
projections.

(i) Show that for any holomorphic map f̃ : T̃np1...pk → T̃nq1...ql there exists a holomorphic map f :

Tn → Tn such that πq ◦ f̃ = f ◦ πp. Moreover, if f̃ is a biholomorphism, then so is f .

(ii) Show that there exist two pairs of points (p1, p2) and (q1, q2) such that T̃np1p2 and T̃nq1q2 are not
biholomorphic.

Remark. For the part (ii) use the result of Exercise 3 on Sheet 3.

Problem 4. Using the Newlander-Nirenberg theorem prove the following statements:

(i) (Korn-Lichtenstein theorem) Any smooth Riemannian metric g on a (real) surface Σ, dimR Σ = 2,
is locally conformal to a Euclidean metric, i.e. around any point p ∈ Σ there exists a local
coordinate system (x, y) in which the metric g has the form λ(x, y)(dx2 + dy2), where λ is a
positive function. (Such coordinates on a surface are called isothermic.)

(ii) A connected Lie group G admits a complex structure that makes it into a complex Lie group if
and only if its Lie algebra g admits a linear complex structure that makes g into a complex Lie
algebra.
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